

The Road Coloring Problem – Page 165

Introduction

What do you know about math?

By the time you read this, you’ve studied math for a long time.  But what do you really know about it?

Do you know how old it is?

Do you know where it lives?

Do you think it knows how to dance?

What music it listens to?


What kind of family does it have?

Does it have any cousins?  Any children?

Is it your friend, Or your enemy?

What does it do for a living?

Does it tell stories?

Does it rhyme?

Paint pictures?

Do you even know if it’s alive?

Maybe it’s dead.  Maybe it died a long time ago.

But maybe (there’s a chance, you know), it’s alive and growing.  Growing all the time.

This is a different kind of math class than one you’ve experienced before.  Experience is an important idea for this math course.

Experience.
What is an experience?

Can you experience math?

Yes, you can.  That’s what this class is all about.

Producing Work for this Class

One of the most important activities in this math class is doing work based on the experiences and ideas you’ll encounter.  

You’ll produce work for this class in various ways.  

One method we’ll use after an experience or new idea to go through a series of steps thinking about the experience or idea.
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Step 1: We’ll start by asking each s

tudent to think about the experience or idea individually.  We’ll call this individual work.

Your teacher has already organized the class into teams.  After you think about an experience individually you will get together with your team

Step 2:  As a team, you will discuss together the experience or idea.  We’ll call this part of the process team work.  Don’t be shy.  Let your team members know what you think.  Everyone on the team contributes his or her unique ways of thinking.  After your discussions, you’ll produce a wriiten report that we will call a team report.  

Each team will have a different perspective on the experience or idea.  The next step involves every team explaining their ideas to the whole class.  

Step 3:  After every team has produced a team report, the team chooses someone from the team to explain to the class the ideas in their report.   Someone from the class (maybe your teacher or someone your teacher chooses) records the main ideas from each team report on chart paper.  We’ll call this step a class report.
Besides this process of going from individuals to teams to the entire class, there will also be many worksheets that your teacher may assign to you for homework.   We’ll call these Individuals projects.

There will also be some work that will only be done in teams  We’ll call that type of work a team project.  Sometimes team projects will also produce a team report that will be used to produce a class report.

Sometimes it’s fun to be challenged to do something special.  In this course, a challenge project requires something extra.  A challenge project could either be an individual project or a team project.

It’s important to save some of your work, so you will keep a portfolio.  We’ll make some suggestions about what to include in your portfolio, but your teacher may want to add to these suggestions.  These portfolio items will help your teacher assess your work in this class.

We will use different icons for the types of work in the course.
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What is Math all about?

For our first discussion, let’s find out what everyone thinks Math is all about.
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Directions: In the box below, write or draw something that expresses                           what you think math is all about.  Make sure you add some personal experiences you’ve had with math.
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Directions: Discuss as a team what each of you thought about math.  Use the box below to put these ideas together for your team report.
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Choose someone from your team to report to to the class what your team’s ideas were about math.  Use these team reports to form a class report that you can display in the classroom.

Chapter 1

Section 1

Building a City

As we said before, each lesson in this class begins with an experience.  There will be puzzles, races, and games.  After each experience, you’ll talk about what happened.  From our conversations, math will emerge.

Our first experience is a puzzle.  Your first job is to build a city.  Your city will be a collection of buildings with one-way roads connecting the buildings together. The cities you’ll build will have special features, so that you can try to solve the puzzle.

Here are the features for the cities: 

Feature A.
Each building must have exactly two roads leading away from it.
Feature B. 
If you start in any building, there have to be roads that can get you to every building in your city, including back to where you started.

Notice that the first featur only talks about how many roads leave from a building.  It doesn’t say anything about how many roads go to a building.  There can be one or more roads going to a building.

A road can leave from a building and come right back to the same building.  This kind of road is called a loop.  Also, both roads from a building can go to the same place.
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Report to the class on the cities your team built.  As a class, display what each  team built somewhere in the class so that everyone can see.
One of the most important things that mathematicians and scientists do is review each other’s work and check for mistakes.  Even the best mathematicians make mistakes, and it’s important to find out what they are so we can learn from them.  
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Each team should inspect everything that has been built by the class.  Each student should make a record of everything that has been built.  If it is not a city, explain why not. Do this for the three and four building cities.
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When an object that we’re studing in math has all the featues we want it to have, we say the features are “satisfied”.

Sometimes in math it is important to find out if you can construct something which doesn’t satisfy the features.  We’ll try to do this for our first challenge problem.



Let’s collect some of the structures the teams built that were not cities.


Any teams that built structures that were not cities should report them to the class. .  As a class, display what the team built somewhere in the class so that everyone can see.  Make sure you include on the display which feature the structure satisfied, and which feature the structure didn’t satisfy.
Chapter 1

Section 2

Naming the Roads in your City

Now that we know how to build a city, lthe next step is to name the roads so we can give directions to people who want to travel around the city.  We’ll use colors (red and blue) to name the roads.  We only need two colors, since each building has exactly two roads leading from it. 

Once we name the roads, we can take a tour of city, so we’ll call these cities touring-cities.  To turn a city into a touring-city every road needs to have a color assigned to it, either red or blue.  

A city becomes a touring-city if every building has exactly one red road and one blue road leading from it.
Sometimes people think that there is only one correct answer in math.  In some cases this is true.  In this case, there will be many correct ways to turn a city into a touring-city.



Each team should report to the class the touring-cities they designed in Team Project 4.  Create a display of both the three and four building touring-cities for future reference.

Each student should make a record of all the finished touring-cities that have been designed by the class.  If there was a problem with how the roads are colored, explain what is wrong.








Each student should make a record of all the finished cities that have been designed by the class.  If there was a problem with how the roads are colored, explain what is wrong.



Chapter 1

Section 3

The Road Coloring Problem

Now that we have designed touring-cities, there are many different things that we can do.  What we will do in this section is begin to try and solve a famous puzzle. At the start of our puzzle there will be one person in each building in our city.   

Find a set of directions that gets all the people in the city to the same building, at the same time.

One possible example for a set of directions would be . . . “First follow the red road, then follow the blue road.”

What this set of directions means is that all of the people in the city at the same time . . .


Now that we have fully described the puzzle, we need to start keeping track of the attempts to solve the puzzle.  To make things easier, we’ll start using a shorthand notation to refer to a set of directions.  If we say,

“First follow the red road, then follow the blue road,”

we’ll just write down

“Red-Blue.”











Each student should make a record of whether or not the class was able to solve the puzzle for each good city.  If a solution was found, record the solution in the indicated box.  If no solution was found explain why not.


























3)  Use one of the four building cities for which you were able to find a solution and then switch the color of the roads leading from building 1.  (That is, change red to blue and blue to red.)  Will the same set of directions still be a solution for the new coloring?  Why or why not?  (You might need to actually build the city and walk it to determine the answer.)


Chapter 2 Models and Representations
Section 1: 

Next comes one of the most important parts of learning to do math: building models.  A model is something that makes the experience present to us.

Since the experience is present again when we have the model, we say the experience is “re-present.”  In other words, the model is a “representation.”

We are interested in what kind of experience you had in trying to solve the puzzle.  We want to give you a chance to express your ideas of what a representation of solving the puzzle could be.

It doesn’t matter what form you choose.  If you like to draw, draw a picture that represents solving the puzzle.  If you like music, write a song.  Or come up with your own ideas for a way to represent solving the puzzle.



Each of the models you and your classmates created has properties that reflect aspects of the experience of walking around in your city attempting to get everyone to the same building.  We will now discuss the representations which are used by the research mathematicians who study this puzzle.

First of all, it is important to understand that this puzzle, or problem, is currently being studied at universities around the world.  This is probably the first example that you have seen of a mathematics problem that is still unsolved.  All of the math problems you have seen in your educational careers were solved hundreds of years ago.  This is a problem for which no one knows the answer (when this was written).  

What problem?  For obvious reasons, the puzzle we have been discussing is called the Road Coloring Problem.

You may be saying to yourself, “But wait, we’ve solved the problem a bunch of times already!”

In one sense, you are right.  You and your classmates have found solutions for specific cities with three or four buildings.  But to solve the Road Coloring Problem, a mathematician must be able to prove that for every good city there is a way to color its roads so that a set of directions can be found to get everyone to the same building.

They have to show it works for cities with 100 buildings, or 1,000,000 buildings, or 1,000,000,000,000,000 buildings.  And they have to prove that it works.  (We’ll discuss later this important idea of what a mathematician means by proof.)

Since mathematicians are always proving new things, go to http://www.algebra.org to find out the latest news on the problem.

 Models and Representations

A good mathematical representation finds the exact features of a problem that need to  be preserved and eliminates everything else.  For our cities, the features that are important are the buildings and the roads.  This leads to the model called a directed graph.  For example, we could build the following city:






Figure 1.  Three building city modeled as a directed graph.

The numbered circles represent the buildings and the one-way roads are shown as arrows.  By representing the problem in this manner, we have concentrated on the key parts of our city.  In mathematics, the circles are called vertices (one circle is called a vertex) and the arrows are called direct edges.

Let’s start a dictionary of terms we’ll use for the road coloring problem.  You will find the dictionary at the back of these pages.

Whenever we use a new term that should go in the dictionary you will see this picture.


Our first three dictionary terms are: vertex, directed edge, and directed graph.

Now that we have our directed graph representation of this city, let’s begin to run some experiments.  You see math, in many ways, is like other sciences.  We need to perform experiments on our models to completely understand their properties.  But the experiments in math are not done in laboratories.  The experiments in math are thought-experiments.  To do mathematics you don’t need expensive equipment.  Mathematics mainly requires careful observation and imagination.  

The second step of the puzzle involved coloring the roads of our city.  Here is one possible way to color roads of the city from Fig. 1.









Figure 2.  Edge-colored directed graph from Figure 1.

You may have already experimented with this city and this particular way to color the roads.  If someone in your class built this city during your experiment, they may have colored it differently, but let’s use this as an example.  We will refer to the directed graph of a city that is correctly colored as a “city map.”

Now we’ll carefully observe what happens when the command “Blue” is called out.  We’ll put names in each of the buildings to represent the people walking around the city.









Figure 3.  When the command “Blue” is called out, here is what happens to the people in the city.


Now if the command “Red” is called out next, we can see the following occur:


We’ve done it!  The set of directions “Blue-Red” gets everyone to building 3.  Mathematicians refer to a set of directions that solved the puzzle as “synchronizing.”  (When your team answered question 1 in exercise six did they decide on a different name?)  The word synchronizing comes from the Greek language and means “same time.”  [“Syn” means same, like in synonym; “chronos” means time like in chronology.]

For the worksheets that follow choose some names of your classmates and place them in the vertices that represent the buildings of the three and four building cities your classes designed.  Then record their movements around the city as the commands are called.




Worksheet (1a):  Feature Talk for The Road Coloring Problem

Name__________________  Teacher___________________  Date_______












Worksheet (1b):  Feature Talk for The Road Coloring Problem

Name__________________  Teacher___________________  Date_______













Worksheet (1c):  Feature Talk for The Road Coloring Problem




Name _______________  Teacher ______________  Date______























  Worksheet (1d):  Feature Talk for The Road Coloring Problem




Name _______________  Teacher ______________  Date______


















Worksheet (1e):  Feature Talk for The Road Coloring Problem




Name _______________  Teacher ______________  Date______









Worksheet (1f):  Feature Talk for The Road Coloring Problem




Name _______________  Teacher ______________  Date______















Let’s continue our analysis of the commands.  We’ll go back to the city from Fig. 2.






