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Winding Games 
 

Section 1. Warm-up 

 

Mathematician:  Tell me class, when you are counting positive integers, does it ever stop? 

 

Student 1: You mean when you are counting 1,2,3,é? 

 

Mathematician: Yes, does it stop? 

 

Student 2: Well, I do --- when I get tired. 

 

Mathematician: And we all get tired at different times.  Is there some number where everybody has to 

stop? 

 

Student 2: No, it just goes on and on.   

 

Student 3: Right, and if you get tired, I can take over and then later someone else takes over from me. 

 

Mathematician: Can you think of any kind of counting with a definite place where everyone stops? 

 

Student 1: When you are counting hours on a clock? 

 

Mathematician: Right.  And I am sure you can think of lots of others.  Letôs make a worksheet that lists 

all of the examples you can think of. 
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    Section 1 Worksheet:  1 

 

Directions:  List as many examples as you can find of situations 

where you stop counting at a definite point. 

 
 

 

         Situation 

 

       

  Number of steps 

 

Hours on a clock 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

12 

 

Class Work 
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Mathematician: Here is another example of a situation where the counting does not go on forever but 

stops and starts over again: the years of the Chinese Zodiac. 

 
 

Student 1: What is that? 

Mathematician: Well, letôs read about it. 

 

The Chinese animal signs are a 12-year cycle used for dating the years. They represent a cyclical 

concept of time, rather than the Western linear concept of time. The Chinese Lunar Calendar is based 

on the cycles of the moon, and is constructed in a different fashion than the Western solar calendar. 

In the Chinese calendar, the beginning of the year falls somewhere between late January and the 

middle of February. 
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Student 2: Thatôs pretty interesting.  Where can we find out more about it? 

Student 3: Just go to the web. 

Student 2: What address should I use? 

Student 3: Do a search on, maybe, Chinese Zodiac. 

Mathematician: That sounds like a good idea. 
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Section 2. Direct Winding Game 

 

          Rules for the  Direct  Winding Game  

 
¶    The teacher places 12 Chinese Year icons on 12 chairs evenly spaced in a circle.. 

 

¶    A student goes to one of the chairs and stands or sits in that position for the entire game.  This 

is the starting position and the student is the Wind Marker. 

 

¶    The class selects a number of winds (in our usage, the word ñwindsò is pronounce so as to 

rhyme with ñfindsò)  representing 12 Chinese years and an extra number which is one of 

0,1,2,3,é,11.  

 

¶    A second student is selected as the Step Walker and a third student as the Increment Walker. 

 

¶    The Step Walker starts at the position of the Wind Marker and walks around the circle.  The 

class counts the chairs that the Step Walker comes to, beginning with 1 for the first chair past the 

position of the Wind Marker.  These are called steps. 

 

¶    Every time the Step Walker returns to the start position, the Wind Marker calls out the number 

of complete turns around the circle the Step Walker has made.  When this reaches the number of 

winds agreed on by the class, the Wind Marker asks the Step Walker to stop. 

 

¶    At this point, the Increment Walker begins at the start position and walks the extra number of 

steps agreed on by the students.  The class continues counting the total number of steps taken by 

the two Walkers.         

 

¶    The class announces the final number of steps it has counted. 

 

 

 

PASTE DIAGRAM HERE 
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PLAYS OF THE WINDING GAME  

 

 

Name or  

Number of  
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Walker  

 

 

Increment 

Walker  

 

Number 

of Winds 

 

Number of 

Increment 

Steps 

 

Total 

Number of 

Steps 
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Mathematician: Okay, letôs play the game a few times.  We have to select a number of winds, an 

increment, a Wind Marker, a Step Walker and an Increment Walker each time we play. 

 

Student 1: Do we use the same ones every time? 

 

Mathematician: I think it might be more interesting if we changed.  We can use different numbers and 

give lots of you chances to play the Wind Marker, Step Walker, and Increment Walker. 

 

TRM: The teacher might want to make three funny hats with the titles Wind Marker, Step Walker, 

and Increment Walker for the students to wear as they play these roles. 

 

Student 2: Does the Wind Marker sit in the same place every time? 

 

Student 3: Let the Wind Marker decide where to sit. 

 

Student 1: What direction should the Walkers go?   

 

Mathematician: As a matter of fact, it does not really matter as long as we pick one direction and stick to 

it through the game. 

 

Student 1: Letôs go counter-clockwise. 

 

Mathematician: Okay, class? 

 

Class: Okay. 

 

Mathematician: Okay, letôs do it that way, but I want all of you who are observing to take detailed notes 

on everything you see. 

 

Class: The class plays the game several times. 

 

Mathematician: Okay, now that we have played the game several times, letôs reflect on what happened. 
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Section 2 Worksheet: 1 

 

Directions:  Write a brief essay describing what happened in our 

plays of the Direct Winding Game.  Use complete sentences and 

make sure to talk about what you noticed, why you noticed it, where 

and when you noticed it. 

 
 

 

Individual Work  
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Section 2 Worksheet: 2 

 

Directions:  Put together the individual essays of your group 

members to form a single essay that represents everything that your 

group saw happening.  When you are finished, post your group 

essays. 

 
 

Group Work  
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Section 2 Worksheet: 3 

 

Directions:  Look over your group essay very carefully and list all of 

the important features in it.   

 

Individual Work  
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Section 2 Worksheet: 4 

 

Directions:  Combine all of the features listed by members of your 

group.  Then organize them according to what you see as broad 

categories.  Name the categories and enter them with your groupôs 

list on the table below.  Post your table. 

 

 

 

Feature 

 

       

Category 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Group Work  
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TRM: The teacher may wish to skip Worksheet: 4 and move directly to the special categories in 

Worksheet: 5.  The students already did general categories in Trip Line so the teacher can decide if 

they need to do more. 

 

Mathematician: Do you recall from other units we have worked with what categories of features were 

important for us? 

 

Student 1: I remember objects. 

 

Student 2: And there were people too. 

 

Mathematician: Did we consider people and objects separately? 

 

Student 1: No, because they both are referred to by names. 

 

Mathematician: Any other features? 

 

Student 2: Actions 

 

Student 3: And relations. 

 

Mathematician: Right.  These are the features that will be most important for us: people or objects, 

actions, relations.  You can see which of your features fall in which of these three categories. 
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Section 2 Worksheet: 5 

 

Directions:  List all of your groupôs features in the first column of 

the table below.  In the second column, indicate which of our 

categories the feature falls in.  Post your table. 

 

 

 

                Feature 

 

       

  Category --- people or objects, actions, relations, 

                       or none of these 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Group Work  
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Mathematician:  In all of these features, the most important for us will be: start position, number of 

steps, number of winds, increment and end position.  Now we are going to play the game several times 

and fill in the values of these features on the following chart. 

 

Student 1: What about the times we played before? 

 

Mathematician: Well, if we can remember the values, we can include those as well. 

 

Student 2: How are we going to keep all of these games straight? 

 

Student 1: Maybe we could name each game? 

 

Mathematician: Okay, letôs do that.  So, for each play of the game, we can decide as a class what its 

name will be. 

 

Student 1: What about the locations.  How will we designate them? 

 

Mathematician:  Well letôs look at the Zodiac and see if we can figure out a name for each step. 

 

Class: The class selects names and writes it on the picture of the step. 

 

TRM: The teacher may wish to write the names of the Zodiac on the pictures beforehand and skip 

this part.  The purpose of students selecting names for the games and the Zodiac pictures is to help 

them develop ownership of the activity.  This may be omitted at the discretion of the teacher. 

 

Mathematician: Okay.  Now, letôs play the game a few times.  For each play, select the Wind Marker, 

Step Walker and Increment Walker, pick the number of steps, play the game and then fill in the values 

on the chart. 
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Section 2 Worksheet: 6 

 

Directions:  Enter the information for each play of the game. 
 

 

 

 

 

Name of  

Game 

Start  

position 

Total # of  

steps 

Total # of  

winds 

Increment End  

position 

 

 

     

 

 

     

 

 

     

 

 

     

 

 

     

 

 

     

 

 

     

 

 

     

 

 

     

 

 

     

    

 

  

    

 

  

 

Individual  

Work  
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Mathematician: Now we are going to write observation sentences about our experiences in playing the 

game.  Do you recall what observation sentences are? 

 

Student 1: Sentences about what happened. 

 

Student 2: Also about things that didnôt happen. 

 

Student 3: I remember that the important thing about observation sentences is that you could tell from 

your observations if they were true or false. 

 

Mathematician: Good.  In the observation sentences you write, please try to include as many of the 

features as possible. 

 

Student 1: Which features? 

 

Mathematician: Well, I especially want the features we talked about: people and objects, actions, 

relations.  In fact, after your group writes a few sentences, I want you to list the people and objects, the 

actions and the relations in your sentences. 

 

TRM: The rationale for students writing false sentences as well as true sentences is to help them 

nderstand that being true or false has nothing to do with whether a statement is an observation 

sentence or not.
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Section 2 Worksheet: 7 

 

Directions:  Each group writes several observation sentences about 

the plays of the Direct Winding Game using, as much as possible, 

the features: people and objects, actions, relations. 

 

 

 

 

SENTENCES 

 

 

 

 

 

 

 

 

 

 

 

 

People and Objects 

 

 

Actions 

 

Relations 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

Group Work  
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Mathematician:  Okay, now we are going to mathematize some observation sentences about the Direct 

Winding Game.  I would like a student to pick a start location and walk around the chairs, returning to 

the start three times while the class counts the steps. 

 

A student walks around the chairs 3 times while the class counts. 

 

Mathematician: What would be an observation sentence? 

 

Student 1: 

 

 ____________ walked around the 12 chairs in the circle 3 times and made a total of 36 steps. 

 

Student 2 : Thatôs People Talk, right? 

 

Mathematician: Right.  What do we do with it? 

 

Student 2: We change it to Feature Talk. 

 

Student 3: How do we do that? 

 

Student 1: Well, we have to involve the features somehow. 

 

Mathematician: Which of our features is this sentence about? 

 

Student 2: Well, there is the number of winds _________________ walked. 

 

Student 1: Thatôs 3! 

 

Student 3: Right. 

 

Mathematician: What else? 

 

Student 1: The total number of steps, which is 36. 

 

Student 2: But where does the 12 come in? 

 

Mathematician: Itôs the number of steps in a wind.  Maybe we could take that as part of the name of the 

game.  What about the Start position? 

 

Student 1: Should we take that as the Benchmark? 

 

Student 2: So that makes it 0 like in our graphs. 

 

Mathematician: Very good.  Any other important features? 

 

Student 1: Well, the table we made has ñIncrementò. 
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Mathematician: What is the increment in this sentence. 

 

Student 2: There isnôt any. 

 

Mathematician: So what should we take for our increment? 

 

Student 3: I say 0! 

 

Mathematician: Okay.  So let me summarize.  The Start position is 0, there are 12 steps in a wind, there 

were 3 winds and no increment.  Can you use these to express the sentence in Feature Talk? 

 

Student 1: Starting at 0, walking 3 winds of a circle with 12 chairs makes 36 steps. 

 

Mathematician: How did you get 36? 

 

Student 1: We counted 36 steps. 

 

Student 2: I added 12 + 12 + 12 and got 36. 

 

Student 3: I just multiplied 3 times 12 and I got 36. I do it like this, 

 

   12 

           ×   3 

                        --- 

   36 

 

Mathematician: Can you explain that? 

 

Student 3: I say 3 times 2 is 6 and put down 6. There is nothing to carry, so I do 3 times 1 is 3 and I put 

down 3. 

 

Mathematician: That is called a multiplication algorithm (Dictionary Term). 

 

Student 2: I can also do it with my calculator! 

 

Mathematician: Good.  All of these are ways to multiply 3 times 12.  You can use whichever method 

you want but you should always remember that 3 times 12 means that you start with 0 and add 12 three 

times. 

 

Class: Okay. 

 

Mathematician: Now, how would you express the statement  

 

Starting at 0, walking 3 winds of a circle with 12 chairs makes 36 steps 
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with mathematical symbols? 

 

Student 2:  I would use ñĬò for times and ñ=ò for makes. 

 

Student 3: And that leads to: 

 

  3 ×12 = 36 

 

Mathematician: Letôs practice that. 
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Section 2 Exercise: 1.  Directions: For each of the following, figure out the total number of steps, 

describe the walk in Feature Talk and write an Abstract Symbolic  

Representation (ASR) that represents the walk. 

 

1. A walk of 5 times around the circle of 12 chairs. 

 

Feature Talk  

 

ASR: 

 

 

2. A walk of 3 times around the circle of 12 chairs. 

 

Feature Talk  

 

ASR: 

 

 

3. A walk of 7 times around the circle of 12 chairs. 

 

Feature Talk  

 

ASR: 

 

 

4. A walk of 2 times around the circle of 12 chairs. 

 

Feature Talk  

 

ASR: 

 

 

5. A walk of one time around the circle of 12 chairs. 

 

Feature Talk  

 

ASR: 

 

 

6. A walk of 5 times around the circle of 12 chairs. 

 

Feature Talk  

 

ASR: 
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 Mathematician: Terrific!  Now, lets bring in the increment.  Change the sentence to: 

 

_____________ walked around the 12 chairs in the circle 3 times to make a total of 36 steps 

and then walked past 7 more chairs to bring the number of steps to 43. 

 

TRM: The teacher can decide if it would help to actually have someone do this walk. 

 

Student 1: Everything is the same except for ñ7 more chairsò. 

  

Student 2: Can we do the Feature Talk for this sentence? 

 

Student 3: I can!  It would be, 

 

Starting at 0, walking 3 winds of a circle with 12 chairs and 7 more steps makes 43 steps 

 

Mathematician:  Great!  So if we use the same Abstract Symbolic Representation, what do we do about  

ñ7 more chairsò 

 

Student 1: Plus 7, of course! 

 

Student 2: So the equation becomes: 

 

 3 ×12 + 7 = 43 

 

Student 3: Donôt we need parentheses? 

 

Student 2: Oh, sure! 

 

 (3 ×12) + 7 =  43 

 

Mathematician: Or, we could just agree to always do multiplication before addition.  Thatôs called a 

hierarchy convention (Dictionary Term).  We talked about these conventions in Trip Line. 

 

Student 1:  Which is correct? 

 

Mathematician: Using parentheses is correct and, if you have made that convention, then not using them 

in a sentence like this one is also correct. 

 

Student 4: I thought that in math, there is always only one correct answer. 

 

Mathematician: As you can see, that may not be so.  We will do it both ways. 

 

Student 4: Okay. 

 

Student 2: What happened to the Start Position? 
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Mathematician: What was the Start Position? 

 

Student 2: 0. 

 

Mathematician: So what should we have written? 

 

Student 2: 0 + (3 ×12) + 7 =  43 

 

Student 3: And we just donôt write 0 + in the sentence because it has no effect.  I remember that we 

talked about that in Trip Line when we were interpreting these integers as movements, locations and 

operations. 

 

Student 4: Now they are steps around the circle. 

 

Mathematician:  Right and we will see that in this new interpretation we are going to the number of 

steps will not be integers but a different kind of numbers. 

 

Student 1: What kind of numbers. 

 

Mathematician: You will see in a little bit. 

 

Student 2: That sounds interesting. 

 

Mathematician: Letôs practice with it. 
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Section 2 Exercise: 2.  Dir ections: For each of the following, figure out the total number of steps, 

describe the walk in Feature Talk and write an Abstract Symbolic  

Representation (ASR) that represents the walk. 

 

1. A walk of 5 times around the circle of 12 chairs and then 3 chairs more. 

 

Feature Talk  

 

ASR: 

 

 

2. A walk of 3 times around the circle of 12 chairs and then 5 chairs more. 

 

Feature Talk  

 

ASR: 

 

 

3. A walk of 7 times around the circle of 12 chairs and then 8 chairs more. 

 

Feature Talk  

 

ASR: 

 

 

4. A walk of 2 times around the circle of 12 chairs and then 11 chairs more. 

 

Feature Talk  

 

ASR: 

 

 

5. A walk of one time around the circle of 12 chairs and then 9 chairs more. 

 

Feature Talk  

 

ASR: 

 

 

6. A walk of 5 times around the circle of 12 chairs and then 5 chairs more. 

 

Feature Talk  

 

ASR: 
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Mathematician: Okay.  Now look at the chart you made in Worksheet: 6 from playing the game several 

times.  Can you write one sentence that describes what happens all those times?  What is the same every 

time? 

 

Student 1: The Start Position is always 0. 

 

Student 2: And a wind is always 12 chairs. 

 

Mathematician: So what would be a Feature Talk sentence that describes all of the walks? 

 

Student 1: Starting at 0, making a number of winds, adding a few more steps comes to a total number of 

steps. 

 

Mathematician: Good.  And what do we have to do to get the Abstract Symbolic Representation? 

 

Student 1: We have to do something with ña number of windsò, ña few more stepsò and ñtotal number of 

stepsò. 

 

Mathematician: Do these change every time the game is played? 

 

Student 1: Yes. 

 

Mathematician: So what do we call them? 

 

Student 2: Iôm not sure. 

 

Mathematician: Do you remember, in other units, we talked about variables, constants and domains?  

You can look in your notes to help you remember. 

 

Student 2: A variable is a symbol that represents any value in a certain set. 

 

Mathematician: And what is that set called? 

 

Student 3: The domain of the variable. 

 

Mathematician: Good.  What about constants? 

 

Student 1: A constant is a symbol that represents a specific value. 

 

Mathematician: Good.  So what are the variables and what are the constants here? 

 

Student 1: The number of chairs, 12 is a constant. 

 

Student 2: The number of steps and the number of winds are variables. 

 

Student 3: And so is the number of ña few more stepsò. 
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Mathematician: Good.  We will call those few more steps the remainder (Dictionary Term).   Now, letôs 

choose letters for our variables. 

 

Student 1: We could use ñnò for ñnumber of windsò. 

 

Student 2:  And ñfò for a ñfew more stepsò. 

 

Student 3:  And ñtò for ñtotal number of ñstepsò. 

 

Mathematician: And then what would the equation be? 

 

Student 1: n×12 + f = t. 

 

Mathematician: Good, but when multiplying a letter times a number, a mathematician will not write the 

× and will write the number first. 

 

Student 2:  So the equation would be 12n + f = t. 

 

Mathematician: Very good.  Now, what are the domains of these variables? 

 

Student 2: The domain of n is the set of all counting numbers. 

 

Mathematician: Could there be 0 winds? 

 

Student 2: I guess so.  You just donôt do anything. 

 

Student 3:  That means that the domain of n is all counting numbers and 0. 

 

Mathematician: One way to express that is to say the set of all whole numbers, that is, non-negative 

integers. 

 

Student 2: I see. 

 

Mathematician: What about the domain of t? 

 

Student 1: The same: the set of all whole numbers. 

 

Mathematician: Good.  And finally, what about f? 