In the course of solving this puzzle, many different people may have occupied the buildings.  No matter who was in building 1 when the command “Blue” was called out, that person moved to building 2.  The name of the person in building 1 didn’t affect what happened when the command was called out.  If Marcus was in building 1, and blue was called, Marcus would go to building 2.  If Candice was in building 1, the same thing would have happened.  Candice would have gone from building 1 to building 2.  This is an important idea in Math.  Mathematicians try to notice the properties which do not change.

The “function” of an object is what is accomplished by that object.  So, what is the “function of the blue roads?”  The following representation describes this function.


While we’re at it, we might as well represent the function of the red roads for the city whose map appears on page 30.



Now it is time for some careful observation:


Sometimes it is as important to represent what doesn’t happen as it is to represent what does happen.  We should represent the fact that no blue road goes to building 3.  Here is a representation which does the trick.




Now we have all of the buildings in the “Go to” column.  The fact that no blue road goes to building 3 is represented by not having an arrow lead to building 3.  We don’t need to label the columns anymore since the arrows themselves tell the story.  The arrows “leave from” the buildings on the left, and “go to” the buildings on the right.

The function of the red roads can be represented in this way.




You can immediately see from this representation (without looking at the directed graph!) which building does not have a red road that goes to it.  This new representation is important enough for us to give it a name.  We’ll call this representation an arrow diagram.  

   Remember, the arrow heads are important, since these 

are one-way roads.  The arrows point toward the “go to” building numbers.







Here is another way to color the city from figure 1, and the arrow diagrams for the functions of the red and blue roads.






Was this one of the colorings which your class experimented with?  Were you able to find a synchronizing set of directions?


Exercise 8:  Carefully observe the arrow diagrams for the functions of the roads.  If you need to experiment within the city, build the city and walk it.  Describe in your own words why no synchronizing set of directions exists for this coloring of the city.

______________________________________________________________________




      Worksheet (2a):
Arrow diagrams

Directions:
For each city below, draw the arrow diagrams for the functions of the blue and red roads.

Name _________________ Teacher ________________ Date______








    










    









Worksheet (2b):
Arrow diagrams

Directions:
For each city below, draw the arrow diagrams for the functions of the blue and red roads.

Name _________________ Teacher ________________ Date______





















Worksheet (2c):
Arrow diagrams


Directions:
For each pair of arrow diagrams below, draw the directed graph of the city they represent, with the edges of the directed graph labeled “R” or “B.”


Name___________________ Teacher ______________ Date____





















    Worksheet (2d):
     Coloring roads

Directions:   For each of the  cities below, each team should find as many correct ways to color the roads as they can.  Draw the directed graph of the city in the spaces provided, and then label the roads with either “R” or “B.”

Name_____________________ Teacher ______________ Date____







	Coloring 1


	Coloring 2
	Coloring 3

	Coloring 4


	Coloring 5
	Coloring 6

	Coloring 7


	Coloring 8
	










	Coloring 1


	Coloring 2


	Coloring 3

	Coloring 4


	Coloring 5
	Coloring 6

	Coloring 7


	Coloring 8
	Coloring 9

	Coloring 10


	Coloring 11
	Coloring 12


Arrow diagrams and Road subgraphs
One easy representation that gives us the same information as an arrow diagram is the part of the directed graph we get by just concentrating on either the red or blue roads.  Let’s look at the city below.








Here are the arrow diagrams for the red and blue roads.






What would our city look like if we “erased” all the red roads?  It would look like this.







In mathematics, we use the prefix “sub” to mean something which is a part of something else.  Since the blue roads represent only a part of the directed graph of the city, we will call the figure above the subgraph 

for the blue roads.

Look at the arrow diagrams on the last page.  Can you see how to draw the blue road subgraph from the arrow diagram for the blue roads?

Below we have the subgraph for the red roads next to the arrow diagram in the red roads.  Each arrow in the arrow diagram corresponds to an arrow in the subgraph.  These two representations have exactly the same information.











Worksheet (3a):
Road subgraphs




Directions:
For each city below, draw the arrow diagrams and the 






road subgraphs for the red and blue roads.




Name__________________ Teacher_______________ Date ___



















Worksheet (3b):
Road subgraphs




Directions:
For each city below, draw the arrow diagrams and the 






road subgraphs for the red and blue roads.




Name__________________ Teacher_______________ Date ___





















Arrow Diagrams and Ordered Pairs

We’ll continue our analysis of the problem by finding another representation for the functions of the red and blue roads.  Just as each of the representations you and your classmates created emphasized different aspects of the experience, the representations mathematicians use also have different characteristics.  

An arrow diagram has different parts.  There are numbers for the “leave from” buildings and the “go to” buildings.  There are also arrows connecting the building numbers and the name of the command that you say to move the people.  Let’s focus on one arrow of an arrow diagram.  

Remember, each arrow in an arrow diagram has a “leave from” part and a “go to” part.  Look at the arrow in the “Blue” arrow diagram that leaves from building 2 and goes to building 3.  If you were in building 2 when someone called out “Blue,” you would start in building 2 and finish in building 3.  In other words, your movement would have an order to it.  First you are in building 2 and second you are in building 3.







An easy way to represent this ordered movement is by putting the numbers in an ordered pair                    (2,3).  The number 2 is called the first coordinate and the number 3 is called the second coordinate.  (The word co-ordinate comes from Latin where “co” means with.  In other words, a coordinate is “something we order with.”)  We can represent each of the arrows of the blue arrow diagram as an ordered pair.  If we put all of the ordered pairs together in a collection, we would get something like this:


We say that the function of the blue roads is represented by ordered pairs.  Here are the ordered pairs for the function of the red roads.




Just as another example, let’s represent the arrow diagrams from the coloring in Figure 2 as ordered pairs.









Worksheet (4a):
Ordered pairs

Directions:
For each city below, draw the arrow diagrams, and list the ordered pairs for the functions of the blue and red roads.

Name______________________ Teacher______________ Date_______






















 Worksheet (4b):
Ordered pairs

  Directions:
For each city below, draw the arrow diagrams, and list the ordered pairs for the functions of the blue and red roads.

Name______________________ Teacher______________ Date_______



















  Worksheet (4c):
Ordered pairs

  Directions:
Given the ordered pair below, draw the associated arrow diagrams for the red and blue roads, then produce the directed graph for the city. 

Name______________________ Teacher______________ Date_______






Numbers and Lines
Before we continue studying the road coloring problem, we need to discuss an important event in the history of mathematics.  There are two key areas of mathematics that have been studied for thousands of years.  One area is called geometry.  The word “geometry” comes from the Greek language and means “Earth measurement” (“geo” means Earth and “metry” comes from the same word as measurement).  The objects of geometry are represented by the figures we are all familiar with: lines, circles, and triangles.



Another main branch of math started with counting and produced numbers and arithmetic.  

Natural Numbers

      Whole Numbers


              Integers

{1, 2, 3, 4 ... }

   {0, 1, 2, 3 ... }
        {... -2, -1, 0, 1, 2, …}  

The numerals we are familiar with come to us from India and Arabia and are known as the Hindu-Arabic system of numbers.  Numbers are symbols.  A symbol is another type of representation.  Many symbols have such long histories that we have forgotten why they look a certain way.  For example, the letters of the alphabet are symbols for the sounds we make when we speak, but in many cases we have forgotten why each letter has a certain shape. 

Geometric objects like lines are much closer to physical reality.  Symbols seem less “real.”  It was an extremely important event in the history of mathematics when the symbolic was combined with the geometric to produce the number line.






   -2              -1                0                 1                 2

We often take for granted the things which are very familiar to us.  Since number lines are introduced early in elementary school, by now we are all so used to them we no longer notice how different a line. . . 


is from a set of numbers.

{…-2, -1, 0, 1, 2…}

Math historians argue about when number lines really first appeared, but everyone agrees that a French mathematician Rene Descartes, (pronounced “Ren-ay Day-Cart”) was one of the first to put two number lines together like this.

	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	


	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	


Each of the lines is called an axis.  The plural of axis is axes, so together we cal them coordinate axes.  One axis is horizontal (like the horizon) and one is vertical (it goes up and down).  Together these coordinate axes are usually called the Cartesian coordinate system, in honor of Descartes. 

On a number line, every point has a number attached to it.  That number is called the coordinate of the point.  A flat surface in mathematics is called a plane.  With the Cartesian coordinate system, every point on a plane has an ordered pair associated with it.  For example, the point below has the numbers 2 and 3 associated with it.                   

	

	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	


When Descartes started using his coordinate system, he also started many mathematical conventions that have continued to the present day.  What is a “convention?”  A mathematical convention is like a family tradition.  It’s just a way of doing things that has become a habit.  If everyone in the family agrees on the tradition, then it just becomes “the way things are done around here.”

Well, the “family of mathematicians” tended to like the way Descartes did his coordinate system.  They liked it so much that his choices have become our traditions.

What mathematical conventions did Descartes begin?  In the previous example, we had a point in the plane associated with two different numbers: the “2” on the horizontal axis and the “3” on the vertical axis.  We are going to write these two numbers as an ordered pair, but in which order should we write them?  (2,3) or (3,2)?  There is no mathematical reason to choose one way over the other.  We’ll simply use the tradition started by Descartes and have the coordinate from the horizontal axis come first, and the vertical coordinate come second.  The ordered pair for the point will be (2,3).  

	

	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	


One of the other traditions that Descartes began was using the letter “x” to refer to the first coordinate and “y” for the second coordinate.  Therefore 2 is the x coordinate of the point and 3 is the y coordinate.  This is also why we sometimes refer to the horizontal axis as the x axis, and the vertical axis as the y axis.

Now that we have our coordinate system, we can take our arrow diagrams, turn them into ordered pairs, and plot the points on the coordinate plane.

Here is the arrow diagram for the blue road in Figure 2 again, along with the ordered pairs and those ordered pairs plotted as points on the coordinate plane.  We will start putting grid lines on our coordinate plane to make it easier to plot the points.

Example:



	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	


Each of these representations of the function of the blue roads is important.  If you are given one type of representation, you should be able to produce the other two.




	

	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	





    Worksheet (5a):

Cartesian plots

 Directions:
For each city below, draw the arrow diagrams, list the set of ordered pairs, and then plot the points on the coordinate plane provided.



Name_________________________ Teacher__________________ Date_____












	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	


	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	


Worksheet (5b):

Cartesian plots

Directions:
For each city below, draw the arrow diagrams, list the set of ordered pairs, and then plot the points on the coordinate plane provided.



Name_________________________ Teacher__________________ Date_____











  




	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	


	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	


Worksheet (5c):

Cartesian plots

Directions:
For each city below, draw the arrow diagrams, list the set of ordered pairs, and then plot the points on the coordinate plane provided.



Name_________________________ Teacher__________________ Date_____








	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	


	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	


Worksheet (5d):

Cartesian plots

Directions:
For each city below, draw the arrow diagrams, list the set of ordered pairs, and then plot the points on the coordinate plane provided.



Name_________________________ Teacher__________________ Date_____









	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	


	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	


Introduction to the TI-83

Just as in everyday life in today’s society, the use of technology will be a critical part of being successful in this class.  We will be using the programmable calculator, the TI-83, as an integral part of our investigations.  This calculator, which is really a hand-held computer, bears little resemblance to the original calculators of 30 years ago, when calculators were first introduced.

Today’s programmable calculators are, in many ways, more powerful and easier to program than computers that filled up entire rooms 50 years ago.  But it is important to use these calculators correctly when doing mathematics.  They should be used as a tool for investigation, and not as a “crutch” to do simple calculations. 

Eventually, you will be programming the TI-83 to do calculations that even math professors would never do by hand.  But you should never use your calculator to do a calculation like 10 + 20.  That is using it like a “crutch,” and if you use a crutch too often, you may forget how to walk!

In the pages that follow, we display the key strokes that you should perform to input the data into your calculator, or to perform a calculation.  Next to the key strokes will be a graphic of what your calculator screen should look like (approximately, at times) if you have done things correctly.

For the following exercise we will input the data necessary to plot the points that represent the functions of the red and blue roads for the city below.

Before we begin, put the arrow diagrams, the ordered pairs, and plot the points in the boxes below.










	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	


	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	

	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	


	TI-83 COMMANDS
	SCREENS

	
	(1)

	First let’s clear all of the data that may be in your calculator.
	ClrAllLists

                     Done

(


	Press

[2nd] [1 + 1] [4] [Enter]
	

	
	

	
	(2)

	Now we will set the mode of the calculator to “float.”

Press

[Mode] [(] [Enter]
	Normal  Sci  Eng

Float  0123456789

Radian  Degree

Func  Par  Pol  Seq

Connected  Dot

Sequential  Simul

Real  a+bi  re^(i

Full  Horiz  G-T

	
	

	
	(3)

	Press

[Stat] [Enter] [(] 

You may need to use more than one “left arrow.”


	L1            L2             L3           1

  ----------    -----------     ----------

L1(1) =


	TI-83 COMMANDS
	SCREENS

	
	(4)

	First let’s enter that data for the function of the red roads.  Start by entering our “leave from” building numbers.


	  L1          L2             L3           1

     1         ------------   -------------

     2

     3

    --------

L1(4)=



	Press

[1] [Enter] 

[2] [Enter]

[3] [Enter]
	

	
	

	
	(5)

	Now we will input the “go to” building numbers.

Press

[(]

[2] [Enter]

[3] [Enter]

[1] [Enter]
	L1            L2             L3           2

1               2               -----------

2               3

3               1

----------     ----------

L2(4) =

	
	

	
	(6)

	Let’s again clear out unwanted data.

Press

[y =] [Clear]


	     Plot1    Plot2     Plot3

     \Y1=

     \Y2=

     \Y3=

     \Y4=

     \Y5=

     \Y6=

     \Y7=


	TI-83 COMMANDS
	SCREENS

	
	(7)

	Now we will produce our plot.


	STAT  PLOTS

1: Plot1…Off

2: Plot2…Off

3: Plot3…Off

4(PlotsOff

	Press

[2nd] [y =]
	

	
	

	
	(8)

	Press

[Enter] [Enter] [(] [(]

[2nd] [1] [(] [2nd] [2]
	Plot1  Plot2   Plot3

On    Off

Type: 

Xlist: L1

Ylist: L2

Mark:

	
	

	
	(9)

	Press

[Window] [(-)] [4] [(]

[4] [(] [1] [(] [(-)] [4]

[(] [4] [(] [1]
	WINDOW

    Xmin=-4

    Xmax=4

    Xscl=1

    Ymin=-4

    Ymax=4

    Yscl=1 (
    Xres=1


	TI-83 COMMANDS
	SCREENS

	
	(10)

	Press

[Graph]
	

	
	

	
	


Now try to reproduce the points for the blue road function by redoing the steps above.  The only step that will be different will be when you input the “go to” building numbers.

A Review of our Representations

We now have four representations for the road functions.  We started with arrow diagrams.  Then each arrow in an arrow diagram became an ordered pair.  The whole arrow diagram became a road subgraph.  We also drew some coordinate axes and graphed the ordered pairs as points in the plane.

We want to begin to identify some properties that all of our function representations have, but first we need some new math terms.  What terms have we used for the “leave from” and “go to” buildings in our different representations?

	Representation
	Mathematical Term for “leave from” building
	Mathematical Term for “go to” building

	arrow diagram
	“leave from” building number
	“go to” building number

	road subgraph
	“leave from” building circle
	“go to” building circle

	ordered pair
	1st coordinate
	2nd coordinate

	graph of points
	x-coordinate
	y-coordinate


By this time, if you are given a graph, you should be able to produce the ordered pairs and the arrow diagram that corresponded to it.  Below you are given two graphs.
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Team Work
  Exercise 12. (remember to report to the class when you are finished)

As a team, talk about what happened when your classmate tried to solve the puzzle.  What is wrong with the red roads?  What happens to the person in building two when the command red is called?

How can you tell from the arrow diagrams that there is something wrong?

How can you tell from the graphs that there is something wrong?

What is wrong with the blue roads?

What happens to the person in building two when the command blue is called?

How can you tell from the arrow diagrams that there is something wrong?

How can you tell from the graphs that there is something wrong?

Functions

Our last example showed how things can go wrong in a city, if the roads are not properly colored.  The ideas in this example are very important.  Let’s focus on them again.

When “Red” was called, the person in building 2 didn’t know what to do because there were two red roads leading away from building 2.  You don’t want confusion when you design a city, so we want to eliminate this possibility.

When “Blue” was called, the person in building 2 didn’t know what to do because there were zero blue roads leading away from building 2.  This is another flaw in the design of a city we want to eliminate.

In fact, this is why when we described how to color the roads of a city (pg. 14, step 2) we said every building in the city must have exactly one red road and one blue road leading away from it.

Because of this rule for coloring the roads of a city, we forced the blue and red roads to form a particular type of relationship between the “leave from” buildings and the “go to” buildings.  This type of relationship is so important mathematicians give it the name, function.
The “Leave from” building numbers are called the domain of the function and “Go to” building numbers are called the range of the function.

From now on in your educational careers, virtually everything you encounter in mathematics will be a function of some sort.  A large part of the history of mathematics was formed by various mathematicians trying to find the best way to represent the functions that resulted from the problems they were studying.

The blue and red road functions that came from a correctly colored city diagram are simple, but contain all the important parts of a function.  No matter how complicated the functions we study this year get, we will constantly come back to the representations we developed in this early material:  arrow diagrams, subgraphs, ordered pairs, and points plotted on a Cartesian coordinate plane.

What is important for us to recognize at this point is when an arrow diagram or ordered pairs represent a function (and when they do not!).  It is also important to be able to find the domain and range of a function when you are given a representation of the function.

Let’s do a few examples.  For each of the representations below, we want to decide if it represents a function and, if it does, what the domain and the range are for the function.

When we write the domain or range of a function, we will write them as sets.  A set in mathematics is just a collection of things put together.  To symbolize this collection, we use set “braces”.  For example, if we wanted to form a set out of the numbers 1, 2, and 3 we would put the numbers between set braces like this, {1, 2, 3}.  We use the term element to refer to the items inside a set.  You’ve seen set and elements before when we talked about the set of natural numbers, {1, 2, 3, 4,…} on page 56.  You’ll see the set of whole numbers and the set of integers on page 56 as well.

For each of the following representations, first we will determine if it is a function, and if it is, we will write the domain and range as sets.







No!  There are two arrows leaving from building number 4.

Do the ordered pairs below represent a function?  If we turn them into an arrow diagram the answer is easy to see.

(1, 3)


(2, 4)

(3, 3)

(4, 2)

Yes!  There is exactly one arrow leaving from each building number.  Since it is a function, let’s list the domain and range as sets.  Remember the domain is the set of “leave from” building numbers and the range is the set of “go to” building numbers.

The domain of the function is {1, 2, 3, 4} and the range is {2, 3, 4}.  The number 1 is not in the range, since no arrow goes to building number 1 in the arrow diagram.

The box below contains the mathematical terms that are used for the elements in the domain and range of a function.

	Function representation
	Mathematical Term for element and domain
	Mathematical Term for element and range

	arrow diagram
	“leave from” building number
	“go to” building number

	road subgraph
	“leave from” building circle
	“go to” building circle

	ordered pair
	1st coordinate
	2nd coordinate

	graph of points
	x-coordinate
	y-coordinate


Individual Work  Worksheet  (6):  Functions

Directions:  For the ordered pairs below, draw the equivalent arrow diagram and determine if it is a function.  If it is, write the domain and range of the function in the space provided.

Name _______________________ Teacher ____________________  Date ________

	Ordered pairs
	Arrow diagram
	Is it a function?
	If “yes” write the

Domain and Range below

	(1,2)

(2,3)

(3,4)

(4,1)


	1                     1

2                     2

3                     3

4                     4
	Yes

No
	Domain = {            }

Range = {             }


	Ordered pairs
	Arrow diagram
	Is it a function?
	If “yes” write the

Domain and Range below

	(1,3)

(2,4)

(3,4)

(2,1)

(4,3)


	1                     1

2                     2

3                     3

4                     4
	Yes

No
	Domain = {            }

Range = {             }


	Ordered pairs
	Arrow diagram
	Is it a function?
	If “yes” write the

domain and Range below

	(1,4)

(2,2)

(3,1)

(4,2)

(5,1)


	1                     1

2                     2

3                     3

4                     4

5                     5
	Yes

No
	Domain = {            }

Range = {             }


The Mother of all Representations
You now have some experience with mathematical representations of the road functions.  The last representation we will introduce is, in many ways, the most powerful.  In fact, this last representation started a revolution.  It has become one of the most widely studied objects in the history of mathematical history.

It is actually a very simple idea.  In fact, with the materials you are provided you may be able to come up with the idea yourself.

It doesn’t matter how you do it.  We don’t care what you do.  You are going to encode the information in the arrow diagram of a road function.

Whatever representation you construct has to have enough information so that if you handed it to another student he or she would be able to figure out your original arrow diagram.


Team Work  Exercise 13:  With the materials provided, find the last representation of the road functions.  (Try to represent the arrow diagram below.)  Go ahead.  Start a mathematical revolution.  We dare you.




Team Work  Exercise 14:  Describe below what features of the blue road arrow 

    diagram your representation captures. 


Now we will show you how mathematicians construct this representation.  We will use brackets in our representation to give it a rectangular shape.

“Leave From”


“Go To”



“Go To”





1
2
3

   This is the first row

1




2





3



We designate positions in the rectangle by referring to the numbers.  The numbers on the left refer to rows and the numbers on top refer to columns.  In this way, each position in the rectangle has a row number and a column number associated with it.  The row numbers will refer to “leave from” buildings and the column numbers will refer to “go to” buildings.

Here is the arrow diagram we were trying to represent.  We’ll also list the ordered pairs that we get from the arrow diagram.  Remember that the ordered pair (1,2) means that there is a blue road that leaves from building 1 and goes to building 2.



We need a way to capture that same information in our rectangular grid.  Just as you and your classmates might have done, we’ll use different symbols to represent whether there is a road or not.  A 1 will mean there is one road connecting two buildings and a 0 will mean there are zero roads connecting two buildings.  So here is our rectangular grid of numbers.  We’ll put it next to the ordered pairs, so you can see the relationship between them.



Below is another example of an arrow diagram and the rectangular grid that is equivalent to it.






We’ve been calling this representation a rectangular grid of numbers which is more of a description than a name.  We will call this rectangular grid a matrix (the plural of matrices).  The word matrix comes from the Latin word mater which means mother.  It is because of this that you might say that a matrix is the “mother of all representations.”


Individual Work  Worksheet (7a):  
Matrices

Directions:  For each city below, draw the arrow diagrams, and the associated matrix.  Remember the row number provides the “leave from” building numbers while the column number provides the “go to” building numbers.

Name ________________________  Teacher __________________ Date _______























Individual Work  Worksheet (7b):  
Matrices

Directions:  For each city below, draw the arrow diagrams, and the associated matrix.  Remember the row number provides the “leave from” building numbers while the column number provides the “go to” building numbers.

Name ________________________  Teacher __________________ Date _______

























Individual Work  Worksheet (7c):  
Matrices

Directions:  For each city below, draw the arrow diagrams, and the associated matrix.  Remember the row number provides the “leave from” building numbers while the column number provides the “go to” building numbers.