 

Student 3: That must be the set {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11}. 

 

Mathematician: Why canôt the value of f be 12 or more? 

 

Student 3: Because if you had 12 or more left over, you could make another wind. 
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Mathematician: Very good.  Now there are some conventions about what symbols are used.  They are 

not very strict and there are some variations, but we can use them sometimes.  For example, instead of 

ñnò, we sometimes use ñqò; for ñfò we often use ñrò and then ñnò would be used instead of ñtò. 

 

Student 2: So the equation would be, 

 

 12q + r = n 

 

Mathematician: Right,  we use this a lot, but sometimes we use instead, 

 

 12b + r = a 

 

Student 1: You didnôt change r. 

 

Mathematician: Can you imagine why not? 

 

Student 2: Because ñrò stands for ñremainderò? 

Mathematician: Right.  Now letôs reflect on this equation a little.  Can you imagine why we write it this 

order instead of 

 

 n = 12q + r 

 

Student 2: Well, the walker does q winds, adds r steps and the result is n.  So that order seems right. 

 

Mathematician: And did we really need to be told the value of n to write this equation? 

 

Student 1: No, we could figure it out. 

 

Student 2: By multiplying q times 12 and adding r. 

 

Mathematician: Good.   

 

Student 3: But arenôt the two equations 12q + r = n and n = 12q + r the same? 

 

Mathematician: Yes, they are the same mathematically and, in fact, this is an example of what we call 

the symmetry property (Dictionary Term) of the equality relation. 

 

Student 1: What do all those words mean? 

 

Mathematician: Well, for a relation like equality, symmetry means that you can reverse the order and, 

mathematically, the equation is the same.  We will return to relations and symmetry later in this unit. 

 

Student 2: Are the two equations different in any way? 
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Mathematician: Well, we have different interpretations of 12q + r = n and n = 12q + r.  The first we 

interpreted as performing the multiplication and addition to get n.  The second can be thought of as 

breaking n down into a multiplication and addition. 

 

Student 3: So the same mathematical idea can have different interpretations. 

 

Student 2: Just like subtraction where a ï b was the location of a compared to the location of bé 

 

Student 1: And also the movement you have to make to go from the location of b to the location of  c. 

 

Mathematician: Right.  Now in these calculations, can you say anything about the value of r? 

 

Student 1: It could be 0? 

 

Mathematician: How big can it be? 

 

Student 2: It has to be less than 12. 

 

Student 1: Why? 

 

Student 2: Like we said before, if it got up to 12, you would have another wind. 

 

Mathematician: Good.  Now you can practice writing this type of equation. 
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 Section 3. Reverse Winding Game 

 

Mathematician: Now we are going to play the Reverse Winding Game which is the opposite of the 

Direct Winding Game 

 

Student 1: Is that opposite like positive and negative integers are opposites? 

 

Mathematician: Actually, there is a sense in which the answer is yes, and you may see that as we play 

the new game. 

 

TRM: The Chinese Year icons should have on them the names from Section 2. 

 

          Rules for the  Reverse  Winding Game  

 

¶ The teacher places 12 Chinese Year icons on 12 chairs evenly spaced in a circle. 

 

¶ A student goes to one of the chairs and stands or sits in that position for the entire game.  This is 

the starting position and the student is the Wind Marker. 

 

¶ A student is chosen to be the Step Walker. 

 

¶ The class picks a card containing a counting number from a pile of cards provided by the teacher 

and the number is posted.  This is the number of steps. 

 

¶ The Step Walker goes to the starting position and walks around the positions as the class counts 

with the student until the chosen number of steps is reached.  The Wind Marker counts aloud the 

number of times the Step Walker completes a wind by passing the Wind Marker.   

 

¶ A student is chosen to be the End Marker and he or she goes to where the Step Walker has 

stopped and sits down. 

 

¶ The Step Walker returns to where the Wind Marker is sitting and walks in the same direction as 

before to the End Marker.  The class counts the number of steps and this total is the Remainder. 

 

Mathematician: Okay, letôs play the game a few times.  We have to select a number of steps, a Wind 

Marker, a Step Walker and an End Marker each time we play.  Also we have to decide on the direction 

to walk. As before, they can be different every time.   Donôt forget to take detailed notes on everything 

you see. 
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Section 3 Worksheet: 1 

 

Directions:  Write a brief essay describing what happened in our 

plays of the Reverse Winding Game.  Use complete sentences and 

make sure to talk about what you noticed, why you noticed it, where 

and when you noticed it. 

 
 

 

Individual Work  
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Section 3 Worksheet: 2 

 

Directions:  Put together the individual essays of your group 

members to form a single essay that represents everything that your 

group saw happening.  When you are finished, post your group 

essays. 

 
 

Group Work  
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Section 3 Worksheet: 3 

 

Directions:  Look over your group essay very carefully and list all of 

the features in your Groupôs essay.   

 

Individual Wo rk  
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Section 3 Worksheet: 4 

 

Directions:  List all of your groupôs features in the first column of 

the table below.  In the second column, indicate which of our 

categories the feature falls in.   If a feature does not fall in any of our 

categories, write ñNone of theseò.   Post your table. 

 

 

 

Feature 

 

       

  Category --- people or objects, actions, relations 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Group Work  
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Mathematician:  Again, the most important features for us will be: name of game, start position, number 

of steps, number of winds, end position and increment or remainder.  As before, weôll play the game 

several times and fill in the values of these features on the following chart.  We can also include the data 

from the previous plays of this game. 
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Section 3 Worksheet: 5 

 

Directions:  Enter the information for each play of the game. 
 

 

 

 

 

Name of  

Game 

Start  

position 

Total # of  

steps 

End  

position 

Total # of  

winds 

Remainder 

 

 

     

 

 

     

 

 

     

 

 

     

 

 

     

 

 

     

 

 

     

 

 

     

 

 

     

 

 

     

    

 

  

    

 

  

 

 

 

 

 

 

 

Individual  

Work  
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Mathematician: Now we are going to write observation sentences about our experiences in playing the 

game.   

 

Student 1: Observation sentences are sentences about what did and didnôt happen. 

 

Student 3: And you have to be able to tell if the sentence is true or false by observing. 

 

Mathematician: Right.  Donôt forget to include as many as possible observation sentences about people 

and objects, actions, relations.  
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Section 3 Worksheet: 6 

 

Directions:  Each group writes several observation sentences about 

the plays of the Direct Winding Game using, as much as possible, 

the features: people and objects, actions, relations. 

 

 

 

 

SENTENCES 

 

 

 

 

 

 

 

 

 

 

 

 

People and Objects 

 

 

Actions 

 

Relations 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

Group Work  
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Mathematician: Now we are going to mathematize some observation sentences about the Reverse 

Winding Game.  I would like a student to pick a start location and walk around the chairs for 36 steps. 

 

A student walks around the chairs for 36 steps. 

 

Mathematician: What would be an observation sentence? 

 

Student 2: 

 

 To walk the 36 steps, __________________ made three winds around the circle of 12 chairs. 

 

Student 1: Wait a minute!  This is just the same as the sentence we did before. 

 

Mathematician: Is it?  What was that sentence? 

 

Student 1: It was, 

 

 _______________ walked around the 12 chairs in the circle 3 times and made a total of 36 steps. 

 

Student 2: Thatôs not the same. 

 

Student 1: Why not? 

 

Student 2: Well before, we started with 3 winds and found that walking that many times around the 

chairs made 36 steps. 

 

Student 1: So? 

 

Student 2: But this time, _________________ knows ____ has to walk 36 steps and as that is done we 

see that it take 3 winds. 

 

Student 3: I see.  Theyôre different. 

 

Student 1: Okay. 

 

Mathematician: Very good, students.   Do you remember when we talked about the Reverse Winding 

Game being the opposite of the Direct Winding Game in something like the way negative integers are 

opposites of positive integers?  

 

Class: Yes. 

 

Mathematician: Well, the integer 
-
3 can be interpreted as a movement of 3 units in the negative 

directioné 

 

Student 1: And thatôs the opposite of 3 which is a movement of 3 units in the positive direction. 
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Mathematician: Right.  Now look again at our People Talk sentence: 

 

 To walk the 36 steps, __________________ made three winds around the circle of 12 chairs. 

 

    What is it in Feature Talk? 

 

Student 1: A walk of 36 steps is 3 winds around the circle of 12 chairs. 

 

Mathematician: Right.  Now, back in the Direct Winding Game, what did we say? 

 

Student 1: We said, 

 

 Walking 3 winds around a circle of 12 chairs makes 36 steps. 

 

Mathematician: Do you see that this is the opposite? 

 

Student 2: Sort of.  Before we had 3 winds of 12 steps and figured that this made 36 stepsé 

 

Mathematician: Right.  Thatôs multiplication. 

 

Student 2: And now, we start with 36 steps and figure that this is 3 winds of 12 steps each. 

 

Mathematician: And thatôs called division (Dictionary term). 

 

Student 2: I see. 

 

Mathematician: Letôs go on. What about the Start position? 

 

Student 2: We take that as 0 like before. 

 

Student 1: And the remainder is 0. 

 

Student 3: So the end position is 36. 

 

Mathematician: So what would be the Abstract Symbolic Representation? 

 

Student 1:     36 = 3×12. 

 

Mathematician: Good.  How come the remainder was 0? 

 

Student 2: Because when __________________ finished the 36 steps, ______ was right back at the Start 

position. 

 

Mathematician: Good, so letôs try a different one.  Suppose __________________  had to walk 53 

steps? 
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Student 1: We have to play the game to see what that comes to. 

 

Mathematician: Do you think we could do it without playing the game? 

 

Student 2: Well, we could just count to 53 and have someone keep count of the 12ôs. 

 

Student 1: Yeah, but what about the remainder? 

 

Student 3: We can just see how many steps are left when there are not enough to make another 12. 

 

Mathematician: Letôs try to do it together.  

 

Class: 1, 2, 3, 4, 5, 6, 7, 8, 9, 11, 12 

 

Mathematician: Okay, how many 12ôs is that? 

 

Student 1: One. 

 

Mathematician: And how much is left over. 

 

Student 2: We have to take 12 away from 53. 

 

Student 3: Thatôs 41. 

 

Mathematician: Okay, continue counting. 

 

Class: 13, 14, 15, 16, 17,  18, 19, 20, 21, 22, 23, 24. 

 

Mathematician: How many 12ôs now and how much left over? 

 

Student 1: Two 12ôs and é 

 

Student 2: 29 left over. 

 

Mathematician: Again. 

 

Class: 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36. 

 

Student 3: Thatôs three 12ôs and 17 left over. 

 

Mathematician: One more time. 

 

Class: 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48. 

 

Student 2: So four 12ôs and 5 left over. 
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Mathematician: Could we do it again? 

 

Student 1: No. 

 

Mathematician: Why not? 

 

Student 2: Because there is only 5 left over and thatôs not enough to make another 12. 

 

Mathematician: So what would our observation sentence be? 

 

Student 3:  It would be, 

 

 To count 53 we counted four 12ôs and had 5 left over. 

 

Mathematician: Very good.  What would be an abstract symbolic representation of this sentence? 

 

Student 1:  53 = 4×12 + 5. 

 

Mathematician: Very good.  This is division with remainder (Dictionary term) and we call what you just 

wrote a Division With Remainder (DWR) equation.  Are there other ways to get the DWR? 

 

TRM: The teacher may wish to pause here and give the students a chance to think of any other ways 

to do it. 

 

Student 3: We could also just count by 12ôs.  12, 24, 36, 48.  Thatôs 4 and we canôt do another, so we 

subtract 48 from 53 to get the remainder of 5. 

 

Mathematician:  That is really excellent.  Can you think of any other ways? 

 

Student 4: We could do trial and error on multiplying by 12. 

 

Student 1:  How is that? 

 

Student 4: Well, 3 times 12 is 36 and that is too small.  And 5 times 12 is 60 which is too big, so it must 

be 4 times 12 which is 48 and that is just right, so subtract 48 from 53 to get a remainder of 5. 

 

Student 1: Just like Goldilocks and the three bears! 

 

Mathematician:  This is really superb.  Now you can practice doing several of these.  You can do them 

by counting and noting each time you count 12; or by seeing how many 12ôs you can subtract; or by 

counting by 12ôs; or by the Goldilocks method; or by some combination of these methods.  However 

you do it, once you decide how many 12ôs, you have to subtract to get the remainder.  

 

 

 

  



 43 

Section 3 Worksheet: 7 

 

Directions:  Express each of the following numbers as a number 

times 12 plus a remainder.  Then write which method or 

combination of methods you used. 

 

 

# of Steps 

 
DWR  

Equation 

How we did it. 

15 

 

 

 

 

 

 

 

  

 

 

37 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

59 

 

 

 

 

 

 

 

  

4 

 

 

 

 

 

 

  

 

Group Work  
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Mathematician: Okay, now just like we did with the Direct Winding Game, we are going to use 

variables and constants to write a single equation that can describe any play of the Reverse Winding 

Game. 

 

Student 1: So 12, the number of chairs is still a constant. 

 

Mathematician: And what are the variables? 

 

Student 1: The total number of steps. 

 

Student 2: The number of winds. 

 

Student 3: The remainder. 

 

Mathematician: Letôs choose letters to represent these variables. 

 

Student 1: I say ñrò for remainder. 

 

Student 2: And ñaò for the number of steps, ñbò for the number of winds. 

 

Mathematician: Okay and then what does our Abstract Symbolic Representation look like? 

 

Student 3:  a = b×12 + r. 

 

Mathematician: Good.  But remember, in mathematics, if we multiply a letter times a number, we write 

the number first and we donôt write the ñ×ò. 

 

Student 1: So it would be:  a = 12b +r. 

 

Mathematician: Very good.  And what would be the domains of the three variables a ,b ,r. 

 

Student 1: Well, a and b could be any positive number or 0, but ré 

 

Student 2: I think r has to be between 0 and 11. 

 

Mathematician: Strictly? 

 

Student 3: No, it could be 0 or 11. 

 

Mathematician: Why canôt it be bigger than 11? 

 

Student 2: Because if it was 12 or more, you could make another wind. 

 

Mathematician: Very good.  We have completed our first development of DWR, the Division with 

Remainder equation.  Now that we understand everything, we can introduce some standard notation and 

terminology for the DWR. 
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Class: Okay. 

 

Mathematician: Sometimes, instead of  a = 12b +r, we write, 

 

D = 12q + r  

 

and we say that in this division with remainder, D  is the dividend, 12 is the divisor, q is the quotient and 

r is the remainder (Dictionary terms). 

 

Student 2: Why do we give another name to 12? 

 

Mathematician: Because after the next section, we are going to play some winding games in which we 

use numbers other than 12 for the number of steps in a wind. 
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Section 4. A Clock Winding Game 

 

Mathematician: Now we are going to play a winding game which is just like the games we have been 

playing except we want to use whole numbers instead of Chinese Year Icons.  What set of whole 

numbers do we need? 

 

Student 1: We need 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12. 

 

Mathematician: Yes, thatôs for the number of steps in a wind.  What about the remainders? 

 

Student 2: For remainders we need 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11. 

 

Mathematician: Good.  Do you remember how we interpret negative integers? 

 

Student 1: One way is the opposite side of 0 on a number line. 

 

Student 2: Another interpretation is a movement in the opposite direction. 

 

Student 3: There are some others, too. 

 

Student 4: Yes, when we were talking about multiplication, like 4 × 6, then 4 was an operator that told 

you how many times to make the movement 6. 

 

Student 3: I remember that if we had 
-
4 × 6 then the operator 

-
4 told you to make the movement 6 four 

times but in the direction opposite to the direction of the movement 6. 

 

Mathematician: Excellent!  In this section we are going to learn how in some situations you can work 

with opposite directions without using negative integers.  Weôll start with a game.   
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          Rules for the  Clock  Winding Game  

 

¶ Each team will be given paper "clock faces" with the hours 1, 2, 3, é12 for all of its 

team members. 

 

¶ The teacher, at her or his desk in the front of the class will have pieces of paper with 

integers written on them.  The integers represent hours.   

 

¶ We assume the start time for the game is noon. The object of this version of the game is 

to tell what time it will be a certain number of hours in the future (or in the past.) 

 

¶ The teacher will give each team an integer to represent how many hours in the future 

(positive integer) or the past (negative integer).  The team must answer the question:  

What time is it that many hours in the future or past? 

 

¶ As soon as the team figures out the time, a member of the team posts the original integer 

and the answer. 

 

¶ The class decides if the answers are correct. 

 

Mathematician: Okay, letôs play the game and record the results on the following Worksheet.  After we 

play, weôll reflect on what happened. 

 

The class plays the Clock Winding Game several times. 
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Section 4 Worksheet: 1 

 

Directions:  Record the results of the games on the chart. 

 

 

 

 

Team Name 

 

 

Time Now 

 

Elapsed Time  

(Past or Future) 

  

What is the 

New Time           

 

What we did to get the answer 

 

 

   

 

 

 

 

 

 

    

 

 

 

    

 

 

 

    

 

 

 

    

 

 

 

    

 

 

 

    

 

 

 

    

 

 

 

    

 

 

 

    

 

 

 

    

 

 

 

    

 

Class Work  
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Section 4 Worksheet: 2 

 

Directions:  Write a brief essay describing what happened when you 

played the Clock Winding Game.  Use complete sentences and make 

sure to talk about how you figured out the new time.  If you thought 

about winds, say what direction you went around the clock and why. 

 
 

 

Individual Work  
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Section 4 Worksheet: 3 

 

Directions:  Put together the individual essays of your group 

members to form a single essay that represents everything that your 

group saw happening.  Try to come to agreement on the method you 

used to find the new time.  When you are finished, post your group 

essays.  The groups will report out on their essays and the class will 

discuss them. 

 

 

 

Group Work  
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Mathematician: Now, letôs see what the features are in your essays. 

  

Student 1: Wonôt they be the same as before? 

 

Mathematician: Well, surely weôll have people or objects, actions and relations.  Letôs see what else. 

 

TRM: The teacher may wish to skip Worksheets: 4,5  and move directly to the special categories in 

Worksheet: 6.  The students already did general categories in Trip Line so the teacher can decide if 

they need to do more. 
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Section 4 Worksheet: 4 

 

Directions:  Look over your group essay very carefully and list all of 

the important features in it.   

 

Individual  Work  
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Section 4 Worksheet: 5 

 

Directions:  Combine all of the features listed by the group.  Then 

organize them according to what you see as broad categories.  Name 

the categories and enter them with the groupôs list on the table 

below.  Post the groupôs table. 

 

 

 

Feature 

 

       

                       Category 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Group Work  
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Section 4 Worksheet: 6 

 

Directions:  List all of your groupôs features in the first column of 

the table below.  In the second column, indicate which, if any, of the 

categories people or objects, actions, relations the feature falls in.  

Post your table. 