Name ________________________  Teacher __________________ Date _______


























Individual Work  Worksheet (7d):  
Matrices

Directions:  For each city below, draw the arrow diagrams, and the associated matrix.  Remember the row number provides the “leave from” building numbers while the column number provides the “go to” building numbers.

Name ________________________  Teacher __________________ Date _______




























Entering a Matrix into the TI-83

Now let’s use the TI-83 to enter a road matrix.  At this point, we won’t be doing anything with the matrix, but these commands will be useful later.  In a few sections, we will be defining certain operations on matrices.  At that point you will be required to input road matrices into the TI-83.

Let’s input the matrix equivalent to the arrow diagram below.






	TI-83 COMMANDS
	SCREENS

	
	(1)

	First we’ll go into the matrix editor in the TI-83.
	NAMES    MATH    EDIT

	Press [2nd] [
[image: image1.wmf]1

-

x

] [   ] [   ]
	1: [A]

2: [B]

3: [C]

4: [D]

5: [E]

6: [F]

7  [G]

	
	

	
	(2)

	Next we’ll make sure our matrix has the correct size.

Press

[Enter]  [3]

[Enter]  [3]

[Enter]
	MATRIX [A]  3 X 3

[0
0
0
]

[0
0
0
]

[0
0
0
]

1,1=0

	It’s ok if your matrix has different entries, but it must have 3 rows and 3 columns.
	

	
	

	
	(3)

	Press

[0]  [Enter]  

[0]  [Enter]  

[1]  [Enter]
	MATRIX [A]  3 X 3

[0
0
1
]

[0
0
0
]

[0
0
0
]

2,1=0


Your first row should now look the same.

	TI-83 COMMANDS
	SCREENS

	
	(4)

	Now we’ll enter the second row in the matrix.
	MATRIX [A]  3 X 3

[0
0
1
]

[0
0
1
]

[0
0
0
]

3,1=0

	Press 

[0]  [Enter]

[0]  [Enter]

[1]  [Enter]
	

	
	

	
	(5)

	Finally, we will enter the 3rd row of the matrix.

Press

[1]  [Enter]  

[0]  [Enter]  

[0]  [Enter]
	MATRIX [A]  3 X 3

[0
0
1
]

[0
0
1
]

[1
0
0
]

3,3=0

	
	

	
	(6)

	Now [A] is entered in the TI-83 and available for computation.

Press

[2nd]  [Mode]  

[2nd] 
[image: image2.wmf]]

[

1

-

x

 [Enter]


	[A]


A New operation
We are all familiar with the operations of arithmetic:  addition, subtraction, multiplication, and division.  Mathematicians call them binary operations since the operation combines two numbers together to form a new number, for example 
[image: image3.wmf]7

4

3

=

+

.  (The word “binary” comes from the Latin word for “two”).

In mathematics, every time a new type of object is created we immediately wonder if there is a new operation for the objects.  Let’s try to discover an operation for the arrow diagrams.  What we will do is find a way to combine two arrow diagrams together to form a new one.  We’ll use the city below as our example.








We need three students to walk the city and one student to call out two instructions.  Keep track of the students as they walk through the city, and represent the combination of the two instructions as one arrow diagram.  Try two different combinations  (For example:  blue-blue and red-blue).

Individual Work    Exercise 15:   In the boxes below try to represent the combined effect of the two instructions called as one arrow diagram.  Make sure that you watch carefully as the students walking the city follow the two instructions called.  You can write any representation you want for the instructions that are called in the boxes that are provided.

	Representation for

first instruction called
	Representation for

second instruction called
	Write below the arrow diagram for the combined effect of the two instructions

	
	
	
1

1


2

2


3

3





	Representation for

first instruction called
	Representation for

second instruction called
	Write below the arrow diagram for the combined effect of the two instructions

	
	
	
1

1


2

2


3

3





Now we’ll describe how mathematicians combine arrow diagrams.  Below are the arrow diagrams of the red and blue road functions for the example city.




Suppose the two instructions we want to combine are “red-blue”.  We’ll put the arrow diagrams for blue and red next to each other.  We will concentrate on the person who starts in building 3.  Suppose Candice starts there.







When “red” is called first, Candice goes to building 1.  Building 3 is the “leave from” building and building 1 is the “go to” building.  But building 1 becomes the “leave from” building for Candice when “blue” is called and Candice now follows the blue road to go to building 2.  If we make the “go to” column for blue the same as the “leave from” column for red, it becomes easier to see what happens to Candice.






So what is the combined effect of the instruction “red-blue” for Candice?  She “leaves from” building 3 and goes to building 2.





Now we’ll put all the arrows in our two arrow diagrams and find the combined effect for each person in the city.









That’s right.  The instruction “red-blue” is a synchronizing instruction!!  The combined action of “blue-red” gets everyone to building 2.  Is this a synchronizing instruction that you found earlier?

This binary operation which combines two arrow diagrams into one new arrow diagram is called composition.

Like the other binary operations you are familiar with (addition, subtraction, multiplication and division) we need a special symbol for representing the operation.  We will start to use the letter B to represent the instruction “blue” and R to represent the instruction red.  The symbol for composition will be “o”.

In other words, if someone calls out “red-blue” and we want to combine the arrow diagrams for red and blue into a single arrow diagram we will write R ( B.  Here is how we will represent composing the commands using our new symbols.

	R


	B
	R ( B

	
1

1


2

2


3

3


	
1

1


2

2


3

3



	
1

1


2

2


3

3


	
	
	


Individual Work    Exercise 16:   Find the combined arrow diagram for each of the other possible instructions (blue-blue, red-red, blue-red).

	B


	B
	B o B

	
1

1


2

2


3

3


	
1

1


2

2


3

3



	
1

1


2

2


3

3



	R


	R
	R ( R

	
1

1


2

2


3

3


	
1

1


2

2


3

3



	
1

1


2

2


3

3



	B


	R
	B ( R

	
1

1


2

2


3

3


	
1

1


2

2


3

3



	
1

1


2

2


3

3



In the last exercise you composed the arrow diagrams together and found new arrow diagrams.  These new arrow diagrams represent movements of people around the city when certain commands are called.  You did the compositions without walking around the city.  How can you tell if your compositions are correct?

When you suppose something is true in science and then try to prove it we call that “forming a hypothesis.” 

A hypothesis is an idea you are working with, and trying to collect evidence about, to determine if it is true.

In mathematics we use the word “conjecture” to mean an idea that we are trying to prove.  When you completed the compositions, you were forming conjectures about how the people would move in the city if those commands were called out.

Now we can build the city and verify our conjectures.


Class Project    Exercise 17:  Build the city that is on page 95 and walk it to verify your conjectures about where the people in each building end up after the commands from exercise 16 are called.

Individual Work   
Worksheet (8a):  Composition of Arrow diagrams

Directions:
For each city below, draw the arrow diagrams for the

 colors, and then complete each of the given 

composition arrow diagrams.

Name ________________________ Teacher _____________________ Date _______







	B


	
	R

	
1

1


2

2


3

3


	
	
1

1


2

2


3

3




	
	
	

	B followed by B


	
	B  o B

	
1

1

1


2

2

2


3

3

3
	
	
1

1


2

2


3

3




	
	
	

	B followed by R


	
	B  o R

	
1

1

1


2

2

2


3

3

3
	
	
1

1


2

2


3

3





Individual Work   
Worksheet (8b) continued:  Composition of Arrow diagrams

Directions:
For each city below, draw the arrow diagrams for the

 colors, and then complete each of the composition 

arrow diagrams.

Name ________________________ Teacher _____________________ Date _______







	R followed by B


	
	R  o B

	
1

1

1


2

2

2


3

3

3
	
	
1

1


2

2


3

3




	
	
	

	
	
	

	R followed by R


	
	R  o R

	
1

1

1


2

2

2


3

3

3
	
	
1

1


2

2


3

3





Individual Work   
Worksheet (8c):  Composition of Arrow diagrams

Directions:
For each city below, draw the arrow diagrams for the

 colors, and then complete each of the composition 

arrow diagrams.

Name ________________________ Teacher _____________________ Date _______







	B


	
	R

	
1

1


2

2


3

3


4

4


	
	
1

1


2

2


3

3


4

4




	B followed by B


	
	B  o B

	
1

1

1


2

2

2


3

3

3


4

4

4
	
	
1

1


2

2


3

3


4

4




	B followed by R


	
	B  o R

	
1

1

1


2

2

2


3

3

3


4

4

4
	
	
1

1


2

2


3

3


4

4





Individual Work   
Worksheet (8d):  Composition of Arrow diagrams

Directions:
For each city below, draw the arrow diagrams for the

 colors, and then complete each of the composition 

arrow diagrams.

Name ________________________ Teacher _____________________ Date _______







	R followed by B


	
	R  o B

	
1

1

1


2

2

2


3

3

3


4

4

4
	
	
1

1


2

2


3

3


4

4




	
	
	

	R followed by R


	
	R  o R

	
1

1

1


2

2

2


3

3

3


4

4

4
	
	
1

1


2

2


3

3


4

4





Tracking composition of functions on the TI-83

Now let’s use the TI-83 to keep track of how players move as we compose functions.  For the city below the instruction R ( B ( R is a synchronizing instruction.








We will use the stat editor to keep track of our data and follow the path of each player as they follow the instruction R ( B ( R.  Below is the composite arrow diagram for this instruction.

	                   R

B 

R

	
1

1

1


2

2

2


3

3

3





	     1

     2

     3




We will begin by clearing all lists of unwanted data and going into the Stat editor.  Follow the instructions on page 69 to accomplish this.

	TI-83 COMMANDS
	SCREENS

	
	(1)

	We put the path of the person in building 1 in the first row.
	L2
L3
L4
4

2
3
1

-----
-----
-----


L4(2)=

	Press 

[1]  [Enter] [   ]

[2]  [Enter] [   ]

[3]  [Enter] [   ]

[1]  [Enter]
	

	
	

	
	(2)

	Now let’s go back to the first list and enter the data for person 2.

[    ] [    ] [    ]
	L1
L2
L3
1

1
2
3

-----
-----
-----


L1(2)=

	
	

	
	(3)

	Press

[2]  [Enter] [   ]

[1]  [Enter] [   ]

[2]  [Enter] [   ]

[1]  [Enter]

	L2
L3
L4
4

2
3
1

1         2
1

-----
-----
-----


L4(3)=


	TI-83 COMMANDS
	SCREENS

	
	(4)

	Now we’ll put in the data for person 3.
	L1
L2
L3
1

1         2        3

2
1
2

-----
-----
-----


L1(3)=

	Press 

[    ] [    ] [    ]
	

	
	

	
	(5)

	Press

[3]  [Enter] [   ]

[1]  [Enter] [   ]

[2]  [Enter] [   ]

[1]  [Enter]
	L2
L3
L4
4

2         3
1

1         2
1

1
2
1

-----
-----
-----


L4(4)=

	
	

	
	(6)

	You can use the arrow keys to move between rows and columns.


	L1
L2
L3
1

1         2
3

2         1
2

3
1
2

-----
-----
-----


L1(2)=2


Team Work  
Worksheet (9):
Composition of Arrow diagrams using the TI-83



Directions:
Students work in teams to write up the data from the [Stat] 

editor and the function diagram.

Name ______________________ Teacher ______________________ Date ______

[Stat] editor data
	Names
	L1
	L2
	L3
	L4
	L5
	L6
	L7
	L8
	L9
	L10

	
	
	
	
	
	
	
	
	
	
	


Arrow diagrams for the [Stat] editor data


Team Work  
Worksheet (9):
Composition of Arrow diagrams using the TI-83



Directions:
Students work in teams to write up the data from the [Stat] 

editor and the function diagram.

Name ______________________ Teacher ______________________ Date ______

[Stat] editor data
	Names
	L1
	L2
	L3
	L4
	L5
	L6
	L7
	L8
	L9
	L10

	
	
	
	
	
	
	
	
	
	
	


Arrow diagrams for the [Stat] editor data


Multiplying Road Matrices
In our last section, we defined a new operation for the arrow diagrams.  In this section we will take advantage of the relationship between the arrow diagrams and the road matrices to find an equivalent operation for the matrices.

What really happens when we compose the arrow diagrams together?  Suppose we were given the following two arrow diagrams.  To save space we will stop writing “leave from” and “go to” above their columns in the arrow diagrams.  By now you should know that the arrow always leaves from the “leave from” building and goes to the “go to” building.

It really doesn’t matter if we use the arrow diagrams or the road matrices to represent what is happening.  We could just as easily write the matrices for the arrow diagrams.  Whenever we write the matrix for a road arrow diagram we will put brackets around the name so that you know that it is a matrix.  In other words the matrix for the arrow diagram B will be [B], (we read this as “matrix B”).  Also the matrix for the arrow diagram R will be [R] (read as “matrix R”).


	B


	
1

1


2

2


3

3





	R


	
1

1


2

2


3

3




Since we will be combining matrices together we will need a symbol for this operation.  We will use “*”.  This new operation for matrices is equivalent to composition of the arrow diagrams.  We will refer to this operation as multiplication of the matrices.

The composition of the blue and red arrow diagrams is below, and to its right is the product of the two matrices [B] and [R].  We will define [B]([R] to be the same matrix as [B ( R].  Mathematicians would write the equation [B]([R]:=[B ( R].  The “:=” means “is defined as.”


	B ( R


	
1

1


2

2


3

3




Another example might be helpful.

	R                  R


	
1

1

1


2

2

2


3

3

3


4

4

4











The easiest way to multiply road matrices is to convert them back into arrow diagrams, compose the arrow diagrams, and then convert the combined arrow diagram back into a matrix.  In other words, if we start with these matrices.



Then to find [R]([B], we convert them into arrow diagrams and compose the arrow diagrams together.

	

R





R ( BB

	
1

1

1

1

1


2

2

2

2

2


3

3

3

3

3









Composing the arrow diagrams together is easy, since all you have to do is follow the arrows.  Matrix multiplication is a little trickier, but let’s see if we can begin to understand it better.  To do this, we will concentrate on the movement of one person in our city.  Let’s look at Candice who starts in building 1, and follows the instruction “red-blue”.






Candice leaves from building 1 and goes to building 2 using the red road.  Therefore, we have a 1 in the 1st row, 2nd column position of [R].  Next Candice leaves from building 2 and goes to building 1 using the blue road, so there is a 1 in the 2nd row, 1st column position of [B].




Looking at the matrices we see that the row of the first matrix tells us where we originally started and the column of the second matrix tells us where we finish.  The flow chart below tells the story of Candice’s movements after following the red and blue commands.















Now let’s look at what happens to Miguel when the command “Red-Blue” is called.






Miguel starts in building 2.  He leaves building 2 and goes to building 3.  Miguel then leaves from building 2 and goes to building 1.  If we wanted to use the road matrices to tell the same story, it would look like this.


















Team Work  Exercise 18:  Use the road matrices to tell the story of what happens to Marcus when the “Red-Blue” command is called.  Follow the same format that we used for Candice and Miguel.  Fill in the spaces provided with an explanation of how Marcus moved.  Make sure you put the arrows in their correct places.






















Individual Work  
Worksheet (10a):  Matrix Multiplication




Directions:  For each city below, draw the arrow diagram for the 

road functions, find the associated matrices, then multiply the given matrices together by combining the associated arrow diagrams.

Name _______________________ Teacher __________________  Date__________






















Individual Work  
Worksheet (10b):  Matrix Multiplication




Directions:  For each city below, draw the arrow diagram for the 

road functions, find the associated matrices, then multiply the given matrices together by combining the associated arrow diagrams.

Name _______________________ Teacher __________________  Date__________
























Individual Work  
Worksheet (10c):  Function composition and matrix multiplication

Directions:  Complete the table by composing the arrow diagrams 

of the functions.

Name _______________________ Teacher __________________  Date__________

	Composition

	1
1

2
2

3
3
	1
1

2
2

3
3
	1
1

2
2

3
3
	1
1

2
2

3
3
	1
1

2
2

3
3
	1
1

2
2

3
3

	
1
1
2
2

3
3


	
	
	
	
	
	

	
1
1

2
2

3
3


	
	
	
	
	
	

	
1
1

2
2

3
3


	
	
	
	
	
	

	
1
1

2
2

3
3


	
	
	
	
	
	

	
1
1

2
2

3
3


	
	
	
	
	
	

	
1
1

2
2

3
3


	
	
	
	
	
	


Individual Work  
Worksheet (10d):  Function composition and matrix multiplication

Directions:  Complete the table below by multiplying the matrices.  Use the table from worksheet 10c. 

Name _______________________ Teacher __________________  Date__________

	Matrix Multiplication
(
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Checking function composition with matrix multiplication

We can use the TI-83 to multiply road matrices and check our calculations when we compose functions.  Let’s use the city to the right.










Here are the arrow diagrams for the red and blue roads, and the arrow diagram for 

B o R.





	TI-83 COMMANDS
	SCREENS

	
	(1)

	Go to your matrix editor and enter the matrix representation of the red road function in [A].  Follow the instructions on pages 90-91.  Remember this matrix is 

4 x 4.
	MATRIX [A]  4 X 4

_0
1
0
]

_0
0
0
]

_1
0
0
]

_0
1
0
]

4, 4=0

	
	

	
	

	
	(2)

	Go back to your matrix editor and put the matrix for the blue road function in [B].

Press

[2nd]  

[
[image: image16.wmf]1

-

x

]  

[    ]

[    ]

[    ]
	NAMES   MATH   EDIT

1: [A] 4  X  4

2: [B]

3: [C]

4: [D]

5: [E]

6: [F]

7([G]

	
	

	
	(3)

	Press[Enter] and input [B].


	MATRIX [B]  4 X 4

_1
0
0
]

_0
1
0
]

_0
0
1
]

_0
0
0
]

4, 4=0

	
	

	
	(4)

	Let’s check that [B] ([A] give the same result as [B o R].

Press

[2nd] [Mode] [2nd] [
[image: image17.wmf]]

1

-

x

[    ]
	NAMES   MATH   EDIT

1: [A] 4  X  4

2: [B] 4  X  4

3: [C]

4: [D]

5: [E]

6: [F]

7([G]

	
	

	
	(5)

	Next we’ll call up [A].

Press [Enter] [x] [2nd] [
[image: image18.wmf]]

1

-

x

 [Enter]
	[B] ( [A]


	
	(6)

	Pressing [Enter] displays the products of the two matrices.

Press [Enter]
	[B] ( [A]

 
[  [ 1  0  0  0]


   [ 0  1  0  0]

 
   [ 0  0  1  0]

              [ 0  0  1  0]  ]


Matrix Addition

We have already discussed multiplication for the road matrices.  There is also an operation on matrices which is related to standard addition, and is extremely easy to do.  We will work with the city below.








This city has the following road matrices.




If we look at the 2nd row, 1st column of both [B] and [R] we will see they both have a 1 in that position.  This is because in our city there are two roads that leave from building 2 and go to building 1.



























Suppose we add together the entries that are in the same row and column location in [B] and [R].  This would be a new way to combine the matrices to get a new matrix.  This new binary operation would need a new symbol.  Since it is so much like ordinary addition, mathematicians use the same symbol:  “+”














Let’s do another example with a different city.














Here is a different way to color the roads of the same city.


Did you notice that for both of the last examples when we added the road matrices together we go t the same result?


Team Work  
Exercise 19:  For the city below, find at least three different ways to color the roads of the city correctly.  Label the given diagram with B’s and R’s to indicate your colorings.  Then find the color matrices and add them together.







































Team Work    Exercise 20:  As a team, discuss why we get the same matrix when we add together the matrices for the blue and red roads that correspond to the different ways of coloring the city.  Write your answer below and read your explanation to the class.


In an earlier discussion, we described how important it is to notice when someone doesn’t change.  When we added the road matrices together we go the same matrix, even though the city was colored differently each time.

There is something important about the matrix we get when we add the blue and red matrices together.

This matrix tells us about the structure of the city, before we color the roads.  It tells us where all of the roads are in the city, instead of only the blue roads or only the red roads.  Remember we called the representation of the city that had vertices and directed edges a directed graph.
The matrix we found is called the adjacency matrix for the directed graph.  Here is another example of a directed graph and its adjacency matrix.

Here is another example of a directed graph and its adjacency matrix.











Team Work      Exercise 21:  Draw the city that is represented by each of the adjacency matrices given below.

















Adjacency Matrices and Arrow Diagrams

The adjacency matrix of a directed graph carries all of the information necessary to build the city that the directed graph represents.  The adjacency matrix is a representation of the city.  In fact, there are just as many representations of the city as there were for the road functions.

The city can be represented by ordered pairs, or by points plotted in the Cartesian plane.  The city can also be represented by an arrow diagram.

This arrow diagram won’t be the arrow diagram of a function, but it will be a representation of the city.  We will get this arrow diagram of the entire city by combining the arrow diagrams for the red and blue roads.

Here is an example.













This type of arrow diagram is a new object that shows all of the roads in the city.  Is there a new operation that goes with it?

Let’s try doing the same type of operation we did with road function arrow diagrams.  We will write another copy of the arrow diagram A next to the first one.




Now we ask ourselves the following question.  How many different ways are there to get from one building to another building by following the arrows in the arrow diagram?

Since we have 2 copies of the arrow diagram, following the arrows would mean traveling down 2 roads.  For example, here’s how many different ways we can get from building 1 back to building 1 in two steps.






These are the two ways for us to get from building 1 back to building 1 in 2 steps.  We first go from building 1 to building 2, then building 2 to building 1.  Or, we could go from building 1 to building 3, and then from building 3 to building 1.

We are beginning to build a new matrix.  This new matrix comes from 2 copies of [A] .  To symbolize this we will write it as [A]2.  This symbol is read “matrix A squared” or matrix A to the 2nd power.”

Since this first entry was found by determining the number of ways to go from building 1 back to building 1, we will put that number in the 1st row, 1st column of [A]2.  How do you think we will find the other entries of [A]2?



To find the other entries of [A]2, we do exactly the same thing.  For example, the entry in the 1st row, 3rd column of [A]2 will be the number of ways we go from building 1 to building 3 in 2 steps.

Class Project  Exercise 22:  Build the city that corresponds to the adjacency matrix below, and find all the entries in [A]2 by counting how many ways to go from one building to another in 2 steps.




The 1st row, 1st column entry of [A]2 is _______________ since there are __________ 

ways to go from building 1 to building 1 in 2 steps.  

_____________________________________________________________________

The 1st row, 2nd column entry of [A]2 is ____________ since there are 

__________________ ways to go from building 1 to building 2 in 2 steps.

The 1st row, 3rd column entry of [A]2 is _______________ since there are ___________

ways to go from building 1 to building 3 in 2 steps.  

______________________________________________________________________

The 2nd row, 1st column entry of [A]2 is _______________ since there are __________ 

ways to go from building 2 to building 1 in 2 steps.  

______________________________________________________________________

The 2nd row, 2nd column entry of [A]2 is _______________ since there are __________ 

ways to go from building 2 to building 2 in 2 steps.