 

 

 

                Feature 

 

       

  Category --- people or objects, actions, relations, 

                       or none of these 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Group Work  
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Mathematician: Okay, we can see that a lot of the features in the Clock Winding Game are similar to 

features in the Winding Games we did before.  Can you mention some? 

 

Student 1: We have the start. 

 

Student 2: Thatôs always 12. 

 

Student 1:  There is also the number of winds. 

 

Mathematician: What is a ñwindò here? 

 

Student 3: It means going around the clock through all 12 hours. 

 

Mathematician: Right.  Anything else? 

 

 Student 1: We have the increment, and the new time. 

 

Mathematician: Are there any differences? 

 

Student 1: Well, there is the direction --- past time or future time. 

 

Student 3: We can indicate that by the number of winds being negative or positive. 

 

Mathematician: Notice that we have not ever used negative integers for r..  Do you see why? 

 

Student 2: Because we always take r to be one of 0, 1, 2,é,11. 

 

Mathematician: Good.  Letôs put our information on the games we recorded in Worksheet: 1 in this form 

on the following chart. 
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Section 4 Worksheet: 7 

 

Directions:  Record the results of the games in Worksheet: 1 on the 

following chart. 

 

 

 

 

Team Name 

 

 

Start time 

 

Number of Winds  

(Positive or negative) 

  

Increment           

 

New time 

 

 

   

 

 

 

 

 

 

    

 

 

 

    

 

 

 

    

 

 

 

    

 

 

 

    

 

 

 

    

 

 

 

    

 

 

 

    

 

 

 

    

 

 

 

    

 

 

 

    

Class Work  
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Mathematician: Letôs imagine time passing on a clock and consider the following People Talk sentence, 

 

Now it is noon and in 41 hours it will be 5 oôclock. 

 

TRM: Notice that we have skipped the activity and the observation sentence and gone straight to the 

People Talk sentence.  This is because the students may be ready to make observations by imagining 

an activity, in this case, the movement of a clock.  If this is not the case, the teacher can have the 

students play the Clock Winding Game with 41 hours. 

 

Student 2: Feature talk would be, 

 

41 hours from now is three times 12 hours plus 5 hours more. 

 

Student 3: And the abstract symbolic representation would be, 

 

41 = 3 × 12 + 5.  

 

Student 1: Just like before. 

 

Mathematician: How did you know to take the number of winds to be 3 which is positive and not 
-
3 

which is negative? 

 

Student 2: Because the People Talk sentence is about the time now and 41 hours in the future. 

 

Mathematician: Good.  Here is a line diagram with hours indicated and showing this relation. 

 

   0----------------------12----------------------24-----------------------36---------------41-----------------48---- 

 

   0×12                      1×12                          2×12                         3×12                                          4×12                     

 

                                                                                             3×12 ----+5--> 41                                                  

      

Mathematician: Can you explain what I did? 

 

Student 2: You wrote down the multiples of 12 and found where 41 came. 

 

Student 1: It is between 36, which is 3 × 12 and 48 which is 4 × 12. 

 

Student 3: And from 36 you need 5 more steps to get to 41. 

 

Mathematician: Very good.  Can you write this description for some unknown integer n? 

 

Student 2: It would be, 
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1. Given the value of n, write down multiples of 12. 

 

2. Find where n is between two multiples of 12. 

 

3. Go to the multiple of 12 to the left.  Call it q × 12. 

 

4. Count how many steps from q × 12 to n and call that r. 

 

5. Write n = q × 12 + r or n = 12q+r. 

 

 

 

Mathematician: Good.  How about a diagram? 

 

Student 3: It would be, 

 

  0-------------12---    ĀĀĀĀĀĀ    --------q× 12------------------n--------------------------(q+1) × (12)------------   ĀĀĀĀĀĀ 

 

   0×12          1×12                          q×12                                                              ( q+1)×12  

 

                                               q×12 ------+r ------> n                                                  

 

 

Mathematician: Very good. 

 

Student 3: What would we do if n is exactly a multiple of 12? 

 

Mathematician: If  n = 12q, then how far is it from 12q to n? 

 

Student 1: 0. 

 

Mathematician: Right, so in this case, we just take r = 0. 

 

Student 1: I see. 

 

Mathematician: Time for you to practice. 
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Section 4 Exercise: 1.  Directions: For each of the following integers, draw a diagram of  

   multiples of 12 and indicate where the given integer lies.  Then,   

   determine q, r and an appropriate equation of the form n = 12q + r. 

 

1. n = 25. 

 

Diagram: 

 

 

 

 

 

 

 

 

Equation 

 

 

 

2.  n = 24. 

 

Diagram: 

 

 

 

 

 

 

 

 

Equation 

 

 

 

3. n = 47. 

 

Diagram: 

 

 

 

 

 

 

 

 

Equation 
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4.  n = 15. 

 

Diagram: 

 

 

 

 

 

 

 

 

Equation 

 

 

 

5.  n = 30. 

 

Diagram: 

 

 

 

 

 

 

 

 

Equation 

 

 

 

6.  n = 80. 

 

Diagram: 

 

 

 

 

 

 

 

 

Equation 
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Mathematician: Letôs try the following People Talk sentence, 

 

Now it is noon so what time was it 41 hours ago? 

 

Student 1: Easy.  It would be 
-
41 so we have 3 times 

-
12 which is 

-
36 and we need a movement of  

-
5 to 

get to    
-
41.  So q, the number of winds, is  3 and  r, the  remainder, is 

-
5. 

 

Student 2: But I thought we said r always has to be one of 0, 1, 2, é, 11. 

 

Mathematician: Thatôs right.  So letôs use the same steps we used before and see what happens.   

 

 

1. Write down multiples of 12. 

 

2. Find where n is between two multiples of 12. 

 

3. Go to the multiple of 12 to the left.  Call it q × 12. 

 

4. Count how many steps from q × 12 to n and call that r. 

 

5. Write n = q × 12 + r or n = 12q+r. 

 

 

 

 

Student 2: Well the first step is to write down multiples of 12 to catch 
-
41, but that means we should 

write down negative multiples of 12. 

 

Student 1: Iôm confused. 

 

Mathematician: Right.  Maybe it will help if we play the clock winding game with chairs.  Letôs have 

some one start at 12 and take 
-
41 steps around the circle, counting each step.  The class can count the 

winds. 

 

Student 1: Iôll walk, but which direction do I go? 

 

Student 2: To get 
-
41steps, I think you should maybe go counter-clockwise. 

 

Student 1: Okay. 

 

Student 1 starts at 12 and walks 41 steps in the negative direction.  The class counts the winds. 

 

Class: One windétwo windséthree winds. 

 

Mathematician: So only 36 steps in the negative direction have been taken with these three winds.  If we 

want to put 
-
41 steps between two winds, what do we have to do? 
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Student 1: Make another wind. 

 

Student 1 makes another wind. 

 

Student 2: Now Student 1 has to come back 7 steps. 

 

Mathematician: Right!  Maybe you should draw a picture of a Number Line to show whatôs happening 

as we go through the five steps on the Bulletin Board. 

 

Student 3: It would look like, 

 
  -

48--------------------
-
36--------------------

-
24--------------------

-
12--------------------0--------------------1 

 

            (
-
4)×12                 (

-
3)×12                  (

-
2)×12                   (

-
1)×12                     0×12                   1 ×12 

 
 

Student 2: And next, we have to locate 
-
41. 

 

Student 1: Itôs between 
-
48 and 

-
36. 

 
  -

48-------------
  -

41------
-
36-------------------

-
24-------------------

-
12-------------------0-------------------1 

 

         (
-
4)×12                        (

-
3)×12                  (

-
2)×12                   (

-
1)×12                   0×12                   1 ×12 

 

Mathematician:  Very good.  Continue. 

 

Student 3: Our steps say we have to go to the multiple of 12 on the left! 

 

Student 1: Thatôs 
-
48. 

 

Mathematician: How many multiples of 12 is 
-
48? 

 

Student 2: That is 
-
4 multiples of 12, just like 4 winds in the counterclockwise direction. 

 

Mathematician: Excellent.  So what is q? 

 

Student 1: q is 
-
4. 

 

Mathematician: Good.  Maybe you put this in your diagram? 

 

Student 3: It would be, 
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        -
48-----------------

  -
41----------

-
36-------------------

-
24-------------------

-
12-------------------0-----------------1 

 

 (
-
4)×12 -------------+7------> (

-
3)×12                (

-
2)×12                  (

-
1)×12                   0×12               1×12 

 

 

Student 2: So for step 4, we move 7 hours in the positive direction to go from 
-
48 to 

-
41. 

 

Student 1: Because 
-
48 + 7 = 

-
41.  So r = 7. 

 

Mathematician: Excellent.  And the last step? 

 

Student 1: We write 
-
41 = (

-
4)×12 + 7. 

 
        -

48-----------------
  -

41----------
-
36-------------------

-
24-------------------

-
12-------------------0-----------------1 

 

 (
-
4)×12 -------------+7------> (

-
3)×12                (

-
2)×12                  (

-
1)×12                   0×12               1×12 

 

 
-
41 = (

-
4)×12 + 7. 

                                              

 

Mathematician: That is really very good.  

 

Student 2:  Wait a minute.  I just noticed that for 41we got a remainder of 5 and for 
-
41 we get a 

remainder of 7 and 5 + 7 = 12.  Is there any reason for that? 

 

Mathematician: What was the first answer that was proposed for the remainder when  
-
41 is divided by 

12? 

 

Student 1: I said 
-
5. 

 

Mathematician: And now we have decided that for 
-
41 the answer is 7 instead of  

-
5.  So 5 + 7 = 12 and 

7 replaces 
-
5.  Notice that even though the original integer is negative, we donôt use negative integers for 

anything but the quotient.  That is something for you to think about for later. 

 

Student 3: Okay, but now it seems to me that a lot of this is like what we did with adding and subtracting 

negative integers. 

 

Mathematician: Thatôs right.  Do you recall our interpretations of an integer? 

 

Student 1: An integer is a position on the Number Line and a movement. 

 

Student 2: And also an operator, in multiplication. 

 

Mathematician: Right and where do you see positions, movements and operators in what we have been 

discussing? 
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Student 3: Well, 
-
48 and 

-
41 are positions. 

 

Mathematician: What about 7? 

 

Student 2: To get 7 we compared the position of  
-
48 to the position of 

-
41. 

 

Mathematician: And how do we express that mathematically? 

 

Student 1: Itôs a subtraction, 
-
41 - 

-
48. 

 

Mathematician: And how might we do such a subtraction? 

 

Student 2: We ask what movement will get us from 
-
48 to 

-
41. 

 

Student 1: And we see that it is 
+
7 which is a movement in the positive direction. 

 

Mathematician: What about operators? 

 

Student 2: We have 
-
4 which tells how many winds to make. 

 

Student 3: Just like in multiplication like (
-
4)×12. The 12 is a movement and 

-
4 tells us how many times 

to make that movement. 

 

Student 4: Counterclockwise in this case, because 
-
4 is negative. 

 

Mathematician: Very good.  So winding around the clock is a lot like making a trip along a number line. 

 

Class: Yes. 

 

Mathematician: And what corresponds to our positive and negative directions on the line?   

 

Student 2: Winding clockwise or counterclockwise. 

 

Mathematician: Right.  We can take either direction of the wind to be positive and the other direction is 

negative.  We have been taking clockwise to be positive, but it could be the other way.  As long as we 

pick one of the two possibilities and stick to it in everything we do, then everything will come out right. 

 

Student 1: So which one will we use? 

 

Mathematician:  In this unit, we will always take clockwise to be positive and counter-clockwise to be 

negative.  

 

Student 1: Okay. 

 

Mathematician: Now, letôs practice. 
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Section 4 Exercise: 2.  Directions: For each of the following integers, draw a diagram of  

   multiples of 12 and indicate where the given integer lies.  Then,   

   determine q, r and an appropriate equation of the form n = 12q + r. 

 

1. n = 
-
25. 

 

Diagram: 

 

 

 

 

 

 

 

Equation 

 

 

 

2.  n = 
-
24. 

 

Diagram: 

 

 

 

 

 

 

 

Equation 

 

 

 

3. n = 
-
47. 

 

Diagram: 

 

 

 

 

 

 

 

Equation 
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4.  n = 24.
 

 

Diagram: 

 

 

 

 

 

 

 

 

Equation 

 

 

 

5.  n = 15. 

 

Diagram: 

 

 

 

 

 

 

 

Equation 

 

 

 

6.  n = 30. 

 

Diagram: 

 

 

 

 

 

 

 

Equation 
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7.  n = 
-
15. 

 

Diagram: 

 

 

 

 

 

 

 

 

Equation 

 

 

 

8.  n = 80. 

 

Diagram: 

 

 

 

 

 

 

 

Equation 

 

 

9.  n = 
-
35. 

 

Diagram: 

 

 

 

 

 

 

 

Equation 
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Mathematician:  Do you remember when you were playing the Winding Games with the Chinese 

Zodiac, you found the number of steps by multiplying the number of winds by 12? 

 

Student 1: I remember. 

  

Mathematician: Well, now, did you use any method, or can you think of any method that we might call 

the method of reverse multiplication? 

 

Student 2: If the number of hours is 51, you see what you can multiply 12 by and still stay under 51. 

 

Mathematician: How do you determine that? 

 

Student 1: By trial and error? 

 

Mathematician: Just about.  What do you do next? 

 

Student 2: The highest multiple of 12 you get is 48 so you subtract that from 51 to see what is left over. 

 

Student 1: The answer is 3. 

 

Mathematician: Right.  Thatôs the first method I want to emphasize.  What about the method of repeated 

subtraction? 

 

Student 1: You keep subtracting 12 from 51.  Do it once and you get 39, subtract again to get 27, and 

then 15 and finally 3 and that is the remainder. 

 

Mathematician: Why? 

 

Student 2: Because you canôt subtract any more 12s from 3. 

 

Mathematician: Very good.  You can use either of these two methods to express an integer as a multiple 

of 12 plus a remainder.   

 

Student 2: You mean finding the quotient and remainder for some dividend?   

 

Mathematician:  Yes, we can do this with many kinds of games like the winding and clock games.   

 

Student 1: Are they all different? 

 

Mathematician: They have some differences, but they are all based on the idea of beginning at some 

point, moving along and eventually cycling back to the starting place.  This is called a cyclic 

phenomenon  (Dictionary term) and one way to represent it is by a circle with positions  marked off.    

 

Student 1: Both the Winding Games and the Clock Game have 12 positions. 

 

Mathematician: We will see that other numbers besides 12 can be used. 
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Student 1: Okay. 

 

Mathematician: There are lots of other cyclic phenomena and other ways to represent them.  Work in your 

groups to think of some others.  Write them down on the following worksheet along with a short description 

for each of what kind of game you might play.   In the next section we will play another kind of cyclic 

game. 
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Section 4 Worksheet: 8 
          

     Directions:  On the following worksheet, describe a cyclic  

phenomenon in the first column and next to it in the second  column, 

write a brief description of a game you might play with  this phenomenon. 

 

       

            Cyclic Phenomenon                               Game 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

Group Work  
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Section 5. Days of the Week: A Calendar Game 

 
Mathematician:  Here is a new game based on the cyclic phenomenon of the days of the week. 

 

        Rules for the Calendar Game  

 

¶ Each team will be given paper "calendars" with dates organized according to weeks and 

days of the week for all of its team members. 

 

¶ The teacher will have pieces of paper with integers written on them.  The integers 

represent days of the week and we will number the days according to how many days 

past Sunday it is.  So Sunday is day 0, Monday is day 1, Tuesday is day 2 and so on. 

 

¶ The teacher will write an integer on the board to represent how many days in the future 

(positive integer) or the past (negative integer).  Knowing what day it is today, the team 

must decide what day it will be (or was) that many days in the future (past). 

 

¶ As soon as the team figures out the day, a member of the team posts the original integer 

and the answer. 

 

¶ The class decides if the answers are correct. 

 

 

Mathematician: Okay, letôs play the game and record the results on the following chart. 

 

 

TRM: From this point on in this unit  we will not always use observation sentences, people talk and 

feature talk when the activities are all basically the same as what we have been doing.  In one way or 

another there is a starting location, a movement around a circle a certain number of times, and an 

extra number of steps less than a full wind.  The feeling is that by this point, the students will have 

learned how to analyze sentences describing such an activity and can go directly to the Abstract 

Symbolic Representation.  When the activities become different, we will return to the analysis of 

observation sentences.



 72 

Section 5 Worksheet: 1 

          
     Directions:  Record the Calendar Game results on the following chart. 

 

 

 

 
-
 

Team Name 

 

 

Today 

 

Number of Days 

(Past or Future) 

  

What is the 

New Day           

 

What we did to get the answer 

 

 

   

 

 

 

 

 

 

    

 

 

 

    

 

 

 

    

 

 

 

    

 

 

 

    

 

Group Work  
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Section 5 Worksheet: 2 

 

Directions:  Write a brief essay describing what happened when you 

played the Calendar Game.  Use complete sentences and make sure 

to talk about how you figured out the new day.   

 

 
 

 

Individual Work  
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Section 5 Worksheet: 3 

 

Directions:  Put together the individual essays of your group 

members to form a single essay that represents everything that your 

group saw happening.  Try to come to agreement on the method you 

used to find the new day.  When you are finished, post your group 

essays. 

Group Work  
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Mathematician: In the Clock Game, we came up with a formula like, 

 

D = 12q + r,    r = 0,1,2,é,11 

 

    Can you explain what this means? 

 

Student 1: You are using different letters this time. 

 

Mathematician: Yes, a little different this time. 

 

Student 2: Do you have any reason for your choices? 

 

Mathematician: Yes, but first, please interpret this equation. 

 

Student 2: It means that in D hours you run through q winds and have r hours left over. 

 

Mathematician: Good and suppose we just thought of D, q and r as integers? 

 

Student 3: It means that 12 goes into D a total of  q times with r left over. 

 

Mathematician: Good. That is what I am thinking in my choice of letters.  D stand for the dividend 

(Dictionary term), q is the quotient (Dictionary term), and r is the remainder (Dictionary term). 

 

Student 1: I sort of remember those words. 

 

Mathematician: Does anyone know what we call 12 in this equation? 

 

Student 2: Is it the divisor? 

 

Mathematician: Yes and how would all this look for the calendar game?  Start with the equation. 

 

Student 1: It is  

 

D = 7q + r,    r = 0,1,2,é,6 

 

Mathematician: How would you interpret that? 

 

Student 2: D days from now is q weeks and r days. 

 

Student 1: Suppose D is negative. 

 

Student 2: Then it would be D days ago. 

 

Mathematician: So the future is positive and the past is negative? 
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Student 1: Just like winding in the counter-clockwise direction for past time. 

 

Mathematician: Good and what would be the interpretation if you just used integers? 

 

Student 3: It means that 7 goes into D a total of  q times with r left over. 

 

Mathematician: And what about our terms? 