_____________________________________________________________________

The 2nd row, 3rd column entry of [A]2 is _______________ since there are __________ 

ways to go from building 2 to building 3 in 2 steps.

______________________________________________________________________

The 3rd row, 1st column entry of [A]2 is _______________ since there are __________ 

ways to go from building 3 to building 1 in 2 steps.

______________________________________________________________________

The 3rd row, 2nd column entry of [A]2 is _______________ since there are __________ 

ways to go from building 3 to building 2 in 2 steps.

______________________________________________________________________

The 3rd row, 3rd column entry of [A]2 is _______________ since there are __________ 

ways to go from building 3 to building 3 in 2 steps.

______________________________________________________________________

We can also use this technique to find the entries of [A]3.  We now look for ways to go from building to building in 3 steps.  For example, the entry in the 1st row, 3rd column of [A]3 will be the number of ways we go from building 1 to building 3 in 3 steps.  





The 1st row, 1st column entry of [A]3 is ________________ since there are 

____________ ways to go from building 1 to building 1 in 3 steps.

______________________________________________________________________

The 1st row, 2nd column entry of [A]3 is _______________ since there are 

____________ ways to go from building 1 to building 2 in 3 steps.

Properties of the Matrix Operations

We have now defined two operations for matrices: One that is very much like the addition operation we are familiar with for real numbers, and one that we defined using the composition operation for the arrow diagrams.  Let's investigate the properties of these new operations.

First of all notice that we can add matrices that are not road matrices.  We do it in exactly the same way. adding together the numbers that are in the same positions in the matrices.  For example, if [A] and [B] are as given below, we can find [A] + [B] easily.  The arrows show that the entry in the 3rd row and 3rd column of [A] + [B] is the sum of the corresponding entries in [A] and [B].
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We have always worked with square matrices in the road coloring problem, since both the number of rows and columns is equal to the number of buildings in our city.  But matrices can come in many shapes and sizes and are used to present information in many practical situations.  For example, a teacher might want to keep track of how many students are absent from her classes each week.  If she teaches 4 classes, then she could create a matrix like the following to hold the information.
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This number means that there were 2 students 

absent on Thursday in the teacher's 3rd class 

                                 during week one.

At the end of week 2, the teacher could produce the week 2 matrix.
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Then the sum of the two matrices would tell the teacher her total absences for the first two weeks. (Since we know that the rows represent the periods, and the columns represent the days, we can eliminate them from the matrix)
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What would happen if we tried to add together the following two matrices?
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Notice that [A] and [B] are different sizes.  [A] has 3 rows and 4 columns but [B] has 3 rows and 3 columns.  If we tried to find [A]+[B], there would be nothing from [B] to add to the numbers in the 4th column of [A].  Therefore, it is not possible to compute [A] + [B].  In mathematics, we say that [A] + [B] is not defined.

Since it is important to keep track of the sizes of matrices to determine if we can add them together we should come up with a way to symbolize the size of a matrix.  The way we will symbolize the size of a matrix is by writing the number of rows and the number of columns with a "x" between them.  We read the "x" as "by".  In other words, [A] above is 3 x 4, and [B] is 3 x 3.

Here are some other matrices and their sizes:
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     [C] is 5 x 2                        [D] is 2 x 3                       [E] is 1 x 4

Team Work:  Each team should find a way to represent information that they use every day in the form of matrix.  Each team should design at least three matrices and report to the class what information is contained in the matrix and what is the size of the matrix.  Each student should write the matrices below, along with an explanation of the information contained in the matrix.

Individual Work  Worksheet: More Matrix Addition

Directions:  Find the sizes of the matrices below and the indicated sums, if the matrix sum is possible.  If the sum is not possible write "not defined".

Example:
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   [A] is    3 x 3                      [B] is        3 x 3      

1) 
[image: image32.wmf][

]

ú

ú

û

ù

ê

ê

ë

é

=

7

6

0

3

A

              
[image: image33.wmf][

]

ú

ú

û

ù

ê

ê

ë

é

-

=

6

0

1

3

B

                [A] + [B] = 
[image: image34.wmf]ú

ú

ú

û

ù

ê

ê

ê

ë

é


 [A] is  _________     [B] is  ___________              

 

2) 
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    [A] is  ____________      [B] is  ___________       


3) 
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 [A] is                                 [B] is  ___________

5)  
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 [A] is                               [B] is  ___________

6)  
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7)  
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 [A] is                                 [B] is  ___________

Associativity and Order of Operations

One of the most important properties of the matrix operations is called associativity.  To understand what this property is we need to discuss something called "order of operations".  In mathematics we are constantly writing mathematical sentences with operations like addition and multiplication. Expressions like:

                   3 + 4 x 5              (4  x 7) + 6          6 x  (4 + 5)

All of the operations we are familiar with are called "binary operations" (dictionary) because they combine 2 objects together.  "Binary" comes from the Greek word for "two".   But in an expression like 3 + 4 x 5, what do we do first?  Do we add 3 +4 first or do we multiply 4 x 5 first.  

We have developed the following traditions for the order in which to do the operations:

  1st                                   Do whatever is inside the parentheses!

Example:   In the expression 4 x (6+2), you start with the part inside the parentheses.

                                4 x (6 + 2)                         (start here)

 
                                4  x  8 = 32 

2nd                                   Do multiplication and division next,

                           working from left to right!

3rd                                        Do addition and subtraction last, 

                                  working from left to right!

Here is an example:

30 + 2 x (5+7)  =  3 + 2 x 12


First we did the operation in the parentheses.     


30 + 2 x 12  = 30 + 24

Next we performed the multiplication.


30 + 24 =  54

Last we did the subtraction.


This is another, more complicated example. Here we have more than one set of parentheses:

7 x 5 + 4 + 3 x (6 x ( 5 -4)) = 7 x 5 + 4 + 3 x ( 6 x 1)


We went to the parentheses.  Inside the parentheses, we found more parentheses.  This is what needs to be done first.


7 x 5 + 4 + 3 x ( 6 x 1) = 7 x 5 + 4 + 3 x 6

Next we finished what was left in the parentheses.


7 x 5 + 4 + 3 x 6 = 35 + 4 + 18


Next we did the multiplication


35 + 4 + 18 = 57 

Finally, we did the addition.

Team Work             Worksheet: Order of Operations

Directions:  For each of the expressions below, each team should determine the series of steps needed to perform the computation.   Each individual should write those steps below, and then teams should be chosen to report to the class on the steps they took, and why they did them in the order they chose. (Note: you may not need all the steps listed for a problem.)


7 + ( 5 x 6 ) + 8 x 2

1st step ______________________________

2nd step ______________________________

3rd step ______________________________

4th step ______________________________

5th step ______________________________


(3 + 7 ) x (5 x ( 7 + 2))

1st step ______________________________

2nd step ______________________________

3rd step ______________________________

4th step ______________________________

5th step ______________________________

3 x ( 6 - 5 ) + 8 x 2 + 4

1st step ______________________________

2nd step ______________________________

3rd step ______________________________

4th step ______________________________

5th step ______________________________


((3 x 4) + 8 ) x (5 x 6)

1st step ______________________________

2nd step ______________________________

3rd step ______________________________

4th step ______________________________

5th step ______________________________


3 + ( 5 x ( 3 +( 2 x 4)))

1st step ______________________________

2nd step ______________________________

3rd step ______________________________

4th step ______________________________

5th step ______________________________

Now that we know how to deal with parentheses, let's see if our matrix operations are associative.  Matrix addition would satisfy the associative property of addition (dictionary term) if anytime I had three matrices, [A], [B], and [C], 
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Team Work    Directions:  Three matrices, [A], [B], and [C],  are given 


       


below.  As a team, decide if these matrices satisfy the 




associative property for addition.  Then decide if the 




associative property is true for any three matrices.  




Report your conjecture to the class, along with some 




reasons why you think it is true or not.
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What about matrix multiplication? Does it also satisfy an associative property?  The associative property of multiplication (dictionary term) would be true for matrices if for any three matrices [A], [B], and [C], 
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Let's use the road matrices we generated for the multiplication table on page 124.  We can experiment with them


Team Work    Directions:  As a team, decide if matrices from the 





multiplication table on page 124 satisfy the 
associative 




property for multiplication.  Then decide if the 





associative property is true for any three road matrices.  




Report your conjecture to the class, along with some 




reasons why you think it is true.  If necessary represent 




the matrices as arrow diagrams and perform the 





calculations below.


In addition to multiplying road matrices, we defined a technique to multiply other matrices on page 138.  For the challenge problem below, try to decide if this operation also satisfies the associative property of multiplication.


Team Work    Directions:  Three matrices, [A], [B], and [C],  are given 




       
below.  As a team, decide if these matrices satisfy the 

Challenge 


associative property for multiplication.  Then decide if Problem


the associative property is true for any three matrices.  




Report your conjecture to the class, along with some 




reasons why you think it is true or not. Use the space 




below for your calculations.
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Commutative Property

If an operation satisfies the associative property, then it doesn't matter in which time-order we do things.  If  we are given 3 + 4 + 5, we could first do the 3 + 4 to get 7 , and second add the 5 to get 12.  We could also first do the 4 + 5 to get 9, and second add 3 + 9 to get 12.  But notice that one thing didn't change: the position of the numbers as we read the expression from left to right.  We change the time-order we did things, but not the spatial order.

An operation satisfies the commutative property, if we can change the spatial position of the terms in an expression.  For example, we know that the set of integers satisfies the commutative property of addition since, for example: 

2 + 6 = 6 + 2.

The integers also satisfy the commutative property of multiplication since,

for example:

3 x 5 = 5 x 3.

What about our matrix operations?

Matrix addition would satisfy the commutative property of addition (dictionary term) if anytime we had two matrices, [A] and [B] 
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The road matrices would satisfy the commutative property of multiplication (dictionary term) if anytime we had two matrices, [A] and [B] 
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Team Work    Directions:  Two matrices [A] and [B] are given 


       


below.  As a team, decide if these matrices satisfy the 




commutative property for addition.  Then decide if the 




commutative property is true for any two matrices.  




Report your conjecture to the class, along with some 




reasons why you think it is true or not.
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Team Work    Directions:  Two road matrices [A] and [B] are given 


       

below.  As a team, decide if these matrices satisfy the 




commutative property for multiplication.  Then decide if 




the commutative property is true for any two road 





matrices.  Report your conjecture to the class, along with 




some 
reasons why you think it is true or not.
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Keeping your Identity

We go through transformations in our lives all of the time.  Some transformations change us, others don't.  The same is true in mathematics.  

One of the most important properties of an operation like addition or multiplication is whether there is an element which doesn't change things.

For example, the number 0 is the identity element of addition for the real numbers.  If we add 0 to any other number, the other number doesn't change.

Since we want to right down a statement about any real number, we use a letter like "x" to represent whatever number we want.  Since the meaning of "x" can change or vary, we call "x" a variable (dictionary term).  The rule that says that 0 is the identity element of addition looks like this:

x + 0 = 0 + x = x, for all real numbers x

If we replace x with 5, we get that 5 + 0 = 0 + 5 = 5.  If we replace x  with a fraction like 
[image: image61.wmf]2
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  In each case, the 0 did not change the identity of the other number.

Multiplication of real numbers also has an identity element.  If we multiply any number by 1, the identity of that number doesn't change.  We would write the identity property for multiplication like this: 
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Again, x is a variable which can be replaced by any number at all. If we replace x with 10, then we get 
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.  If we replace x with 25 then we get 
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What about the matrix operations? Is there an identity element for each of them?  How would we express the rule for each identity element?

Let's start with matrix addition.

Matrix addition would have an identity element for addition (dictionary term) if there was a matrix [Z] that we could add to any other matrix [A],  and the matrix [A] would not change .  In other words, 
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Remember that matrix addition requires that [A] and [Z] have the number of rows and columns.  Can you discover if matrix addition has an identity element?


Team Work    Directions:  A matrix [A] is given below.  As a team,  try 




to discover if there is an identity element for matrix addition by 



finding a matrix [Z] that doesn't change [A].  Then decide if this 


matrix would be the identity element for any other matrix of the 


same size. Report your conjecture to the class, along with some 



reasons why you think it is true or not. For example, come up 



with another matrix (call it [B]) and show that [Z] doesn't 



change [B] either.  Present your example to the class
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What about multiplication of road matrices?  Multiplication of road matrices would have an identity element for multiplication (dictionary term) if there was a matrix [I] that we could multiply by any other road matrix [A], and the matrix [A] would not change.  In other words, 
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Can you discover if road matrix multiplication has an identity element?


Team Work    Directions:  A road matrix [A] is given below.  As a team,  





try to discover if there is an identity element for matrix 




multiplication by finding a matrix [I] that doesn't change Challenge

[A].  Then decide if this matrix would be the identity 

Problem

element for any other road matrix. Report your 





conjecture to the class, along with some reasons why you 



think it is true or not. 


[image: image69.wmf][

]

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

=

0

0

1

0

0

0

0

1

0

0

0

1

0

1

0

0

A



What about multiplication of other matrices?  Just as for road matrices, multiplication of matrices would have an identity element if there was a matrix [I] that I could multiply by any other road matrix [A], and the matrix [A] would not change.  Once again,  
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Can you discover if matrix multiplication has an identity element?


Team Work    Directions:  A matrix [A] is given below.  As a team,  




try to discover if there is an identity element for matrix 




multiplication by finding a matrix [I] that doesn't change Challenge

[A].  Then decide if this matrix would be the identity 

Problem

element for any other road matrix. Report your 





conjecture to the class, along with some reasons why you 



think it is true or not. 
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What's an Inverse?

Our investigations in the last section showed that all of the matrix operations had an identity element.  The identity element for addition is, for obvious reasons, called the zero matrix (dictionary term) since all of its entries are 0.  There is a different size zero matrix for every size matrix, since only matrices of the same size can be added. 

The other two problems were challenge problems.  Did any teams find the identity element for multiplying matrices and road matrices?  If  they did, they found this matrix had a very special structure.  In fact, if we had a three building city and had to build a set of roads that would leave everyone in the same place, what would it be?

                                            1


                         3                                                 2

From our earlier work, we can easily write down the matrix for the roads above.  If we colored each of the roads above red, then the matrix would be
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This should be similar to the matrix you found earlier as the identity element for the 4 x 4 matrix above, and also similar to the identity element you found for the 2 x 2 matrix above.  The key characteristic in all of them is that there is a diagonal of 1's going from the top left to the bottom right.  These 1's signify the road loops that we see in the figure above.  The road loops leave everyone in the same position.

Just as in the case of matrix addition, we have different sizes for the identity matrix for matrix multiplication.  This identity matrix must always have the same number of rows as columns, just as with the road matrices since, using our earlier language, each building is both a "leave from" and "go to" building.  In fact, since matrix multiplication is far more important in mathematics than matrix addition, we call one of these matrices with 1's along the main diagonal an identity matrix (dictionary term). 

Here are the 4 x 4 and the 5 x 5 identity matrices:
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Now the question we began this section with was: What is an inverse?  In mathematics, the question only makes sense if an operation has an identity element.  This is because the inverse (dictionary term) is the element that gets us back to the identity.  So to answer the question, we have to know what our operation is, and what the identity element is for that operation.

Let's look at some examples:

1) What is the inverse of a real number when we are doing addition? 
Question 1: What is the operation?    

Answer: Addition of real numbers

Question 2: What is the identity element for addition of real numbers?

Answer: The number 0.

The inverse of a real number under addition is the number we add to get back to 0.  We use the term additive inverse (dictionary term) for this number.

Examples:  

a)  What is the additive inverse of 7?

7 +  __?__  =  0

We will use a variable "x" to represent the question mark.

7 + x  = 0 

What is x?  The correct value for x is -7 since 7 + (-7) = 0.  We say -7 is the additive inverse of 7, since adding -7 to 7 gets us back to the identity element 0.

b) What is the additive inverse of -10?  To answer this, we solve the equation:

-10 + x  = 0

Again, the variable "x" acts like a kind of question mark.  The answer for this equation is 10, since -10 + 10 = 0.  The number 10 is the additive inverse of -10.

2) What is the inverse of a real number when we are doing multiplication? 
Question 1: What is the operation?    

Answer: Multiplication of real numbers

Question 2: What is the identity element for multiplication of real numbers?

Answer: The number 1.

The inverse of a real number under multiplication is the number we multiply by to get back to 1. We use the term multiplicative inverse (dictionary term) for this number.

Examples:  

a)  What is the multiplicative inverse of 20?  The equation that asks this question is:
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What is x?  The correct value for x is 
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 is the multiplicative inverse of 20, since multiplying 20 by 
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  gets us back to the identity element 1.

b) What is the multiplicative inverse of  
[image: image79.wmf]5
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?  To answer this, we try to find an x that satisfies the equation:
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 The answer for this equation is 5, since 
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.  The number 5 is the multiplicative inverse of  
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c) What is the multiplicative inverse of 0?  To answer this, we try to find an x that satisfies the equation:
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Is there an answer to this equation?  Is there a value for x which makes this equation true?  

Since 
[image: image84.wmf]0
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 for every possible x we can put into this equation, we say that 0 has NO multiplicative inverse.
Thus, inverses do not always exist.

Now what about our matrix operations?  Once again the important things to identify are the operation in question and the identity element for the operation.

3) What is the inverse of a matrix when we are doing matrix addition? 
Question 1: What is the operation? 

Answer: Addition of matrices.

Question 2: What is the identity element for addition of matrices?'

Answer: The zero matrix.

The inverse of a matrix under addition is the matrix we add to get back to the zero matrix, if such a thing exists.  Just as with numbers, we can have matrix equations.  To write a matrix equation involving the zero matrix, we will need a symbol for it.  We don't want to use just the number 0, since this would be confusing.  Earlier, we used the symbol [Z] to refer to the zero matrix. What would be the equation we would need to solve to find the additive inverse of the matrix [A]?  In fact, it would look exactly like the equation for real numbers.

[A] + [X] = [Z]

Here we would want to find [X].  Let's have a team exercise to try to discover the additive inverse of a matrix.


Team Work    Directions:  A matrix, [A], is given below.  As a team, 




decide if this matrix has an additive inverse.  Also, write 




an equation that you would have to solve to find the 




additive inverse of this matrix, [A].  Report to the class  




whether you found an additive inverse for [A], along 




with the general equation to find the additive inverse of 




this matrix.
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Individual Work    Directions:  For each of the matrices below, write the 




equation that you need to solve to find the 






additive inverse of the given matrix.  Pay special 





attention to the size of the zero matrix in your 





equation.  Then solve the equation to find the 





additive inverse. 

Example :
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4) What is the inverse of a road matrix when we are multiplying road  matrices? 
Question 1: What is the operation? 

Answer: Multiplication of road matrices.

Question 2: What is the identity element for multiplication of road matrices?'

Answer: The identity matrix.

The inverse of a road matrix using multiplication, is the matrix we multiply 

by to get back to the identity matrix..

Let's try to determine what it would mean to find the multiplicative inverse of a road matrix. Suppose we started with the road matrix below.  Next to it we have drawn its arrow diagram.

                                                                          R
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To "get back to the identity matrix" means that we need to find another matrix, say [X], to multiply with [R] so that the product is the identity matrix.  In equation form, this would be [R]*[X]= [I].  If we wrote this idea down using arrow diagrams, it would look like this.

             R                    X                                                   I
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Team Work    Directions:  The road matrix [R] is given below.  As a 




team, try to discover if there is an inverse element for 




matrix multiplication by finding a matrix [X] that 

Challenge 

changes [R] into the identity matrix.  Write out the arrow Problem 

diagram equation from the last page and solve to find this 



inverse matrix, if it exists. Report your conjecture to the 




class, along with some reasons why you think it is true.
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Team Work    Directions:  The road matrix [R] is given below.  As a 




team, try to discover if there is an inverse element for 





matrix multiplication by finding a matrix [X] that 

Challenge 

changes [R] into the identity matrix.  Write out the arrow Problem 

diagram equation for this matrix and solve to find this 





inverse matrix, if it exists. Report your conjecture to the 





class, along with some reasons why you think it is true.
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Team Work    Writing Exercise    

Directions:  Did your team find a multiplicative inverse for the last matrix?  

As a team, explain below why or why 
not an inverse for the matrix 
existed.  Can you tell why there was a problem?  Can you design other 
road matrices that will not have an inverse?  Report your explanation 

to the class and report any other road matrices that you have constructed that 

your team thinks will not have a multiplicative inverse.



Individual Work    Directions:  For each of the road matrices below, 





write the equation that you need to solve to find 





the multiplicative inverse of the given road 






matrix.  Pay special attention to the size of the 





identity matrix in your equation.  Then try to solve 





the equation to find the multiplicative inverse. If 





the road matrix has no multiplicative inverse, write 




"no solution".  Use arrow diagrams to help you 





find the inverse.

Example:
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Arrow Diagrams on the Integers

Most of the material we have discussed so far concerns the idea and representations of functions.  A function is a relationship between a set of inputs (the "leave from" buildings in our cities) we called the domain, and a set of outputs (the "go to" buildings).  One of the representations we used for a function was an arrow diagram.  In this section, we will extend our ideas to arrow diagrams on the set of integers.  Before we do this, let's recall what the two properties of an arrow diagram for a function were:

1) Every number from the domain must have an arrow leaving from it.

2) Each number from the domain must have only one arrow leaving from it.

We could combine these two rules into the following:

An arrow diagram is the arrow diagram for a function if every number in the domain has one and only one arrow leaving from it.

There is nothing in this property that says anything about the size of the domain or the range.  As long as this property is satisfied, then we have the arrow diagram of a function.

The set of integers is the set {...,-4, -3, -2, -1, 0, 1, 2, 3, 4,...}.  In mathematics we use "..." to represent the same idea as when we say in English, "and so on".  In other words, there is a pattern to something, and the "..." means to just continue doing the pattern.  In the set above, the pattern on the left is, "keep subtracting 1", and the pattern on the right is, "keep adding 1". 

How big is the set of integers?  In mathematics, we say the size of a set is finite (dictionary term) if we can count the number of elements in it.  But the set of integers is too big to count.  There is no integer large enough for its size.  If we tried to pick a number for its size, there would always be other numbers in the set of integers larger than the number we picked.  For this reason, we say the set of integers is infinite (dictionary term).

But just because the set of integers is infinite, doesn't mean that we can't construct arrow diagrams on it.  Here is what we'll do. Let's list two sets of integers in column form, just like we did with the arrow diagrams for the road coloring problem.  We'll use the "..." on the top and bottom to mean "and so on".  The column on the left will represent our domain (the "leave from" numbers) and the column on the right will contain our range (the "go to" numbers). Then we will connect the two columns with arrows, just as we did before.   Here is one arrow diagram on the integers
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Since we can't show all of the integers, we have to imagine the pattern that exists for the part that we can't show.  We have to imagine "all" of the arrows being there, and try to picture the arrows that connect the numbers that are not listed. Can you determine what number the arrow that starts at 10 (that is, has 10 as its domain element or "leave from" number) leads to?