 

Student 1: D is the dividend, q is the quotient, r is the remainder and, I think, 7 is é 

 

Student 2: The divisor! 

 

Mathematician: Terrific.  Now letôs talk about actually finding the quotient and remainder for a specific 

dividend when we are taking the divisor to be 7.  How do we do that? 

 

Student 1: We had two methods. 

 

Mathematician: Yes, and now maybe we have a third, but first tell me what were the two methods we 

used when we were dividing by 12. 

 

Student 1: We reversed the multiplication. 

 

Mathematician: How did we do that? 

 

Student 2: We asked what multiple of  12 would get us to the dividend. 

 

Mathematician: And how did we get the answer? 

 

Student 1: By trial and error. 

 

Mathematician: Good.  And the other method? 

 

Student 3: We subtracted 12 and kept on doing it until we didnôt have 12 left. 

 

Mathematician: Yes.  Now these two methods are not so easy to use when the dividend is a negative 

integer.  We actually have another method that works just as well for dividends that are negative integers 

as it does for positive integers.   

 

Student 1: Whatôs that? 

 

Student 2: I see what it is! Itôs what we did before.  Lay out the multiples of 12 and see which interval 

contains the dividend.  That gives you the quotient and to get the remainder, you count how many steps 

from the left end of the interval to the dividend. 

 

Mathematician: Thatôs very good.  Now, make a diagram using D, q, r as before and d instead of 12 for 

the divisor. 
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Student 2: It is, 

 

(q-2)d --------(q-1)d ------------------- qd ------------------D--------(q+1)d ----------------(q+2)d ------------ 

 

                                                             qd-------+r ------>D       

 

Mathematician: Very good.  Letôs put the steps on a Bulletin Board.  When you have a list of steps for 

solving a problem, it is called an algorithm (Dictionary Term). 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Mathematician: Do you think you can do this algorithm when d = 7? 

 

Class: Sure. 

 

Mathematician:  Letôs see.  In the following exercises we will use 7 for the divisor.  We will also call the 

dividend n instead of D because very often, this is how mathematicians write it. 

 

DIVISION WITH REMAINDER ALGORITHM  

 

 1. Given the value of D, write down multiples of d. 

 

2. Find where D is between two multiples of d. 

 

3. Go to the multiple of d to the left of D.  Call it qd. 

 

4. Count how many steps from qd to D and call that r. 

 

5. Write D = qd + r. 

 



 78 

 

Section 5 Exercise: 1.  Directions: For each of the following integers, determine q, r and an 

appropri ate equation of the form n = 7q + r.  Indicate which method (reverse 

multiplication, repeated subtraction, or multiples of 12) that you used and 

give full details including a diagram where appropriate. 

 

1.    n = 25. 

 

       Solution: 

 

       Detailed description of method: 

 

 

 

 

 

 

 

 

2.  n = 24. 

 

       Solution: 

 

       Detailed description of method: 

 

 

 

 

 

 

 

 

3. n = 47. 

 

       Solution: 

 

       Detailed description of method: 
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4.  n = 
-
24. 

 

       Solution: 

 

       Detailed description of method: 

 

 

 

 

 

 

 

 

5.  n = 15. 

 

       Solution: 

 

       Detailed description of method: 

 

 

 

 

 

 

 

 

6.  n = 30. 

 

       Solution: 

 

       Detailed description of method: 

 

 

 

 

 

 

 

 

7.  n = 
-
15. 

 

       Solution: 

 

       Detailed description of method: 
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8.  n = 80. 

 

       Solution: 

 

       Detailed description of method: 

 

 

 

 

 

 

 

 

9.  n = 
-
25. 

 

       Solution: 

 

       Detailed description of method: 
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Mathematician: I would like to show you an application of the Calendar Winding Game that you might 

have fun with. 

 

Student 1: Fun is good. 

 

Mathematician: What is the date today? 

 

Class: February  23. 

 

Mathematician: And what day of the week is it? 

 

Class: Wednesday. 

 

Mathematician: Okay, now can you figure out what day of the week February 23 will fall on next year?  

How about last year? 

 

Student 1: There is a calendar on the wall.  Can we check it? 

 

Student 2: My computer at home has a calendar for many years so I could use it to find out. 

 

Mathematician: Well, the calendar on the wall is only for this year, so it wonôt help you.  And your 

computer at home wonôt do you much good here in class.  So you just have to think.  How many days is 

it until February 23 next year. 

 

Student 1: Itôs not a Leap Year so there are 365 days. 

 

TRM: The teacher has to make an adjustment if it does happen to be a leap year. 

 

Mathematician: Okay, can you imagine playing the Calendar Game if the dividend were 365? 

 

Student 2: Well, let me see.  We divide 365 by 7.  I learned how to do that a couple of years ago. 

 

                                                                         52 

                                                                   --------- 

                                                               7  |    365 

                                                                     - 35 

                                                                   -------- 

                                                                         15 

- 14 

                                            ------ 

                                                 1 

 

Student 3: So the quotient is 52 and the remainder is 1. 

 

Mathematician: Now write that as an equation. 
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Student 1: It is, 

 

365 = 52×7 + 1 

 

Mathematician: Okay, now what would happen if you played the Calendar Game starting not on 

Sunday, but on __________ because today is __________? 

 

TRM: Each student should write the appropriate day in the blank. 

 

Student 2: Well, you would wind around the weeks 52 times. 

 

Mathematician: And where would you end up? 

 

Student 3: Back on __________! 

 

Mathematician: And what do you do with the remainder of 1? 

 

Student 2: Go one more day. 

 

Mathematician: So what day of the week will February 23 fall on next year? 

 

Student 1: __________!  Neat-o! 

 

Mathematician: Okay, now someone tell me her or his birth date. 

 

Student 1: October 18. 

 

Mathematician: Letôs see if we can figure out what day of the week your birthday will be next year.  

What would we have to do? 

 

Student 2: We have to figure out the number of days until October 18 next year. 

 

Student 3: Well, thatôs 365 plus the number of days from now until next October 18. 

 

Mathematician: And how many days is that? 

 

Student 1: We have to count the days in the months. 

 

Student 2: Well, for February, we only have 5 more days. 

 

Student 3: Then there are 31 days for March, May, July, August.  Thatôs é4Ĭ31 which isé124. 

 

Student 1: Plus 5 for February which makes 129. 

 

Student 3: Then there are 30 days for April, June, September which is 3×30 or 90 so we have 214. 
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Student 2: Plus 18 days in October.   

 

Student 3: So there are 232 days until next October, and we have to add 365 because we want next year.  

That gives 597 altogether. 

 

Mathematician: So what do we do now? 

 

Student 2: We do some calculations and write, 

 

597 = 7×85 + 2 

 

Student 1: So my birthday next year will be on Friday, two days after Wednesday.  Wow! 

 

Mathematician: Letôs have another birthday. 

 

Student 2: My birthday was January 3. 

 

Mathematician: Well, donôt tell us, but do you remember what day it was on? 

 

Student 2: Yes. 

 

Mathematician: Okay, letôs figure it out and you tell us if we were right. 

 

Student 1: Well, from January 3 there were 28 days left in January and another 23 in February which 

makes 51. 

 

Student 3: So we divide by 7 and write, 

 

51 = 7×7 + 2 

 

Student 2: Oh no, thatôs not right cause itôs supposed to be negative. 

 

Mathematician: Why? 

 

Student 1: Because she already had her birthday. 

 

Mathematician: You already learned how to deal with negative numbers in the Calendar Game, so what 

do we do? 

 

Student 3: We take the number of days to her birthday to be 
-
51 so we have to do 

-
7 times 7 and then go 

one more 7 in the negative direction. 

 

Mathematician: Can you make a diagram? 

 

Student 3: It would be, 
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------
 -
56-------------------

-
51---------

-
49------------------- 

-
42----------------

-
35---------------- 

-
28 

                 ( 
-
8)×7 ----- +5----->

-
51          ( 

-
7)×7 

 

  

Mathematician: And what do we get? 

 

 

 

Student 3: 

 
-
51 = ( 

-
8)×7 + 5 

 

Mathematician: So what does that mean? 

 

Student 1: Iôm a little confused. 

 

Student 3: I think it means that the ( 
-
8)×7 part takes us back to Wednesday again, so then we go 

forward 5 days to get Monday. 

 

Student 2: Yes, my birthday was on a Monday. 

 

Class:  Hooray! 

 

Mathematician: Okay, now we have a worksheet on which you can figure out the day of your birthday 

this year and a few years from now.  After that we will have one which might be a little hard but could 

be a lot of fun. 
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Section 5 Worksheet: 4 

 

Directions:  For each student in the group, figure out what day her or 

his birthday fell on or will fall on this year.  You can check the result 

on a calendar or by your memory. Then figure out what day of the 

week it will be when he or she is 30 years old. 

 

Name 

 
Birthday  Day of Birthday 

this year 

Age Day of Birthday at 

Age 30 

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

Group Work  



 86 

Section 5 Worksheet: 5 

 

Directions:  For each student in the group, figure out what day he or 

she was born on.  To check this you can ask your parents or go to the 

county registry and look it up.  Or some of you might be able to get 

the information from your computer.  

 

Name 

 

Age Birthday  Day of Week  

when born 

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

 

Group Work  
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Section 6. Division with Fractions and Factoring 

 

Mathematician: Letôs review our basic division with remainder equation. 

 

 

 
    

    What do the variables ñDò, ñqò, ñdò, ñrò stand forò 

 

TRM: Teacher should ask the students to read these ñCapital Dò, ñlittle dò. 

 

Student 1: ñDò is the dividend, ñdò is the divisor, 

 

Student 2: ñqò is the quotient, 

 

Student 3: And ñrò is the remainder. 

 

Mathematician: Good and what does the equation mean? 

 

Student 2: It means that the number of times d goes into D is q and the remainder is r. 

 

Mathematician: What numbers have we used for the divisor d? 

 

Student 1: 12 and 7. 

 

Mathematician: What was the situation that 12 and 7 referred to? 

 

Student 1: We used 12 for the years in the Chinese Zodiac and the clock.  We used 7 for days of the 

week. 

 

Mathematician: Are there other situations you can think of that would give different numbers for d? 

 

Student 1: If we did months of the year, we would still use 12. 

 

Student 2: We could do the days in a particular month, say April so we would use 30. 

 

Student 3: We could use a 24 hour clock. 

 

Mathematician: Good.  Letôs see how many we can think of and post them.   These are like the cyclic 

phenomena we did before. 

D = qd + r,   r =0, 1, 2é d-1 
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Section 6 Worksheet: 1 

 

Directions:  Fill in the r est of the following table with cyclic 

situations and corresponding divisors.  Post the result. 

 
 

Situation 
 

Divisor 

Chinese Zodiac 

 

12 

Clock 

 

12 

Days of the week 

 

 7 

Months of the year 

 

12 

24-hour clock 

 

24 

April  

 

30 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Class Work  Class Work  
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Mathematician: Thatôs very good.  Now we are going to look at our equation once again and write it in a 

different form.  Letôs start by writing the equation for a dividend of 33 and a divisor of 12.   

 

Student 1: Let me see, 2 times 12 is 24 and 3 times would be 36 so I only have a quotient of 2.  Then I 

subtract 24 from 33 to get the remainder, 9.  So I get, 

 

33 = 24 + 9 = 12×2 + 9 

 

Mathematician: Good.  Suppose we divided each term in that equation by the divisor 12.  What would 

we get? 

 

Student 2: We would get, 

12

33
 = 2 + 

12

9
 

 

Mathematician: What do we call 
12

33
 and

12

9
? 

 

Student 1: They are fractions. 

 

Mathematician: Good and we can do this with any division problem so can you do it for our general 

equation?   

 

Student 2: I think it would be,  
 

 

 

 
 

Mathematician: Very good.  Here is how this would look in the way we sometimes write out a division. 

 

       q 

                                                                             ----------- 

                                                                         d |    D 

              dq 

            -------- 

              r 

 

Now letôs go back to the example and look at the fraction which came from the remainder,
12

9
.  Can you 

write this in another form? 

 

Student 1: It is the same as 
4

3
. 

 

d

D
 = q +

d

r
,   r =0, 1, 2é d-1 
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Mathematician: How do you get that? 

 

Student 2: I remember that you can divide the numerator and denominator both by 3 so they cancel. 

Mathematician: Okay, that is a procedure you learned.  We say that we have reduced the fraction 
12

9
 to 

its lowest terms,
4

3
.  Letôs do some practice to refresh your memory and then we can talk about why you 

do this. 

 

TRM: We assume that this discussion of fractions is review for the students. 
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Section 6 Worksheet: 2 

 

Directions:  Reduce the given fractions to lowest terms. 

4

2

 

 

 

Original Fraction  Lowest Terms Original Frac tion Lowest Terms 

       
4

2
 

 
      

16

10
 

 

       
6

2
  

 
      

16

12
 

 

       
6

3
 

 
      

16

14
 

 

       
6

4
 

 
      

18

3
 

 

       
8

2
 

 
      

18

8
 

 

       
8

4
 

 
      

18

10
 

 

       
8

5
 

 
      

18

12
 

 

       
8

6
 

 
      

18

14
 

 

       
8

8
 

 
      

20

10
 

 

      
12

2
 

 
      

30

12
 

 

      
12

8
 

 
      

20

20
 

 

      
12

9
 

 
      

42

28
 

 

      
14

2
 

 
      

42

30
 

 

      
16

4
 

 
     

120

105
 

 

      
15

10
 

 
     

120

48
 

 

 

Class Work  Individual  Work  
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Section 6 Worksheet: 3 

 

Directions:  Explain in as much detail as you can what 

you did to reduce a fraction to its lowest terms.  Write 

out your explanation in complete sentences and also in 

symbols using any symbolic representations that you 

wish. 

 Individual Work  
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Section 6 Worksheet: 4 

 

Directions:  Respond to the following questions. 

 

 

1. What happened when you tried to reduce the fraction 
8

5
 to lowest terms?  Explain why this 

happened. 

 

 

 

 

 

 

 

 

 

 

 

 

 

2. Why do you think we didnôt put in any fractions in which 7 is in the denominator? 

 

 

 

 

 

 

 

 

 

 

 

3. What feature must the numerator and denominator share in order for the fraction to be reduced 

further to arrive at lowest terms? 

 

 

 Individual Work  
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Mathematician: Letôs talk a little about this reduction of a fraction to lowest terms.  Do you recall what 

you said when I asked how you changed  
12

9
 to

4

3
? 

 

Student 2: I said that you divided the numerator and denominator by 3 and then cancelled the 3s. 

 

Mathematician: Right.  I want us to understand what this canceling is.   What do you mean when you 

say that you can divide by 3? 

Student 2: I meant that if you divide by 3, the remainder is 0.   

Mathematician: Can you say that using the word multiple? 

 

Student 2: Both 9 and 12 are multiples of 3. 

Mathematician: Good.  Can you write the fraction 
12

9
 with the numerator and denominator showing the 

multiples? 

 

Student 3: It would be, 

3 3

3 4

³

³
 

 

Mathematician: So are you saying that this is the same as
4

3
? 

Student 3: Yes. 

 

Mathematician: Right and we have to think a little to see why.  Do you recall any interpretations of a 

fraction like 
4

3
? 

 

Student 2: Well, one interpretation is that you take something and divide it into 4 equal pieces. 

 

Student 1: And then take 3 of those pieces. 

 

Mathematician:  Can you show that in a picture? 

 

Student 1:  Here is one way 

 

xxxxxxxxxxxxxxxxx xxxxxxxxxxxxxxxxx xxxxxxxxxxxxxxxxx  

 

Mathematician: Good, and how about 
12

9
? 

 
Student 1: That would be dividing the same thing into 12 equal pieces and taking 9 of those, so it would 

look like this, 
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xxxxx  xxxxx xxxxx xxxxx xxxxx xxxxx xxxxx xxxxx xxxxx    

 

Mathematician:  Very good.  Now look at both diagrams together. 

 

xxxxxxxxxxxxxxxxx xxxxxxxxxxxxxxxxx xxxxxxxxxxxxxxxxx  

 

xxxxx  xxxxx xxxxx xxxxx xxxxx xxxxx xxxxx xxxxx xxxxx    

 

Student 1: The shaded portions come to the same amount in both. 

 

Mathematician: So this is one meaning we have when we write 
4

3
 = 

12

9
  and say that 

4

3
 and 

12

9
 are 

equal. 

 

Student 1: I see. 

 

Mathematician: Now, do you recall that division can also be interpreted as reverse multiplication? 

 

Class: Yes. 

Mathematician: So how would you interpret 
4

3
 as reverse multiplication?   

Student 3: This fraction is what you have to multiply 4 by in order to get 3, 

 

Mathematician: Good and how would you make this interpretation for 
12

9
 which is

3 3

3 4

³

³
? 

 

Student 3: The first fraction is what you have to multiply 12 by in order to get 9 and thatôs the same as 

the second fraction which is what you have to multiply 3×4 by in order to get 3×3. 

 

Mathematician: And do you see that what you have to multiply 3×4 by in order to get 3×3 is the same 

as what you have to multiply 4 by in order to get 3? 

 

Student 3: Sort ofé. 

 

Mathematician: Well, letôs use algebra.  Suppose we call x the fraction we have to multiply 4 by in order 

to get 3.  

 

Student 1: So 4x = 3.   

 

Mathematician: Now what happens if we multiply 3×4 by this same x? 

 

Student 1: We get, 

(3×4) x = 3 (4x) = 3×3 
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Mathematician: So this x is also the number you have to multiply 3×4 by to get 3×3.  What does that 

mean? 

Student 1: It means that x is also the number you can multiply 3×4 by to get 3×3. 

Student 2: But 3×4 = 12 and 3×3 = 9. 

Student 3: So x is also the number you can multiply 12 by to get 9. 

Student 2: That means that x is also equal to 
12

9
. 

Student 3: So   

12

9
 =  x = 

4

3
 

Student 2: Which means that 

12

9
 =  x = 

4

3
 

Mathematician: And that is why we can cancel. 

Class: Okay. 

Mathematician: Letôs practice with a few of these. 
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Section 6 Exercise: 1 

 

Directions:  Reducing a fraction to lowest terms 

 

 
Use the first row as a model and reduce the fractions in the remaining rows to lowest terms. 

 

 

Fraction 

 

 

Factor Numerator 

and Denominator 

 

 

Multiply by a  

Fraction 

 

Multiply by 1  

 

Fraction Reduced 

to Lowest Terms 

 

     12
57

 

 

          3 4
3 19
³
³

 

 

        3 4
3 19
³  

 

         4
19

1³  

 

           4
19

 

 

 

 

     30
55

 

 

 

    

 

 

 

 

 

 

     28
49

 

 

 

    

 

 

     55
88

 

 

 

    

 

 

 

    102
66

 

 

    

 

 

 

     12
18

 

 

    

 

 Individual Work  
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Mathematician: What we have been doing just now is called factoring (Dictionary Term).   When we 

write the integer 12 as 3×4 we say that we factor 12. What do you think we call the numbers 3 and 4?   