How about the one that starts at 25?  Or 100? Or 1000?  Can you also do the negative numbers?  How about -10? Where does its arrow  lead to?  What about -100? 

Do you see that there is always the same pattern, no matter where we start in the domain?  We can take advantage of this and find a way to express the relationship between the domain and range.

We will use the same notation as we did for the road coloring functions.  Let's use the variable "x" to indicate the input number (the 'leave from" number) and the variable "y" for the output number (the "go to" number).  Now we will try to write an equation that relates each input variable to its output variable.  If we write some inputs and outputs in column form, this may help.


                                             Input              Output

                                                 X                    Y
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Just as we did with the road functions, we can also list our input and outputs as ordered pairs in the form (x, y).  Remember, our input or x variable is the first coordinate and our output or y variable is the second coordinate.
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Remember how ordered pairs become points plotted on a Cartesian coordinate plane?  Let's construct that representation also.













Have you seen the pattern yet?  Every output variable is one more than its input variable.  When the relationship between the domain and range is this simple, we have another representation we can use: an equation.  For this function, the equation that represents the relationship between the input x, and the output y is:

y = x + 1

Here is another arrow diagram on the integers.  Can you determine the pattern between the domain and the range?  Can you represent this arrow diagram as ordered pairs, and as points in a Cartesian plane.
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Team Work      Challenge Problem 



Directions:   As a team, using  the arrow diagram above, write some inputs 

and outputs in column form, express these inputs and outputs as a set 
of ordered pairs, and plot the ordered pairs on a Cartesian coordinate 
plane.  Finally, find an equation to represent the relationship between 
the input variable x, and the output variable y.  Each team should 
report their work to the class.


                                           Input             Output

                                              X                   Y

                                                                                        

Put your ordered pairs for the function in this box.


Plot your ordered pairs below.




Can you find the equation which relates the input x, to the output y?  If so, write it below.


The arrow diagrams we have been working with are, in many ways, the exceptions.  Most functions on the integers will not have an equation that relates the input variable x with the output variable y.  For example, here is another arrow diagram on the integers:
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Do you see the pattern in this arrow diagram?  Don't worry if you can't.  No one can.  There is no pattern to the relationship between inputs and outputs for this arrow diagram, therefore we can not find an equation for this function.

Luckily, the most important functions that are used to solve problems in science and engineering do have patterns that relate their inputs and outputs, and so we can find equations for them.  In many ways, science is all about finding patterns.  If you haven't tried this before, it may take some time to do it well.  But with practice, you can become good at it.  All human beings have amazing pattern recognition capabilities.  We would not be able to understand the things we see or hear if we could not recognize patterns.

Just as we did with the road functions, we will need to be able to understand and produce all of the representations for a function from whichever representation we are given.  What we want to do is start with a given equation, and produce and arrow diagram, ordered pairs, and a graph.

Let's do an example.  Suppose we are given the equation y = x -1.  The best way to start constructing the representations is to think of the equation as an "input-output machine".  In other words, if you give the machine a certain input, what will its output be?  We will set up two columns: one for inputs, x,  and one for outputs, y.  Then we substitute each x value in the equation and determine the y value that corresponds to it. For example, if we substitute 4 for x in the equation y = x -1, we get y = 4 – 1.  Thus y = 3.  This means that for the input 4, we get the output 3.  Below we list some more inputs and output for the equation.


                                           Inputs         Outputs

                                               x                   y


                                               4                   3

                                               3                   2

                                               2                   1 

                                               1                   0

                                               0                  -1

                                               -1                 -2

                                               -2                 -3

                                               -3                 -4

                                               -4                 -5

These inputs and outputs can now become a set of ordered pairs.

{...(4,3), (3,2), (2,1), (1, 0), (0,1), (-1, -2), (-2,-3), (-3, -4), (-4, -5)...}

Now we can take these ordered pairs and construct the arrow diagram and the graph of this function.
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Team Work      



Directions:   For each of the equations below, write down columns of inputs 
and outputs using the equation and convert the input-output columns 
into ordered pairs. Next represent the function as both an arrow 
diagram and a graph of points.  Report your results to the class.

y = x + 2


Put your ordered pair in the box below.
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Team Work      Challenge Problem 
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Put your ordered pair in the box below.
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Some Function Notation

As we have seen in our discussion about functions, there are many different ways to represent or symbolize the information in a function.  There is one more important piece of notation for a function that emphasizes the "input-output machine".

Suppose we have the equation y = x+2.  As we saw in the last section, this equation represents the relationship between the inputs, x, and the outputs, y.  If we substitute the number 3 for x, we get the equation y = 3 + 2.  Therefore, y = 5.  We also symbolized this input-output relationship by the ordered pair (3, 5).

Now the road functions came with names automatically because they referred to the colors of the roads.  For functions like y = x + 2 we have to supply the names.  Usually, we pick something completely unimaginative like the letter "f" for function.  We think of the function f as an "input-output machine" like a computer or calculator.  The number we substitute for x is the number we input into the computer, then the "function machine" f produces an output.  The diagram below shows what would happen if the function was represented by the equation above y = x + 2.

f


                 x = 3                                                               y = 5

                                                      x + 2 = y 

The value y is the output of the function f .  We symbolize this by writing f(x) = y.  For the above example, we would write f(x) = x +2.  We should read this as "If the function f is given the input "x",  it produces the output equal to x +2".  But usually we shorten this to " f  of  x  equals x + 2".  To symbolize the fact that if we input 3 into the function, we get out 5, we write f(3)=5.  What would f(7) be for this example?  This means that the input, x, to the function f(x) = x + 2 is a 7.  We substitute 7 for x in the function equation.  Therefore f(7) = 7 + 2.  Thus f(7) = 9.


Individual Work      



Directions:   For the functions below, find the output for each of the 

given 
inputs.  Then find the ordered pairs that correspond to each of the input-output pairs.  Finally, find and graph the ordered pairs on the axes provided.

Example:                             y = f(x) = x +3

Find:                                      Equation                                     Ordered Pair

a) f(1)                               y = f(1) = 1 + 3 = 4                                   (1, 4)

b)f(-2)                              y = f(-2) = -2 + 3 = 1                                 (-2, 1)

c) f(0)                               y = f(0) = 0 + 3 = 3                                   (0, 3)

d) f (-1)                              y = f(-1) = -1 + 3 = 2                               (-1, 2)






Function:                             y = f(x) = x – 2

Find:                                      Equation                                     Ordered Pair

a) f(1)                               y = f(1) = 

b)f(-2)                              y = f(-2) = 

c) f(0)                               y = f(0) = 

d) f (-1)                              y = f(-1) = 


Function:                             y = f(x) = 2x 

Find:                                      Equation                                     Ordered Pair

a) f(1)                               y = f(1) = 

b)f(-2)                              y = f(-2) = 

c) f(0)                               y = f(0) = 

d) f (-1)                              y = f(-1) = 
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Directions: Use the materials provided to build two different cities.





1) Build a city with three buildings that satisfies the features above.





2) Build a city with four buildings that satisfies the features above.





Note:  It helps to number the buildings so that each one has an “address.”





Team Project 1





Team Project 2








	   			    Is it a city?		 If No, why not?
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Put one-way roads between four buildings so that they satisfy: 





1) 	feature A, but not feature B. 





2) 	feature B, but not feature A. 
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Turn each of the cities your team designed in Team Project 1 into touring-cities by correctly assigning colors to each of the roads.





A.	Do this for your three building city.





B.	Do this for your four-building city.
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Is this a touring-city?	   	If No, why not?
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1)	Find the red road that leaves the building they are in, and follow it to the next building.  (If the road is a loop, you will go back to the same building.)





2)	Then find the blue road that leaves that building and follow it to the next building.





If you can get everyone in the same building at the same time, you have solved the puzzle.











Exercise 5.  We’ll need some volunteers for this project.  We need one person for each building, and one person to try to solve the puzzle.  Everyone else in the class should keep track of the directions.





A:	Use the three building good cities your class designed in exercise 4 and try to solve the puzzle for each of the cities.





B:	Do the same thing with the four building good cities your class designed.
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Good City	    Was a solution      If Yes, what was the solution?
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Each student should make a record of whether or not the class was able to solve the puzzle for each good city.  If a solution was found, record the solution in the indicated box.  If no solution was found explain why not.





          Good City     Was a solution found? If Yes, what was the solution?
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Exercise 6.  Each team should discuss the following questions, write their answers below in the form of a paragraph, then read their answers to the class.











1)  What is a good name for that special set of directions that gets everyone to the same building?





















































2)  Have you been able to find a solution for every good city?  Do you think it is always possible to find a solution?  Why or why not?
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4)  Can you design a city and color the roads correctly so that a single command gets everyone to the same building?  (Hint: You’ll need a loop.)  Show your design below and describe why it works.  Write a story that describes why you might want to design a good city in this way.





Exercise 7.  Each team should decide how they are going to represent solving the puzzle.  Create your team’s representation (or representations) and present it to the class.
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Directions:





(1)  Draw in the colored edges of the city map.


				


(2)  Put the names of the players in their starting positions in the circles to the left.





(3)  In the boxes below, show how each player  moved after the command was called by placing their names in the circles where they moved.	





1





3





2





Name:








__________ : __           __








__________ : __   �  __








__________ : __   �  __











________ leaves __ & goes to __








________ leaves __ & goes to __








________ leaves __ & goes to __





_____  command: _________ road


�





_____  command: _________ road


�











________ leaves __ & goes to __








________ leaves __ & goes to __








________ leaves __ & goes to __





Name:








__________ : __           __








__________ : __   �  __








__________ : __   �  __





Individual


Work











________ leaves __ & goes to __








________ leaves __ & goes to __








________ leaves __ & goes to __





_____  command: _________ road


�





Name:








__________ : __           __








__________ : __   �  __








__________ : __   �  __





Name:








__________ : __           __








__________ : __   �  __








__________ : __   �  __





_____  command: _________ road


�











________ leaves __ & goes to __








________ leaves __ & goes to __








________ leaves __ & goes to __











________ leaves __ & goes to __








________ leaves __ & goes to __








________ leaves __ & goes to __





Name:








__________ : __           __








__________ : __   �  __








__________ : __   �  __





_____  command: _________ road


�











________ leaves __ & goes to __








________ leaves __ & goes to __








________ leaves __ & goes to __





Individual


Work





Directions:





(1)  Draw in the colored edges of the city map.


				


(2)  Put the names of the players in their starting positions in the circles to the left.





(3)  In the boxes below, show how each player  moved after the command was called by placing their names in the circles where they moved.	
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Directions:





(1)  Draw in the colored edges of the city map.


				


(2)  Put the names of the players in their starting positions in the circles to the left.





(3)  In the boxes below, show how each player moved after the command was called by placing their names in the circles where they moved.	
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Since there is a red road that leaves from every building each of the numbers (1, 2, 3) are in the leaves from column.  The same is true for the blue road.





Not every building has a blue road which goes to it.  In fact, only buildings 1 and 2 have blue roads which go to them.  The number 3 is missing from the go to column because of this.
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   Exercise 9.


In the space below, draw the arrow diagrams that correspond to the graphs above.
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		   Exercise 10.





In the space below, draw the directed graph for the city that corresponds to the arrow diagrams above.
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As a class, build the city from exercise 10, walk the city and try to solve the puzzle.  What happens?  Can you explain what is wrong with this city?
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In the same way, if we look at the 3rd row, 2nd column of both [B] and [R] we see they both have a 1 in that position.  Again, this is because in our city there are two roads that go from building 3 to building 2.
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Challenge





		


    Exercise 23: Use the same city as in exercise 22 and try to find all the entries of [A]3 by counting how many ways to go from one building to another in 3 steps.  
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