Student 2: Factors? 

Mathematician: Right.  A factor is a number that divides another number.  For example, 4 is a factor of 

12, 3 is a factor of 6, 5 is not a factor of 18, 1 is a factor of 7, 7 is a factor of 7. 

Student 1: So what is factoring?                                                                                       

 

Mathematician: To factor a number is to break it down into all of its factors until you canôt go any 

further.  For example: 

 

12 = 2×2×3,    30 = 2×3×5,    7 = 1×7 

 

so this shows the results of factoring 12, factoring 30 and factoring 7.   
 
Student 1: How do you know when to stop? 

 

Mathematician: You stop when you canôt find any more factors of any of the factors you got so far 

except for 1 and the factor itself.  To do this is to factor the original number completely. 

 

Student 1: So factoring a number completely means to find all the factors. 

 

Mathematician: Not exactly. For example, in factoring 30, we display its factors 2, 3, and 5.   But there 

are other factors of 30 such as 6 and 15 and, of course 1 and 30 itself.  What about 12?  What is the 

result of factoring it and what are all its factors? 

 

Student 2: The result of factoring 12 is 12 = 2×2×3 and the factors of 12 are: 1, 2, 3, 4, 6,12. 

 

Mathematician: Very good.  There is one more thing for you to notice.  Look at these two examples of 

complete factoring of 60. 

 

  60 = 2×30 = 2× 2×15 = 2×2×3×5  

and 

  60 = 6×10 = 2×3×10 = 2×3×2×5  

 

Student 2:  The two results are the same except for the order. 

 

Student 3: And because multiplication is commutative, they are actually the same. 

 

Student 1: They start out different but in the end, they are the same. 

 

Mathematician: Right.  Even though you can start your factoring in different ways, if you keep going 

until there are no more factors, then you always get the same answer, except for the order of the factors!  

So the two factorizations are the same except that they are listed in different orders. 
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Student 1: Can we do anything about the order? 

 

Mathematician: Yes, we can just reorder them so they are exactly the same.   

 

Student 2: Does it always come out the same? 

 

Mathematician: Yes. 

 

Student 3: How do we know it always comes out the same? 

 

Mathematician: Well, thatôs the result of some pretty advanced mathematics.  We might say a little 

about it later on, but for now, letôs practice factoring.   We will just do a few simple examples now and 

return to this topic later. 
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Section 6 Exercise: 2 

 

Directions:  Do the indicated factoring. 

 

 
    n 

 
Complete Factorization of n Factors of n 

   18 

 

18 = 2×3×3 1, 2, 3, 6, 9, 18 

    4 

 

  

    5 

 

  

    6 

 

  

    8 

 

  

    9 

 

  

  10 

 

  

  11 

 

  

  15 

 

  

  16 

 

  

  19 

 

  

  20 

 

  

  21 

 

  

  24 

 

  

  36 

 

  

  39 

 

  

  43 

 

  

  44 

 

  

  45 

 

  

 Individual Work  
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Mathematician: Did you notice that for some of these numbers, the only factors they have are 1 and the 

number itself? 

 

Student 1: Sure: 5, 11, 19 and 43. 

 

Mathematician: We call such a number a prime number (Dictionary term).  Also, did you notice that 

very often, two numbers have some factors in common.  For example, what are the factors of 18 and 4? 

 

Student 1: The factors of 18 are:  1, 2, 3, 6, 9, and 18. 

 

Student 2: The factors of 4 are 1, 2, 4. 

 

Mathematician: What numbers are factors of both 18 and 4? 

 

Student 3: 1 and 2. 

 

Mathematician: And 2 is the largest of these common factors, right? 

 

Class: Right. 

 

Mathematician: We call this largest factor the greatest common divisor (Dictionary term) of the two 

numbers 18 and 4.  Sometimes we abbreviate it as GCD and write GCD(18,4) = 2.  What would we 

write for 18 and 24? 

 

Student 2: GCD(18,24) =6 

Mathematician: Right  Now, back in Worksheet 4, you answered three questions.  Lets see if we can 

express the answers to those questions using the terms we have just been discussing.  Here is the first 

question from Worksheet 4: 

What happened when you tried to reduce the fraction 
8

5
 to lowest terms?  Explain why this happened. 

Student 1: We couldnôt reduce it all. 

Mathematician: Right.  Why not? 

Student 2: Because 5 and 8 have no common factors. 

Student 3: Except for 1 which wouldnôt give any reduction. 

Mathematician: Right.  Now look at the second question from Worksheet 4: 

Why do you think we didnôt put in any fractions in which 7 is in the denominator? 

Student 2: Because 7 is a prime number, so there would never be any reduction no matter what the 

numerator is. 
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Student 3:  Actually, if we had the fraction 
21

7
 we could reduce it. 

Student 1: To 3 or 
3

1
. 

 

Mathematician: Very good thinking.  And now the last question:  

 

What feature must the numerator and denominator share in order for the fraction to be reduced 

further to arrive at lowest terms? 

 

Student 2: The numerator and denominator need to have at least one common factor other than 1. 

 

Mathematician: Can you express that algebraically using GCD?   Suppose the two numbers were a and 

b.  What would be the condition that guarantees there would be more reduction. 

 

Student 3: It would be, 

 

GCD(a,b) > 1. 

 

Mathematician: Excellent.  I think you are ready for some new mathematics that we will do in the next 

section. 



 103 

Section 6 Exercise: 2 

 

Directions:  For each of the following pairs of numbers, 

calculate the GCD. 

 
1. 18, 20 

 

 

 

 

 

 

 

 
GCD(18,20) 

 

 
2. 6,20 

 

 

 

 

 

 

 

 
GCD(6,20) 

 

 
3. 5,8 

 

 

 

 

 

 

 

 
GCD(5,8) 

 

 

 Individual Work  
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4. 15,5 

 

 

 

 

 

 

 

 
GCD(615,5) 

 

5. 20,18 

 

 

 

 

 

 

 

 
GCD(20,18) 

 

6. 21,42 

 

 

 

 

 

 

 

 
GCD(21,42) 
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7. 8,24 

 

 

 

 

 

 

 

 
GCD(8,24) 

 

8. 18,35 

 

 

 

 

 

 

 

 
GCD(18,35) 

 

9. 26,39 

 

 

 

 

 

 

 

 
GCD(26,39) 
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Section 7.  New Clock Games and New Calendar Games --- Making Do  

 
Mathematician: One way of thinking about what we have been doing in this unit is that we are 

treating different things as if they were the same.   

 

Student 1: What do you mean? 

 

Mathematician: For example, first suppose it is 2 hours past 12.  Then suppose it is 14 hours past 12.  

Then suppose it is 26 hours past 12.  Think about marking these times on a clock.   

 

Student 2: I would  start at 12 and for 2 hours past 12 I would move two points clockwise on the 

clock.   

 

Student 1: For 14 hours past 12 I would move 14 steps. 

 

Student 3:  Which means you would take one complete wind (12 steps) which brings you back to 12 

and then 2 more steps so you end up in the same place, at 2 oôclock.   

 

Student 1: For 26 hours I would go twice around the whole clock and then 2 more, ending at 2 

oôclock once again.  

 

Student 3: So as far as the clock is concerned, 2, 14 and 26 are the same. 

 

Mathematician: Right.  It is the same for days of the week.  Wednesday is 3 days after Sunday. It is 

also 10 days and 17 days after Sunday.   

 

Student 1: So for days of the week, 3, 10 and 17 are all the same. 

 

Mathematician: Good.  Letôs play some games about that. 

 

          Rules for a New Clock Game  

 

¶ The game begins by selecting one student to be the judge.   

 

¶ The teacher calls on a student to pick any positive integer whatsoever. 

 

¶ A student is called on to find a number that is the same on the clock face.  The 

judge decides if it is correct.   

 

¶ Other students try to find as many numbers as they can that are the same as the 

original number on the clock face.  With each suggestion, the judge decides if it is 

correct. 
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TRM: As the students play these games, the teacher should be on the lookout for and 

encourage to discover algorithms for numbers that are the same.  One is to divide by 12 

and take the remainder.  Another is to simply add 12.  The students might discover that 

with 53, for example, they can divide by 12 and take the remainder of 5.  Then they can 

add 12 to get that 5, 17, 29, 41, é are all ñthe sameò as 53. 

 

Mathematician: Letôs play the game a few times and record the results on the following chart.  

To keep things straight, we should name or number each game.  After a few plays, we can 

change the first number. 

 

Student 1: How do we find the numbers that are the same? 

 

Student 2: We just make some winds and see where we are. 

 

Mathematician: Right.  Mathematicians say that the second number is equivalent (Dictionary 

Term) to the first. 

 

Student 1: I thought we said they are the same. 

 

Student 3: But really they are different. 

 

Student 2: So equivalent is a better word. 

 

Mathematician: Letôs play. 

 

TRM: The teacher may want to use a large clock posted for all students to see. 
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Section 7 Worksheet: 1 

 

Directions:  Record the results of the New Clock Game 

 

 

 
Name or number 

Of Game 

 

First number Number of Winds Equivalent Number 

    

 

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

 

 

   

Mathematician: Do you recall our DWR equation? 

Class Work  
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Student 1: I think it means division with remainder equation. 

 

Mathematician: Right and what was that? 

 

Student 2: For example, if we divided 53 by 12, we would have, 

 

53 = 4×12 + 5. 

 

Mathematician: Right.  So what would be the first and second number 

 

Student 1: 5 is the first number and 53 is the second. 

 

Student 2: So would we say 53 is equivalent to 5? 

 

Student 3: But what about the 12?  If we divided by something else, like 7, then we would get 53 is 

equivalent to 4! 

 

Mathematician: We use the term mod 12 (Dictionary term) to indicate the 12. 

 

Student 1: So how do we say it? 

 

Mathematician: We say 53 is equivalent to 5 mod 12. 

 

Student 2: And that comes from the equation, 53 = 4×12 + 5. 

 

Mathematician: Right.  Can you write it as a subtraction? 

 

Student 1: Sure.  It is, 

 

53 - 4×12 = 5. 

 

Mathematician: Good.  Mathematicians write this equivalence in symbolic form as follows: 

 

53 ſ 5 (mod 12) 

 

Student 1: 53 is equivalent to 5 mod 12. 

 

Mathematician:  Good.  Now suppose you did this for lots of different pairs of numbers.  How would 

you express that in a single expression? 

 

Student 1: Use letters. 

 

Mathematician: Right.  So if you used r for the first number,  D for the second, and q for the number of 

winds, what would you write? 

Student 1:  D = 12q + r. 
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Student 2: D - 12q = r .   
 

Student 3 : D ſ r (mod 12). 

 
Mathematician: Great.  Those are the three expressions we want.  Letôs try it with the 

days of the week. 
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          Rules for a New C alendar  Game  

 

¶ The game begins by selecting one student to be the judge.   

 

¶ The teacher calls on a student to pick any positive integer whatsoever. 

 

¶ The class determines what day of the week this leads to, starting with Sunday. 

 

¶ A student is called on to find a number that, starting on Sunday, leads to the same 

day of the week.  The judge decides if it is correct.   

 

¶ Other students try to find as many numbers as they can that lead to the same day 

of the week.  With each suggestion, the judge decides if it is correct. 
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Section 7 Worksheet: 2 

 

Directions:  Record the results of the New Calendar Game 

 

 

 
Name or number 

Of Game 

 

Starting Day Number of Days Number of Weeks New Day 

     

 

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

 

 

    

Class Work  
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Mathematician: Often in mathematics, we start with the second number and try to find 

what remainder it is equivalent to. 

 

Student 1: Okay. 

 

Mathematician: So if our number of days is 37, how many weeks would we have? 

 

Student 1: We would have 5. 

 

Mathematician: And how many days are left over? 

 

Student 1: 2. 

 

Mathematician:  And what would we say? 

 

Student 2: We would say that 37 is equivalent to 2 mod 7. 

 

Mathematician: And write? 

 

Student 1:  37 ſ 2 (mod 7) 

 

Mathematician: Good.  We call the number 7 in this discussion, the base (Dictionary term) and say that 

we are working in base 7.  The relation we have been working with is called equivalence mod 7 

(Dictionary term). 

 

Student 1:  A lot of words. 

 

Mathematician: Yes, but with our activities, I think you know what these words mean. 

 

Student 1:  Yes. 

 

Mathematician: Here is an activity you can do with equivalence mod 7 that might amuse your family 

and friends. 
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Section 7 Worksheet: 3 

 

                                        Directions:   Work as a group to use the idea of equivalence 

to                                     to figure out the day of the week on which important events    

                                        occur.  In the following chart, some such events are given.  You  

                                        should also make up some of your own. 

 

                                        After entering the date, calculate the number of days, in the   

                                        future or past, from todayôs date to the date of the event.  Donôt  

                                        forget to account for leap years.  Then use mod 7 to find the day  

                                        of the week on which the event occurred. 

 

                                        You may have to do some library work or web searches to find   

                                         the date of the original event in some cases. 

 

 

 

               Event 

 

 

               Date 

 

  Number of Days 

 

       Day of the Week 

 

Martin Luther Kingôs 

Birthday 

 

   

 

Last Christmas 

 

   

 

Your Birthday 

 

   

 

 

 

   

 

 

 

   

 

 

 

   

 

 

 

   

 

 

 

   

Group Work  
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Mathematician: You have been doing a lot of work with equivalence mod 7.  What other bases have you 

used? 

 

Student 2: Before with the clocks, were we working in base 12? 

 

Mathematician: Yes and the numbers 7, 12 are not the only possible choices for the base.  Here is a 

worksheet that will give you some practice with different bases. 

 



 116 

Section 7 Worksheet: 4 

 

                                         Directions:   Work as a team to fill in values for the following        

                                         table.  Let one member of the group pick a positive number to   

                                         serve as the base n, another to pick any positive number a and a   

                                         third to decide to which of the numbers 0,1,2,é,n-1 the number a   

                                         is equivalent mod n. 

 
Base n 

 

Number a Equivalent to a mod n 

   

   

   

   

   

   

   

   

   

   

   

   

   

   

   

   

   

   

   

   

   

   

   

   

   

   

   

   

   

   

Group Work  
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     Section 7 Worksheet: 5 

 

                                                   Directions:   Use this sheet to write out everything you  can    

                                            think of to say about the relation a ſ b (mod n). What changes  

                                                    and what remains the same when you change n?  In the cases of  

                                                     n=7,12 we have interesting models: calendars and clocks.  Can  

                                                    you think of any models with other values of n?  What about the  

                                                    case n=2? 

 

                                        Make sure you use complete, grammatically correct sentences  

                                        organized in coherent paragraphs. 

 

                                        Post your essay. 

 

 

 

 

 

 

 

 

 

 

Individual  Work  
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Mathematician: Letôs review the ways in which we can decide if two numbers are 

equivalent mod 7. 

 

Student 2: One way is to see if you can get from one number to the other by adding 7ôs. 

 

Student 1: Or adding a multiple of 7. 

 

Student 3: Another way to do it would be to see if you get the same remainder when you 

divide the two numbers by 7. 

 

Mathematician: Those are all good methods to do it.  We are going to use them, 

especially the one about remainders, to find some properties of equivalence mod 7. 

 

Student 1: Okay. 

 

Mathematician: Take the number 47, divide it by  7 and see what remainder you get. 

 

Student 1: I get a  remainder of 5. 

 

Mathematician: Now do the same thing again. 

 

Student 1: I still get a remainder of 5, the same. 

 

Mathematician: Good.  Now write a sentence describing what was just done. 

 

Student 2: The number 47 divided by 7 twice got the same remainder both times. 

 

Mathematician: Thatôs People Talk.  Now say it in Feature Talk. 

 

Student 3: The remainder you get from dividing 47 by 7  is the same as the remainder you 

get from dividing 47 by 7. 

 

Mathematician: Very good.  So in terms of equivalence mod 7, how would you express 

that in an abstract  symbolic representation? 

 

Student 3:  47 ſ 47 (mod 7) 

 

Mathematician: Excellent.  Do you think that is true for any number? 

 

Class: Yes. 

 

Mathematician: Right.  And that is our first property of the relation, equivalence mod 7. 

 

 

    For all integers a,  a ſ a (mod 7)         Reflexive 
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Student 1: That seems pretty obvious.  Sure a number is equivalent to itself.  Why such a fuss? 

 

Mathematician: Because it is not true for any relation.  Can you think of a relation in 

which this is not true? 

 

Student 2.  How about ñless thanò? 

 

Student 3: Right.  It is not true that 3 < 3. 

 

Mathematician: Good.  Here is another one.  Is 52 equivalent to 31 mod 7? 

 

Student 1: Well, if I divide 52 by 7, I get 7 and a remainder of 3 and if I divide 31 by 7, I 

get 4 and a remainder of 3 which is the same.  So, yes, 52 is equivalent to 31 mod 7. 

 

Mathematician: Good.  Now I ask, is 31 equivalent to 52 mod 7? 

 

Student 1: Sure, it is the same calculation, just done in a different order. 

 

Mathematician:  So is this always true? 

 

Class: Yes. 

 

Mathematician: State it as a sentence. 

 

Student 3: If an integer a is equivalent to an integer b mod 7, then b is equivalent to a 

mod 7. 

 

Mathematician: And in symbolic form? 

 

Student 2: If a ſ b (mod 7) then b ſ a (mod 7). 

 

Mathematician: Very good.  Now say it using the word ñimpliesò. 

 

Student 3: a ſ b (mod 7) implies b ſ a (mod 7). 

 

Mathematician: And mathematicians use a symbol like Ý  for ñimpliesò. 

 

Class: Okay. 

 

Mathematician: And this is our second property of the relation, equivalence mod 7. 

 

 

    For all integers a,b,  a ſ b (mod 7)  Ý    b ſ a (mod 7)               Symmetric 
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Mathematician: Now, there is just one more.  Is 69 equivalent to 83 mod 7? 

 

Student 1: Yes, when divided by 7, they both have a remainder of 6. 

 

Mathematician: And is 83 equivalent to 55 mod 7? 

 

Student 1: Yes for the same reason. 

 

Mathematician: So if I want to know if 69 equivalent to 55 mod 7, do I have to divide? 

 

Student 2: You could, but you could also think that if 69 and 83 have the same 

remainders and 83 and 55 have the same remainders, then 69 and 55 must have the same 

remainders. 

 

Mathematician: Could you express that in Feature Talk using the word ñimpliesò? 

 

Student 3: 69 equivalent to 83 mod 7 and 83 equivalent to 55 mod 7 implies 69 

equivalent to 55 mod 7. 

 

Mathematician: And an abstract symbolic representation? 

 

Student 2: 69 ſ 83 (mod 7) and 83 ſ 55 (mod 7) implies 69 ſ 55 (mod 7). 

 

Mathematician: And do you think this one is true for all integers? 

 

Class: Yes. 

 

Mathematician:  So state that in symbolic form. 

 

Student 1:  

 

 

 For all integers a, b, c,   a ſ b (mod 7)  and b ſ c (mod 7)  Ý    a ſ c (mod 7)   Transitive 

 

 

Student 2: Are there any examples where transitivity does not hold? 

 

Mathematician: Can you think of any? 

 

Student 3: How about not equals?   

 

Student 1: What do you mean? 

 

Student 3: Well, if we had 12 5̧ and 5 3 4¸ ³, then I donôt think it follows that12 3 4¸ ³. 

 

Student 1: I see. 
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Mathematician: Very good thinking.  Letôs summarize our three properties. 

 

 

 

 

For all integers a,  a ſ a (mod 7)                                                                              Reflexive 
 

For all integers a, b,  a ſ b (mod 7)  Ý    b ſ a (mod 7)                                          Symmetric 

 

For all integers a, b, c,   a ſ b (mod 7)  and b ſ c (mod 7)  Ý    a ſ c (mod 7)     Transitive 

 

  

                                    Properties of an Equivalence Relation 
 

 

 

 

Mathematician: We call any relation that satisfies these three properties an equivalence 

relation (Dictionary Term).  Can you think of any other equivalence relations? 

 

Student 1: I think equals is an equivalence relation. 

 

Mathematician: You have to say what mathematical objects are equal. 

 

Student 2: Letôs do numbers. 

 

Mathematician: Okay, letôs check it out.  Consider each of the three properties. 

 

Student 1: Reflexive. Sure, any integer is equal to itself. 

 

Student 2: Symmetric. Yes, if one integer is equal to another, then the other is equal to 

the first. 

 

Student 3: Transitive: Thatôs just the same as ñthings equal to the same thing are equal to 

each otherò. 

 

Mathematician: Very good.  Now we are going to play a different kind of game that is in a sense 

the same as the equivalence games we have been playing. 
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Section 8.  Partition Games 

 

Mathematician:  If you have several things, you sometimes like to divide them up into different groups. 

 

Student 1: Like teams in a league? 

 

Mathematician: Right.   Sometimes you just sort things but sometimes you do it according to certain 

features they might have. 

 

Student 1: Like Eastern and Western divisions? 

 

Mathematician: Right. Here is a simple game we can play that does that according to your day of birth.  

In some cultures, a new born baby is given its first name according to the day it was born.  Thus, in 

some parts of Africa, if you are a male born on Tuesday, your name will be Kwame.   

 

Student 1: I know some people with that name.  Iôll check to see what day they were born on. 

 

Mathematician: To play this game, you will need to know what day of the week it was when you were 

born.  Remember that we figured those out in the last section. 

 

Student 1: I remember. 

 

Mathematician: Okay. Letôs play the game. 

 

TRM: The teacher can find out the Ghanaian names for birth days or let the class make up names. 

Also, students will have to go back to Section 5 Worksheet: 4 or Section 7 Worksheet: 5 to determine 

the day of their birth. 

 

          Rules for the  Name Day Partition Game  

 

¶ The teacher places 7 chairs around the room, well separated.  Each chair will have 

a sign giving one of the days of the week and the corresponding name according 

to Ghanaian tradition or names that the class has chosen. 

 

¶ One by one, each student calls out the day of the week on which he or she was 

born and goes to the appropriate chair. 

 

¶ At each location, the children count how many are at that location and the 

information is recorded on the board at the front of the room. 

 

¶ The counts at all of the locations are added up and compared with the total 

number of students in the class. 
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     Section 8 Worksheet: 1 

 

                                        Directions:   Enter the information from the Name Day  

                                        Partition Game. 

 

 

 

Name of day of Birth 

 

 

Names of Students 

 

Number of Students 

  

 

 

 

 

  

 

 

 

 

  

 

 

 

 

  

 

 

 

 

  

 

 

 

 

  

 

 

 

 

  

 

 

 

 

 

    Total 

xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx 

xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx 

xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx 

 

Class Work  
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     Section 8 Worksheet: 2 

 

                                        Directions:   Describe your experiences in playing this game 

                                        in any way that you like.  Write in complete sentences,     

                                        organized in paragraphs. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
TRM: Students read their essays to the class 

 

Individual  Work  
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Mathematician: Now we are going to play a version of this game using numbers and mod 12. 

 

 

            Rules for the Mod 12  Partition Game  

 

¶ The teacher writes the numbers 0,1,2,é,11 on the board with lots of room 
between each number. 

 

¶ The students sit in groups and each group is asked to pick a number between 0 

and 47 and decide to which of the numbers 0,1,2,é,11 it is equivalent mod 12.  

The number is written on the board next to its equivalent number. 

 

¶ The groups work again to pick a number and put its equivalent mod 12 on the 

board at the appropriate spot. 

 

¶ The game continues until all of the numbers 0,1,2,é,47 are placed. 

 

¶ The class notes how many of the original 48 numbers are in each set of equivalent 

numbers and these are added up. 
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Section 8 Worksheet: 3 

 

                                        Directions:   Enter the information from the Mod 12  

                                        Partition Game. 

 

 

        Number Equivalent Numbers Total 

              0 

 

  

              1 

 

  

              2 

 

 

  

              3 

 

  

              4 

 

  

              5 

 

  

              6 

 

  

              7 

 

  

              8 

 

  

              9 

 

  

             10 

 

  

             11 

 

  

        Total 

 

xxxxxxxxxxxxxxxxxxxxxxxxxx 

xxxxxxxxxxxxxxxxxxxxxxxxxx 

 

 

 

 

 

 

      

Class Work  
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Section 8 Worksheet: 4 

 

                                        Directions:   Describe your experiences in playing this 

game                                game in any way that you like.  Write in complete sentences,     

                                        organized in paragraphs. 

Individual  Work  
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Section 8 Worksheet: 5 

 

Directions:  Look over your essay very carefully and list all of the 

important features in it.   

 

Individual Work  
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Section 8 Worksheet: 6 

 

Directions:  Combine all of the features listed by the group.  Then 

organize them according to what you see as broad categories.  Name 

the categories and enter them with the groupôs list on the table 

below.  Post the groupôs table. 

 

 

 

Feature 

 

       

                       Category 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Group Work  
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Section 8 Worksheet: 7 

 

Directions:  List all of your groupôs features in the first column of 

the table below.  In the second column, indicate which, if any, of the 

categories people or objects, actions, relations the feature falls in.  

Post your table. 

 

 

 

                Feature 

 

       

  Category --- people or objects, actions, relations, 

                       or none of these 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Group Work  
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Mathematician: It seems that once again we have features that are similar to ones we have discussed 

before. 

 

Student 2: Well, we are starting with the set of counting numbers from 0 to 11 and we always have a 

start. 

 

Mathematician: Is that an action, object or relation? 

 

Student 1: Our set of numbers is an object. 

 

Mathematician: What else? 

 

Student 1: We are looking at individual numbers in the set. 

 

Student 2: They are elements of the starting set and they are objects. 

 

Student 3:  We also saw that some numbers were equivalent to each other mod 12. 

 

Mathematician: And which category is that? 

 

Student 3: It is a relation. 

 

Mathematician: Very good.  What else? 

 

Student 2: We divided the original set of numbers into subsets where each subset consists of all of the 

numbers that are equivalent to each other.  These are objects. 

 

Student 3. But dividing them up is an action. 

 

Student 1: Can something be both an action and an object? 

 

Mathematician: Yes it can.  It all depends on how you are thinking about it.  Did you ever see anything 

like this before? 

 

Student 1: I remember!  An integer is both a movement along a Number Line and a location on that line. 

 

Student 2: And a fraction like 
5

7
 is an action of dividing a unit into 7 equal pieces and taking 5 of them. 

Student 3: But a fraction is also a point on the Real Number Line so it as an object as well. 

 

Student 2: And because fractions are objects we can do things to them, like compare two fractions or 

add them. 

 

Mathematician: Very good thinking.  Was there anything else? 

 

Student 2: We counted the number of elements in each subset. 
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Student 1: They all had 4 elements. 

 

Student 2  And we added up the total.  Thatôs an action. 

 

Student 2: That was 48, the same number of numbers we started with. 

 

Mathematician: Right.  Here is the language mathematicians use to describe what we have been doing. 

 

 

A partition (Dictionary term) of a set is breakdown or decomposition  

(Dictionary term) of that set into smaller sets called subsets  (Dictionary 

term).   

 

Every element of the original set is in one of the subsets, but no two 

elements of the original set can be in the same subset. 

 

Any set or subset has a number of elements in it, called its cardinality 

(Dictionary term). 

 

If you add up all of the cardinalities of the subsets, the total is equal to the 

cardinality of the original set. 
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Section 9. A Different Kind of Addition 

 

Mathematician: Letôs see if you can list the things we have been working on with Winding 

Games and mod n in this unit. 

 

Student 1: We worked with the Chinese Zodiac, clocks and days of the week. 

 

Mathematician: What was the n in each of those contexts? 

 

Student 2: For the Zodiac and clocks, it was 12 and for days of the week it was 7. 

 

Student 3: We also worked with a general variable that we called n. 

 

Mathematician: What numbers did we work with? 

 

Student 1: We worked only with the numbers 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11.  And 0, 1, 2, 3, 4, 

5, 6. 

 

Student 2: And the general case,  0,1,2,é,n-1. 

 

Mathematician: What were we trying to do with these numbers? 

 

Student 3: We would take any number and try to find out which one of 0,1,2,é,n-1 it was 

equivalent to mod n. 

 

Mathematician: How did we do that? 

 

Student 2: We divided the number by n and the remainder, which is always one of 0,1,2,é,n-1 is 

what it is equivalent to. 

 

Mathematician: Anything else? 

 

Student 2: We used these equivalences to make a partition of the set 0,1,2,é,n-1. 

 

Mathematician: What is a partition? 

 

Student 3: You take a set and break it down into subsets.  No number is in more than one of these 

partition sets and every one of 0,1,2,é,n-1 is in one of the partition sets. 

 

Mathematician: Very good.  We call these partition sets equivalence classes mod n (Dictionary 

term).  Now we are going to see how to do arithmetic mod n.   

 

Student 1: Will it be just like the arithmetic we always do? 
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Mathematician: As always in mathematics when you move into a new structure, some things 

change and some things remain the same.  As we do this work, try to pay attention to which is 

which. 

 

            Rules for the Clock Addition Game --- Version 1. 
 

1. The 12 clock positions are marked on the floor and a 0 is placed at 12 to designate it 

as the starting position.   

 

2. Student A stands at 0. 

3. The class selects a fairly large positive integer a and each student enters it on 

Worksheet 1 in the column marked a. 

4. Student A walks clockwise a places.  Each student enters the stopping place on 

Worksheet 1 in the column marked a(12). 

5. The class selects another large number b and each student enters it on Worksheet 1 in 

the column marked b. 

6. Student B  starts at 0 and walks clockwise b places.  Each student enters the stopping 

place on Worksheet 1 in the column marked b(12). 

7. Students calculate a+b and enter it on Worksheet 1 in the column marked a+b. 

8. Student C starts at 0 and walks clockwise a + b places.  Each student enters the 

stopping place on Worksheet 1 in the column marked (a+b)(12). 

9. The game is repeated several times. 

TRM:  The teacher should influence the students to choose numbers larger than 12, but not 

too large, probably in the range 12-40.  Other wise it will take too long to play the game.  It 

might be good to let them do one really large number (over 100).   Also, the teacher may 

wish to make this a competitive game with scores, winners and losers. 
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     Section 9 Worksheet: 1 

 

                                        Directions:   Enter the information from the Clock Addition                                   

                                                                 Game. 

 

 

  

    a 

 

 

   b 

 

   a+b 

 

(a+b) (12) 

 

 a (12) 

 

 b (12) 

 

(a(12) + b(12))(12) 

  

 

(a(12) +b)(12) 

 

 (a+b(12))(12) 

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

 

Individual  Work  
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Mathematician: Now we are going to play the game again but with some variations. 

 

Student 1: Wait! There is something I donôt understand. 

 

Mathematician: What is that? 

 

Student 1: What does the symbol (a+b) (12) stand for?  Does that mean multiply a+b times 12? 

 

Student 2: No.  The 12 stands for mod 12.  It is just a shorthand. 

 

Mathematician: Right.  I did it that way to make the columns narrow so that the table fits on one 

page. 

 

Student 1: Okay, but what are the other columns for? 

 

Mathematician:  We are going to use them now.  I want you to play the game again, but in the 

following variation. 

 

 

Rules for the Clock Addition Game --- Version 2. 
 

1. The 12 clock positions are marked on the floor and a 0 is placed at 12 to designate it 

as the starting position.   

 

2. Using the same a and b as before, the class calculates a(12)+ b(12) . 

 

3. Student A begins at 0 and walks clockwise a(12)+ b(12) places.  Each student enters 

the stopping place on Worksheet 1 in the column marked (a(12)+ b(12))(12). 

 

4. Now Student B begins at 0 and walks clockwise a places and Student C begins where 

Student B has stopped and walks b places.  Each student enters the stopping place on 

Worksheet 1 in the column marked (a(12))+ b)(12). 

 

5.  Next, the class calculates  a+ b(12) and Student D begins at 0 and walks clockwise 

a+ b(12) places.  Each student enters the stopping place on Worksheet 1 in the 

column marked (a+b(12))(12).. 

6. The game is repeated for each of the numbers used in the first play of the game. 

 

TRM: The teacher may wish to make this a competitive game with scores, winners and 

losers. 



 137 

Mathematician: Letôs talk about what happened. 

Student 1: Wait a minute!  I donôt understand some of these formulas.  What is (a(12) +b)(12)? 

Student 2: The a(12) is where Student B stopped. 

Student 3: Right.  Student B walked a steps and the stopping place is a(12). 

Student 1: Oh! And b is the number of steps that Student C walked, starting at a(12). 

Student 2: And (a(12) +b)(12) is where Student C ended. 

Mathematician: Right.  Can you explain why the stopping place of Student B is a(12)? 

Student 3: Each time Student B comes back to 0, it is one cycle of 12 so the number of these 

cycles is how many times 12 divides a. 

Student 2: With a(12) left over. 

Mathematician: Right.  Now, what did you notice? 

Student 1: All four columns marked  (a +b)(12), (a(12) +b(12))(12), (a(12) +b)(12) and 

(a+b(12))(12) always have the same number. 

Mathematician: Right. So these are four ways of adding numbers mod 12. 

Student 1: You can add a+b and calculate its equivalent mod 12. 

Student 2: You can calculate a(12), b(12), add them and find the equivalent mod 12 of the result. 

Student 3: Or, you can find the equivalent mod 12 of a, add b to it and find the equivalent mod 

12 of the result. 

Student 1: Or you can start with a, figure out b(12), add it to a and find the equivalent mod 12 of 

the result. 

Student 2: And you always get the same answer. 

Mathematician: Very good.  Here is a summary of all of the ways we have to calculate the 

equivalent mod 12 of the sum a+b. 
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ADDITION MOD 12 OF a AND b 

 

  Method 1:   Add a to b and find its equivalent mod 12. 

                                      (a+b) (12) 

  Method 2:  Find the equivalents mod 12 of a and b, add them and find the  

                    equivalent mod 12 of the result. 

                                    (a(12) + b(12))(12) 

  Method 3: Add b to the equivalent mod 12 of a and find the  

                    equivalent mod 12 of the result. 

                                       (a(12) + b)(12) 

  Method 4: Add the equivalent mod 12 of b to a and find the  

                    equivalent mod 12 of the result. 

                                    (a + b(12))(12)  
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Student 1: So which of these methods should we use? 

Mathematician: It does not make too much difference.  The important thing is to realize that all 

four methods give the same answer and to understand why. 

Student 2: But if we have to make a calculation, we need to know what to do. 

Student 3: We could do it several ways, and then check that we get the same answer. 

Student 1: Also, if a and b are very large, we might want to first find their equivalences mod 12, 

which will be much smaller, and do the addition with them. 

Mathematician: These are all very good ideas and here is an exercise in which you can practice 

them. 
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Section 9 Exercise: 1.  Directions: Make all calculations by hand and fill in the blanks in the 

following chart. 

 

  

    a 

 

 

   b 

 

   a+b 

 

(a+b) (12) 

 

 a (12) 

 

 b (12) 

 

(a(12) + b(12))(12) 

  

 

(a(12) +b)(12) 

 

 (a+b(12))(12) 

 

  17 

 

  

 44 

       

 

  58 

 

 

 33 

 

       

 

123 

 

 

 469 

       

 

 12 

 

 

  24 

       

 

 379 

 

 

 360 

       

 

 720 

 

 

1478 

       

 

   3 

 

 

   7 

       

 

 78 

 

 

  64 

       

 

 247 

 

 

 635 

       

 

   7 

 

 

   5 

       

 

 496 

 

 

  12 

       

 

218 

 

 

  37 

       

 

 

 



 141 

 

Mathematician: We can play the same game with the calendar and ñaddò days of the week. 

 

TRM: There is an epistemological issue here. Is it always the case that mathematics can be 

learned by engaging in physical activities or do there come times, especially as the 

mathematics gets more advanced when the games become mind games (i.e., take place in the 

studentsô minds) and the activities are done with paper and pencil calculations?  We are going 

to take the latter view in some cases such as the next game. 

 

 

            Rules for the Calendar Addition Game. 
 

 

1. The class selects a positive integer and each student enters it on Worksheet 2 in 

the column marked a.   

 

2. Each student uses the equivalent mod 7 of a to figure out the number of the day of 

the week a days after Sunday, enters it on Worksheet 2 in the column marked Day 

Number for a and enters the day in the column marked Day of Week for a.  

 

3. The class selects a second positive integer and each student enters it on 

Worksheet 2  in the column marked b.   

 

4. Each student uses the equivalent mod 7 of b to figure out the number of the day of 

the week b days after Sunday, enters it on Worksheet 2 in the column marked Day 

Number for b and enters the day in the column marked Day of Week for b.  

 

5. Each student uses the equivalent mod 7 of a+b to figure out the number of the day 

of the week a+b days after Sunday, enters it on Worksheet 2 in the column 

marked Day Number for a+b and enters the day in the column marked Day of 

Week for a+b.  

 

6. The game is repeated for all of the rows. 

 

 

TRM:.  Try to get the students to use some fairly large numbers --- say over 50 and maybe even 

over 100.  Also, the rules for the game has students working individually.  You can have them 

work in groups if you prefer.  Numbers for a and b have been entered on the sheet as 

suggestions.  You may white them out if you like. 
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Section 9 Worksheet: 2 

 

                                        Directions:   Enter the information from the Calendar Addition 

Game. 

 

 

 

      

   a 

 

  

   Day   

   Number  

   for a 

 

 

 Day of Week  

 for a 

      

     b 
 

  Day   

  Number  

  for b 

 

 

   Day of Week  

   for b  

 

Day 

Number 

for a+b 

 

 Day of Week  

 for a+b 

 

   36 

 

   

 219 

    

 

  496 

 

   

    7 

    

 

    3 

 

   

    2 

    

 

  642 

 

   

  248 

    

 

  62 

 

   

   79 

    

 

  4 

 

    

  3 

    

 

1649 

 

   

  714 

    

 

377 

 

   

  365 

    

 

 63 

 

   

    7 

    

 

  33 

 

   

  59 

    

 

  44 

 

   

  17 

    

 

Individual  Work  
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Section 9 Worksheet: 3 

             

 

 Directions:  Use this sheet to describe, in any way that you like, 

your experiences in playing this experience in playing this game.  

Write in complete sentences, organized in paragraphs.  Make 

sure you mention the players on your team, what you think is the 

point of the game, and how you liked playing it.  Do  think it has 

to do with mathematics?  Why or why not? 

                                       

Individual Work  
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Mathematician: Letôs try to make a list of the important features of this game.   

 

Student 1: We had a and b and a+b. 

 

Student 2: And the day numbers of a, b and a+b. 

 

Student 3: And the actual days of the week of a, b and a+b. 

 

Mathematician: What do you think is the point of this game? 

 

Student 1: We were starting on Sunday and trying to find out what day of the week it was in the 

future. 

 

Mathematician: What do you mean by the future? 

 

Student 2: We wanted to find out what day of the week it was a+b days in the future. 

 

Student 3: And we did by addition mod 7. 

 

Mathematician: Good.  How does this game differ from the Clock Addition Game? 

 

Student 1: We were working with clocks and now we are working with days of the week. 

 

Student 2: We did addition mod 12 and now we are doing addition mod 7. 

 

Student 3: We used this mod addition to find out the time and now we are using it to find out the 

day of the week. 

 

Mathematician: Very good.  Now I want to show you the standard mathematical notation 

for the things we have been working on. 

 

Class: Okay. 

 

Mathematician: What can we call the Clock Addition and Calendar Addition operations? 

 

Student 1: How about modular addition? 

 

Mathematician: Okay, we have modular addition (Dictionary Term).  What can we call 

the two separate operations? 

 

Student 2:  Addition mod 12 for the clocks and addition mod 7 for the days of the week. 

 

Mathematician: So addition mod 12 for the clocks and addition mod 7 are Dictionary 

Terms.  Suppose we were doing it for any positive integer n? 
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Student 3: It would be addition mod n. 

 

Mathematician: And addition mod n is a Dictionary Term.  We call n the base (Dictionary 

Term).  Here are abstract symbolic representations for these terms. 

 

 

 

                                    Ordinary addition:      a + b 

                                

                                   Addition mod 12 (Clock):  a +12 b 

 

                                    Addition mod 7 (Calendar):  a +7 b 

 

                                    Addition mod n:   a +n b 

 

 

 

 
TRM:  In the notation a +n b, the subscript goes with the +. 

 

TRM: It is reasonable to hope that at this point, many of the students will have 

developed an understanding of the concept of addition mod n and will be able to make 

calculations in these structures, albeit slowly and with errors.  If they have progressed 

to this point, then substantial drill and practice is called for.  There will be a lot of this 

in the next few pages, but the teacher may want to give them some drill and practice 

here --- perhaps for homework. 

 

Mathematician: Now we need to learn about the properties of addition mod n.  What is 

one way to add two numbers a and b mod n? 

 

Student 1: First you would calculate a mod n and b mod n. 

 

Student 2: Then add them. 

 

Student 3: And find the equivalent mod n of the sum. 

 

Mathematician: So if you want to add 18 and 34 mod 7, what would you do? 

 

Student 1: You would calculate 

 

  18 mod 7 = 4,  34 mod 7 = 6,   6 + 4 = 10 

 

Student 2: And  10 mod 7 = 3 is your answer.    

 

Mathematician: Can you write a single ASR for that calculation? 
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Student 3: It would be, 

 

18 +7 34 = (18 mod 7) +7  (34  mod 7)  = (4 + 6) mod 7 =  10 mod 7 =  3 

 

Mathematician: How about an ASR for this calculation for a general n and numbers a,b? 

 

Student 2: It would be, 

 

a +n  b =( (a mod n) + (b mod n)) mod n 

 

TRM: The teacher may wish to spend some time unpacking this formula and relating it 

to numerical calculations.  The following worksheet can help with this. 

 

Mathematician: Very good.  Letôs practice.  
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Section 9 Worksheet: 4 

             

                                                          Directions:  Perform the calculations listed below   

                                                                                and write your answers on the sheet. 

 

 

1.      22 +12 5 =    5 +12 22 =    3 +7 5 = 

 

 

2.      5 +7 4 =     4 +7  5 =    4 +12  5 = 

 

 

3.    (10 +7 6) +7  6 =               10 +7 (6 +7  6) =                10 +7 6 +7  6 

=       

 

 

4.    (10 +12 6) +12  6 =            10 +12 (6 +12  6) =               10 +12 6 +12  6 

=       

 

 

5.    (24+12 1) +12  5 =                   24 +12 (1 +12  5) =               24 +12 1 +12  5 

=  

 

 

6.     3 +5 9 =      24 +5 18 =                                12 +5 37 =      

   

 

7.     5 +7 14 =       14 +7 5 =                5 +7 0 =    

 

 

8.     8 +12 36 =      36 +12 8 =              0 +12 8 =    

 

 

9.     1 +2 16  =      16 +2 1  =          1 +2 0  =       

 

 

10.  3 +7 4 =            4 +7 3 =                              5 +7 9 =    

 

 

11.  19 +12 17 =      17 +12 19 =                    4 +12 8 =    

 

 

12.  3 +9 6 =                  6 +9 3 =                     1 +9 8 =    

 

 

Individual Work  
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Section 9 Worksheet: 5 

 

Directions:  Discuss amongst your team the calculations you just 

made.  Reflect on the answers and try to see if you can find any 

relations that might be true in general.  Following are some 

suggestions for specific places to look. 

 

1. Look at the first two columns in all rows except rows 3,4,5. 

 

TRM: Commutativity 

 

 

 

 

 

2. Look at all three columns of rows 3,4,5. 

 

TRM: Associativity 

 

 

 

 

 

3. Look at rows 7,8,9. 

 

TRM: Identity 

 

 

 

 

 

 

4. Look at rows 10, 11, 12 

 

 

TRM: Inverse 

 

 

 

 

Team Work 
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Mathematician: The operation +n (addition mod n) has a number of important mathematical 

properties, some of which you may have discovered as patterns in the calculations you just 

did and your reflections on them.   

 

Student 1: Are these properties the same as the properties for ordinary addition? 

 

TRM: All of what follows was discussed in the road-coloring material for matrix addition.  

The teacher can decide on the extent to which this should be discussed. 

 

Mathematician: In fact, they are very similar, so you may remember them.  Here is the first 

one. 

You may have noticed that when you were doing +n the final answer was always one of the 

numbers 0,1,2,é,n-1.   

 

Student 1: Right, I saw that for +7 the answer was always one of the numbers 0,1,2,3,4,5,6.   

 

Student 2: And for +5 the answer was always one of the numbers 0,1,2,3,4.   

 

Mathematician: What about +12, +9, +2?   

 

Student 3: The same. 

 

Mathematician: The operation of +n is a structure that is considered to operate on the 

numbers 0,1,2,3,é,n-1  and the answer is always one of those numbers.  We call this 

property closure (Dictionary Term).   

 

TRM: The teacher should keep in mind that the above statement may not be seen to be 

strictly true in totality.  That is, +n may well operate on numbers larger than n, even on 

negative numbers.  The key is in the phrase ñconsidered toò.  That is, just as the most 

efficient way to perform the operation +n on two numbers a,b is to first calculate a mod n, 

b mod n and then the operation is acting only on the numbers 1,2,3,é,n-1.  If the students 

donôt raise this issue, it is probably best for the teacher to ignore it. 

 

Class: Okay. 

 

Mathematician: Can you write an ASR for it?  Donôt forget to use a universal quantification. 

 

TRM: The teacher may wish to review quantifiers  from the Trip Line. 

 

Student 3: How about this.  For all a,b in the set {0,1,2,én-1},   

 

a+n b is in the set {0,1,2,én-1},  

 

 

Mathematician: Good. Here is the next one.  Did you notice that if you reversed the order of 

a,b in calculating a+n b it did not affect the answer?   
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Student 1: Yes, I noticed it. 

 

Student 2: I think it is always true.   

 

Mathematician: It is and we call it the commutative property (Dictionary Term).   Can you 

express that as an ASR?   

 

 Student 3: For all a,b in the set {0,1,2,én-1},   

 

a+n b = b+n a 

 

Mathematician: Very good.  Another thing to notice is that if you want to perform the 

operation on three numbers, it does not matter in which order you do the calculations.   We 

call this the associative property.  Can you write an ASR for it? 

 

Student 2:  For all a,b,c in the set {0,1,2,én-1},   

 

(a+n b)+n c = a+n (b+n c) 

 

Mathematician: Excellent.  Next,  the multiples of n, including 0, play a special role in the 

operation +n.  What is it? 

 

Student 2:  They donôt do anything, just like 0 in ordinary addition or 1 in ordinary 

multiplication.  

 

Student 3: In other words, for every +n there is a number, 0 which has the property that if you 

operate with it and any other number, the answer is the other number.   

 

Mathematician: Right. We call this the identity property (Dictionary Term).  What would an 

ASR be? 

 

Student 1: For all a in the set {0,1,2,én-1},   

 

a +n 0 = a   

 

Student 2: I think we call 0 the identity element (Dictionary Term). 

Mathematician: Right.  And finally,   if you take any one of the numbers 0,1,2,3,é,n-1 and 

call it  a, then you can find another number b, which is also one of the numbers 0,1,2,3,é,n-1 

so that if you  add a and b you get back to 0.   

Student 1: I think we call this the inverse property (Dictionary Term).   

Mathematician: Right, and what would be an ASR? 



 151 

Student 2: For any a in the set {0,1,2,én-1} , there is a number b in the set {0,1,2,én-1}  such 

that 

 

a +n b = 0 

 

Mathematician: Right. We call b the inverse of a in the set {0,1,2,én-1} . 

 

TRM: Here is a problem the students might like.  Look  at  +n, for various values of n such 

as n = 2,5,7,9,12.  In each of these cases, pick some numbers and try to find their inverses.  

Can you figure out a general rule for finding the inverse mod n of a number? Another 

problem would be to ask the student to relate the inverse operation to subtraction. 

 

Mathematician: Here is a summary of the properties of addition mod n. 

 

 

                        Closure:             For all a,b in the set {0,1,2,én-1},   

 

                            a+n b is in the set {0,1,2,én-1},  

 

   

                       Commutative:   For all a,b in the set {0,1,2,én-1},   

 

a+n b = b+n a 

 

 

                       Associative:       For all a,b,c in the set {0,1,2,én-1},   

 

              (a+n b)+n c = a+n (b+n c) 

 

 

                       Identity:               For all a in the set {0,1,2,én-1},   

 

                                                                   a +n 0 = a   

 

                       Inverse: For any a in the set {0,1,2,én-1} , there is a number b in  

                                      the set {0,1,2,én-1}  such that 

 

a +n b = 0 

 

 

 

     

Mathematician: Now letôs use these properties for some calculations. 
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Section 9 Worksheet: 6 

 

Directions:  Use the properties of modular addition to make the 

following calculations. 

 

 

 

 

1. 5 +3 2 +   5 +3 6. 

 

 

 

2. 7 +3 6 +3  4 +3  6. 

 

 

 

3. 9 +5  2 +5 8 +5  9. 

 

 

 

4. 3 +5  2 +5 3 + 8. 

 

 

 

5. 37 +5 4 +5  47 +  5. 

 

 

 

6. 6 +2  1 +2 8  +2 9 +2  6 +2 3. 

 

 

 

7.   87 +7 8 +7 5 +7 9 +7  2 +7 6 +7  1 

 

 

 

8. 17 +3  28 +3 56 +3 28 +3  17. 

 

 

 

9.   12 +2 5 +2  6 +2 12 +2   5. 

 

 

Individual 

Work  
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Section 10. Modular Multiplication and Different Arithmetic Properties  

 

Mathematician: What happens if you start at 12 oôclock and move the clock forward a 

certain number of hours?  And then move forward the same number of hours?  And then 

the same number again?  And again?  And again?   

 

Student 1: Thatôs like what we did for multiplication. 

 

Student 2: I remember, if you take a number and add it to itself a certain number of times, 

thatôs multiplication. 

 

Student 1: Like 4 + 4 + 4 + 4 + 4 + 4 +4  is adding 4 a total of 7 times. 

 

Student 2: So it is 7³4. 

 

Student 3: Which is 28. 

 

Mathematician: Right we are going to do the same thing with modular addition. 
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            Rules for the Clock Repeated Addition Game  

 

1. The 12 clock positions are marked on the floor and a 0 is placed at 12 to designate 

it as the starting position.   

 

2. Student A stands at 0. 

 

3. The class selects a positive integer x and each student enters it on 

Worksheet 1 under the column marked x.  

 

4. Student A walks x places in a clockwise direction while the class works in 

teams to decide the value of x mod 12. 

 

5. Everybody checks that their value of x mod 12 agrees with where Student 

A has arrived.  When agreement is reached each student enters it on 

Worksheet 1 under the column marked x(12).  

 

6. The class selects a positive integer k and each student enters it on 

Worksheet 1 under the column marked k.  Each student calculates k mod 

12 and enters it on Worksheet 1 under the column marked k(12). 

 

7. Each student calculates k³x and enters it on Worksheet 1 under the 

column marked k³x. 

 

8. Student B goes to the starting position. 

 

9. Student B walks x places ending where Student A is standing and the class 

counts 1. 

 

10. Student B repeats the walk and the class counts 2.  Student A moves to 

where Student B has ended. 

 

11. Student B continues this walk of x steps with the class counting and 

Student A moving each time to where Student B ends.  This continues 

until Student B has made the walk k times. 

 

12. The class calculates (k³x) mod 12 and checks that the answer agrees with 

the location of Student B.  When agreement is reached, each student enters 

it on Worksheet 1 under the column marked (k³x) (12). 

 

13. The game is repeated several times. 

 

TRM: Try to get the students to pick a number larger than 12.  As this game is played,  

from time to time stop the play, say after 3 times,  and ask the class if they could have 

figured out the end place without the students having to walk around the clock.  
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Section 10 Worksheet: 1 

 

                                        Directions:   Enter the information from the Clock Repeated  

                                                                 Addition Game.    

 

 

  

    k 

 

 

   x 

 

  k³x 

 

(k³x) (12) 

 

 k (12) 

 

 x (12) 

 

(k(12) ³x(12)) (12)  

 

(k(12) ³x) (12) 

 

(k ³x(12)) (12) 

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

 

Individual  Work 
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Mathematician: Repeating a fixed wind around the clock a number of times is one useful 

way to think about the multiplication (n³x)mod 12.  

 

Student 1: I see.  Walking around the clock x steps and then repeating that n times is 

altogether walking n³x steps. 

 

Student 2: And seeing where Student B finally ended up gives the answer to the 

multiplication mod 12. 

 

Mathematician: Right.  Could you have done this without walking around the clock? 

 

Student 3: Sure.  We could just calculate n³x, divide it by 12 and take the remainder. 

 

Mathematician: Okay, you can do the mod 12 calculations to fill in the other columns of 

the table. 

 

Students work individually to fill in the other columns of the table. 

 

Mathematician: What did you notice about your results? 

 

Student 1: All of the columns (k ³x) (12), (k(12) ³x(12)) (12), (k(12) ³x) (12), (k 

³x(12)) (12) are the same. 

 

Student 2: Just like we had for addition. 

 

Student 3: So which of these methods should we use. 

 

Mathematician: As before, it depends on the situation.  If k and x are very large, you 

might want to calculate k mod 12 and x mod 12 first so that you are working with smaller 

numbers. 

 

Student 1: And if k and x are small? 

 

Student 2: You can just multiply them and do mod 12 at the end. 

 

Mathematician: Right.  We can summarize the methods of doing multiplication mod 12 

just like we did for addition. 
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MULTIPLICATION MOD 12 OF k TIMES x 

 

  Method 1:   Multiply k times x and find its equivalent mod 12. 

                                      (k ³x) (12)   

  Method 2:  Find the equivalents mod 12 of k and x, multiply them and find the  

                    equivalent mod 12 of the result. 

                                    (k(12) ³ x(12))(12) 

  Method 3: Multiply the equivalent mod 12 of k times x and find the  

                    equivalent mod 12 of the result. 

                                       (k(12) ³ x)(12) 

  Method 4: Multiply k times the equivalent mod 12 of x and find the  

                    equivalent mod 12 of the result. 

                                    (k  ³ x (12))(12)  

 

 

Mathematician:  Here is an Exercise for you to practice with multiplication mod 12.
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Section 10 Exercise: 1.  Directions: Make all calculations by hand and fill in the blanks in the        

following chart. 

 

  

    k 

 

 

   x 

 

   k³x 

 

(k³x) (12) 

 

 k (12) 

 

 x (12) 

 

(k(12) ³ x(12))(12) 

  

 

(k(12) ³ x)(12) 

 

 (k+x(12))(12) 

 

  17 

 

  

 44 

       

 

  58 

 

 

 33 

 

       

 

123 

 

 

 469 

       

 

 12 

 

 

  24 

       

 

 379 

 

 

 360 

       

 

 720 

 

 

1478 

       

 

   3 

 

 

   7 

       

 

 78 

 

 

  64 

       

 

 247 

 

 

 635 

       

 

   7 

 

 

   5 

       

 

 496 

 

 

  12 

       

 

218 

 

 

  37 
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Mathematician: We can play the same repeated addition game with the calendar. 

 

          Rules for the C alendar  Repeated Addition 

Game  
 

1. The seven days of the week are laid out on sheets of paper with each day 

marked with an integer, starting with 0 for Sunday as the starting place. 

 

2.  The class selects a positive integer x and each student enters it on 

Worksheet 2 under the column marked x.  

 

3. Student A walks x places in a clockwise direction while the class works in 

teams to decide the value of x mod 7. 

 

4. Everybody checks that their value of x mod 7 agrees with where Student A 

has arrived.  When agreement is reached each student enters it on 

Worksheet 2 under the column marked x(7).  

 

5. The class selects a positive integer k and each student enters it on 

Worksheet 2 under the column marked k.  Each student calculates k mod 7 

and enters it on Worksheet 2 under the column marked k(7). 

 

6. Each student calculates k³x and enters it on Worksheet 2 under the 

column marked k³x. 

 

7. Student B goes to the starting position. 

 

8. Student B walks x places ending where Student A is standing and the class counts 

1. 

 

9. Student B repeats the walk and the class counts 2.  Student A moves to 

where Student B has ended. 

 

10. Student B continues this walk of x steps with the class counting and 

Student A moving each time to where Student B ends.  This continues 

until Student B has made the walk k times. 

 

11. The class calculates (k³x) mod 7 and checks that the answer agrees with 

the location of Student B.  When agreement is reached, each student enters 

it on Worksheet 2 under the column marked (k³x) (7). 

 

12. The game is repeated several times. 
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Section 10 Worksheet: 2 

 

                                        Directions:   Enter the information from the Calendar 

Repeated Addition                                      Addition Game. 

                                                                  

 

 

  

    k 

 

 

   x 

 

  k³x 

 

(k³x) (7) 

 

 k (7) 

 

 x (7) 

 

(k(7) ³x(7)) (7)  

 

(k(7) ³x) (7) 

 

(k ³x(7)) (7) 

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

 

 

 

        

Individual  Work  
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Mathematician: Here is an exercise for you to practice multiplication mod 7. 

Section 10 Exercise: 2.  Directions: Make all calculations by hand and fill in the blanks in the        

following chart. 

 

  

    k 

 

 

   x 

 

   k³x 

 

(k³x) (7) 

 

 k (7) 

 

 x (7) 

 

(k(7) ³ x(7))(7) 

  

 

(k(7) ³ x)(7) 

 

 (k+x(7))(7) 

 

  17 

 

  

 44 

       

 

  58 

 

 

 33 

 

       

 

123 

 

 

 469 

       

 

 12 

 

 

  24 

       

 

 379 

 

 

 360 

       

 

 720 

 

 

1478 

       

 

   3 

 

 

   7 

       

 

 78 

 

 

  64 

       

 

 247 

 

 

 635 

       

 

   7 

 

 

   5 

       

 

 496 

 

 

  12 

       

 

218 

 

 

  37 
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Mathematician: What do we call the repeated addition mod 12 and mod 7 that we have 

been doing? 

 

Student 1: We call it multiplication mod 12 and multiplication mod 7. 

 

Student 2: In general, modular multiplication (Dictionary Term). 

 

Mathematician: Yes, and just as with addition, mathematicians use a special notation. 

 

Student 3: Will it be the same except using ³ instead of +? 

 

Mathematician: Actually, we use  ·   

 
Student 1: Thatôs hard to see. 

 

Student 2: So we have to be careful when we read it. 

 

Mathematician: But it is not so bad if you miss it because in mathematics, if you have 

two symbols one right next to each other, we assume that multiplication is intended. 

 

Student 1: Okay. 

 

Mathematician: So how do you think we write these symbols?  Start with ordinary 

multiplication. 

 

Student 2: It would be: a · b 

 

Mathematician: And for multiplication mod 12? 

 

Student 1: That was the clock and it is a ·12 b. 

 

Student 2: And for the calendar, it is multiplication mod 7  so we write it a ·7 b. 

 

Mathematician: And what would it be for the general case? 

 

Student 3: That is multiplication mod n which we would write a ·n b. 

 

Mathematician: Very good.  Here is all that notation in a box. 
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                            Ordinary multiplica tion:             a · b 

     

                            Multiplication mod 12 (Clock):         a ·12 b 

 

                            Multiplication mod 7 (Calendar):        a ·7 b 

 

                            Multiplication mod n:                      a ·n b 

 

 

 
 

TRM: It is reasonable to hope that at this point, many of the students will have 

developed an understanding of the concept of multiplication mod n and will be able to 

make calculations in these structures, albeit slowly and with errors.  If this is where 

they are, then substantial drill and practice is called for. 

 
Mathematician: So, how would we get an abstract symbolic representation of multiplying 

18 and 34 mod 7? 

 
Student 1: First we would calculate, 18 mod 7 = 4 and 34 mod 7 = 6,  

   

Student 2: Then we have, 6 · 4 = 24 

 
Student 3:  So  24 mod 7 = 3 is your answer.    
 
Mathematician: What would it be in mathematical notation? 

 

Student 1: It would be, 
18 ·7 34 = 3 

 
Mathematician: In general, the calculation is symbolized, 

 
a ·n  b =( (a mod n) · (b mod n)) mod n 

 

TRM: Some time should be spent unpacking this formula and relating it to numerical 

calculations. 

 

Mathematician: Here is a worksheet with problems to practice on.  After that, there is 

another worksheet to help you think about the properties of multiplication mod n. 
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      Section 10 Worksheet: 3 
 

 

                                                              Directions:  Perform the calculations listed below 

and  

                                                              write your answers on the sheet. 

 

 

1.      22 ·12 5 =    5 ·12 22 =    3 ·7 5 = 

 

2.         5 ·7 4 =        4 ·7  5 =    4 ·12  5 = 

 

3.    (10 ·7 6) ·7  6 =           10 ·7 (6 ·7  6) =                   10 ·7 6 ·7  6 =       

  

4.    (10 ·12 6) ·12  6 =            10 ·12 (6 ·12  6) =                         10 ·12 6 ·12  6 

=       

 

5.    (24·12 1) ·12  5 =             24 ·12 (1 ·12  5) =                        24 ·12 1 ·12  5 

=  

 

6.       3 ·5 9 =     24 ·5 18 =          12 ·5 37 =  

 

7.       5 ·7 8 =      8 ·7 5 =            5 ·7 1 =    

 

8.       8 ·12 13 =      13 ·12 8 =                     1 ·12 8 =    

 

9.       1 ·2 16  =      16 ·2 1  =         1 ·2 0  =       

 

10.      3 ·7 5 =      5 ·7 3 =                              4 ·7 9 =    

 

11.      5 ·12 5 =       7 ·12 7 =                    5 ·12 17 =    

 

12.      2 ·9 5 =       5 ·9 2 =                    4 ·9 7 =    

 

 

 

 

 

 

 

 

 

 

 

 

Individual Work  
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Section 10 Worksheet: 4 
 

Directions:  Discuss amongst your team the calculations you just 

made.  Reflect on the answers and try to see if you can find any 

relations that might be true in general.  Following are some 

suggestions for specific places to look. 

 

1. Look at the first two columns in all rows except rows 3,4,5, 11. 

 

TRM: Commutativity 

 

 

 

 

 

2. Look at all three columns of rows 3,4,5. 

 

TRM: Associativity 

 

 

 

 

 

3. Look at rows 7,8,9. 

 

TRM: Identity 

 

 

 

 

 

 

4. Look at rows 10, 11, 12 

 

Inverses 

 

 

 

 

 

Group Work  
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Mathematician: The operation ·n (multiplication mod n), like addition mod n, also has a 

number of important mathematical properties, some of which you may have discovered as 

patterns in the calculations you just did and your reflections on them.   

 

Student 1: Are they the same as the properties we had for addition mod n? 

 

Mathematician: Not exactly.  They are close, but  some things go ñwrongò as you will now 

see.  But first, is there any thing you can say about all of the numbers that appear in a 

multiplication mod n? 

 

Student 2: I noticed that when you were doing ·n the final answer was always one of the 

numbers 0,1,2,é,n-1.   

 

Student 3: Right.  For ·7 the answer was always one of the numbers 0,1,2,3,4,5,6.  For ·5 the 

answer was always one of the numbers 0,1,2,3,4.   

 

Mathematician: What about ·12, ·9, ·2?   

 

Student 1: It is the same. 

 

Student 2: Is it always the same?  For any value of n? 

 

Mathematician: Yes.  The operation of ·n is a mathematical structure that is considered to 

operate on the numbers 0,1,2,3,é,n-1  and the answer is always one of those numbers.  We 

call this property closure for multiplication mod n (Dictionary Term). 

 

Student 1: We had that property for addition mod n. 

 

Student 2: We called it closure for addition mod n. 

 

Mathematician:  Can you write an ASR for this property? 

 

Student 3: For all a,b in the set {0,1,2,én-1},   

 

a·n b is in the set {0,1,2,én-1},  

 

Student 1: That is very similar to what we had for addition mod n. 

 

Mathematician: Yes it is.  Now, look at the first two columns of all of the rows except 

3,4,5,11. What did you notice? 

 

Student 2: The operations in the first two columns use the same two numbers, but in the 

reverse order. 

 

Student 1: Thatôs not true of row 6.  3 ·5 9 and 24 ·5 18 are multiplications of different 

numbers. 
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Student 3: Not really, the mod 5 equivalent of 24 is 4 and the mod 5 equivalent of 18  is 2, so 

they are really the same. 

 

Student 1: I see. 

 

Mathematician: And what about the answer to these two multiplications that use the same 

numbers, but in different orders? 

 

Student 2: They are always the same. 

 

Mathematician: This is so and it is always true.  We call this the commutative property.  

What would be an ASR for this property? 

 

Student 3: For all a,b in the set {0,1,2,én-1},   

 

a ·n b = b ·n a 

 

Mathematician: Good.  For the next one, look at rows 3,4,5 and tell us what you notice. 

 

Student 1: This is the associative property. 

 

Mathematician: Can you tell us what that means?   

 

Student 3: It means that if you are performing the operation twice, it doesnôt matter which 

order you do them in. 

 

Mathematician: Very good.  And what would be an ASR? 

 

Student 2: For all a,b,c in the set {0,1,2,én-1},   

 

(a ·n b) ·n c = a ·n (b ·n c) 

 

Mathematician: Right,  Now how about rows, 7,8,9? 

 

Student 1:  The answer is always one of the two numbers in the multiplication. 

 

Student 2: That is the identity property. 

 

Student 1: I thought the identity would be 1, but here it is 8 and 1 for multiplication mod 7. 

 

Student 3: But 8=1 mod 7 so there is really only one identity. 

 

Student 2: Itôs the same for mod 12.  On the worksheet in row 8, both  13 and 1 are identities 

but 13=1 mod 12. 
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Mathematician: Excellent.  How about an ASR. 

Student 1: For all a in the set {0,1,2,én-1},   

 

a ·n 1 = a   

 

Mathematician: Good. We call 1 the identity element (Dictionary Term) of the structure.  

Finally, letôs talk about rows 10, 11, 12.  What do you notice? 

 

Student 1: The answer is always 1. 

 

Student 2: So just like in addition, we have an identity, 1é 

 

Student 3: And for every a in the set {0,1,2,én-1} there is an element b in the set {0,1,2,én-

1} such that 

a ·n b = 1   

Mathematician: Is that always true?  Following is a worksheet where you can calculate the 

multiplication table for mod n when n = 3, 4, 5. 
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Section 10 Worksheet: 5 
 

Directions:  Fill in the three mod n multiplication tables for 

n=3,4,5 

 

 

 

 

·3 
 

 

      0 

 

      1 

 

    2 

 

     0 

 

   

 

     1 

 

   

 

    2 

 

   

 

 

 

·4 
 

 

      0 

 

      1 

 

    2 

 

   3 

 

     0 

 

    

 

     1 

 

    

 

    2 

 

    

 

    3 

 

    

 

Group Work  
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·5 
 

 

      0 

 

      1 

 

    2 

 

   3 

 

   4 

 

     0 

 

     

 

     1 

 

     

 

    2 

 

     

 

    3 

 

     

 

    4 
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Mathematician: You can tell a lot of things from these multiplication tables.  For 

example, you can see closure right away. 

 

Student 1: Yes, it is because everything that appears in the table is one of the numbers in 

the set {0,1,2,én-1}.  

 

Mathematician: Good.  How about the identity property? 

 

Student 2: We can see right away that in each table, multiplying a number by 1 does not 

change the number.  

 

Student 3: Actually, we donôt need the table.  It is pretty clear that 1·x = x no matter what 

kind of multiplication you are doing. 

 

Mathematician: Right.  Associativity is not so easy to determine from the tables, but what 

about commutativity? 

 

Student 3: Each table is symmetric about its diagonal and that gives us the 

commutativity. 

 

Mathematician: Very good.  What about inverses? 

 

Student 1: An operation has the inverse property if, for every element in the set, there is 

another element so that doing the operation on those two elements gives you the identity. 

 

Student 2: Thatôs never true if the element is 0. 

 

Student 3: Right, the inverse property for multiplication mod n would be, 

 

For all a in the set {1,2,én-1}, there exists bÍ{1,2,én-1} ' 

 

a ·n b = 1   

Mathematician: Right. 

 

Student 1: How do you tell about the inverse property from the table? 

 

Student 2: I think that if you have a 1 on every row except 0, then it has the inverse 

property. 

 

Student 1: Why is that? 

 

Student 3: Well, if you take any aÍ{1,2,én-1}, then go to row a.  If there is a 1 

somewhere on that row, say at column b, then it means that a ·n  b = 1. 

 

Student 1: I see. 
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Mathematician: Very good.  So how does it look for these three tables? 

 

Student 1:  The table for multiplication mod 3 looks pretty good.  I see a 1 on every row. 

 

Student 2: And the same for multiplication mod 5. 

 

Mathematician: Right.  So multiplication mod 3 and multiplication mod 5 both have the 

inverse property.  What about multiplication mod 4? 

 

Student 3: No.  There is no 1 on the row marked 2. 

 

Student 1: So multiplication mod 4 does not have the inverse property? 

 

Mathematician: Here is a summary of the properties of multiplication mod n. 

 

 

                        Closure:             For all a,b in the set {0,1,2,én-1},   

 

                            a ·n  b is in the set {0,1,2,én-1},  

 

   

                       Commutative:   For all a,b in the set {0,1,2,én-1},   

 

a ·n  b = b ·n  a 

 

 

                       Associative:       For all a,b,c in the set {0,1,2,én-1},   

 

              (a ·n  b) ·n  c = a ·n  (b ·n  c) 

 

 

                       Identity:               For all a in the set {0,1,2,én-1},   

 

                                                                   a  ·n  1 = a   

 
                       Inverse: Multiplication mod n satisfies this property for some 

values                             values of n, but not for others. 

 

 

Student 1:  How do we know which values of n multiplication mod n has inverses and 

which do not? 

 

Mathematician: That is a very good question that you will study in more advanced math 

courses.  But there is another interesting thing about the table for multiplication mod 4. 
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Student 2: Well, it looks like 2·4 2 = 0.  Thatôs pretty strange. 

Mathematician: Yes, in this case we say that multiplication mod 4 has divisors of 0 (Dictionary 

Term).  This is another topic you may study in more advanced mathematics courses. 

 

Student 1: We can wait. 

 

TRM: The teacher might decide, either for the whole class or for specific students, to discuss 

the set of ideas around multiplication mod n satisfying the inverse property, having divisors of 0 

and n being a prime.  At the very least, the teacher might give an exercise to look at this 

situation for various values of n and maybe guess the theorem. 

 

Mathematician: Letôs talk about solving equations in a multiplication mod n system.  Write an 

ASR for the problem, 

 

Find the inverse of 3 in the mod 7 system 

 

Student 1:  Well, I donôt know the inverse so I can call it x. 

 

Student 2: And then write an expression for x being the inverse of 3. 

 

Student  3: That would be, 

 

3 ·7  x= 1  

 

Mathematician: Yes.  Sometimes we write this as, 

 

3x = 1 mod 7 

 

Student 1: Okay. 

 

Mathematician: And how would you solve this equation?   

 

Student 2: The solution has to be an element of the set {0, 1, 2, 3, 4, 5, 6}.  

 

Student 3:  Thatôs only 7 numbers.  We can try them all. 

 

Student 1: I see that the only one that works is 5. 

 

Student 2: Right, it is true that  

3 ·7  5 = 1 

 

Mathematician: Correct  5 is the only solution to the equation.  Here is a worksheet for 

you to investigate this situation in some other systems.  
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Section 10 Worksheet: 6 
 

                                                      Directions:  For each of the following problems, fill in 

the   

                                                                           multiplication table and then, in the last 

column,  

                                                                           write the inverse of the element if it exists.  

If it  

                                                                           does not exist, place an ³ in the box. 

 

1. 

 

 

·5 
 

 

      0 

 

      1 

 

    2 

 

   3 

 

   4 

 

   Inverse  

 

     0 

 

      

 

     1 

 

      

 

    2 

 

      

 

    3 

 

      

 

    4 

 

      

 

Group Work  
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2. 

 

 

·
6
Ö 

 

 

      0 

 

      1 

 

    2 

 

   3 

 

   4 

 

   5 

 

   Inverse  

 

     0 

 

       

 

     1 

 

       

 

    2 

 

       

 

    3 

 

       

 

    4 

 

       

 

    5 
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3.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

·
7Ö 

 

 

      0 

 

      1 

 

    2 

 

   3 

 

   4 

 

   5 

 

   6 

 

   Inverse  

 

     0 

 

        

 

     1 

 

        

 

    2 

 

        

 

    3 

 

        

 

    4 

 

        

 

    5 

 

        

 

    6 
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4.  

 

 

 

 

·
8
Ö  

 

 

      0 

 

      1 

 

    2 

 

   3 

 

   4 

 

   5 

 

   6 

 

   7 

 

   Inverse  

 

     0 

 

         

 

     1 

 

         

 

    2 

 

         

 

    3 

 

         

 

    4 

 

         

 

    5 

 

         

 

    6 

 

         

 

    7 
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Mathematician: So what do you conclude from the tables? 

 

Student 1. Multiplication mod 5 and multiplication mod 7 have the inverse property, but 

multiplication mod 6 and multiplication mod 8 do not. 

 

Mathematician: Right.  When there are inverses, you can solve other kinds of equations.  

Letôs work in the mod 7 structure because as we have seen, every number in this structure, 

except 0 has an inverse. 

 

Student 1: Okay. 

 

Mathematician: How would you solve an equation like: 

 

4x = 5   mod 7 

 

Student 2: If we were solving this equation in ordinary algebra, we would divide both sides by 4. 

 

Student 3: We can do that by multiplying both sides by the inverse of 4. 

 

Student 1: We can see from the table that the inverse of 4 mod 7 is 2. 

 

Mathematician: Letôs lay this work out using the properties of multiplication mod 7.   

 

Mathematician works with students to develop the steps and the reasons 

 

      Statement    Reason 

 

4
7Ö

x = 5    Equation to solve 

 

2
7Ö

 (4
7Ö

x) = 2
7Ö

5   Multiply both sides by 2.  

 

(2
7Ö

4) 7Ö
x = 2

7Ö
5   Associative Property 

 

(2
7Ö

4) 7Ö
x = 3    Multiplication Table 

 

1
7Ö

x = 3    Inverse Property 

 

x = 3     Identity Property 

 

 

The teacher may want to give the class other examples to practice on.  Also, some classes 

might want to talk about the logic of the above calculation.  It does not really find a 

solution, but rather is a proof that if there is a solution, it must be 3.  To be sure that 3 is a 

solution, one must check that 4·3=5.  Finally, the teacher might decide to look at equations 

of the form ax+b = c.  But what is written here may be as far as most classes will go.  
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Section 10 Worksheet: 7 
 

                                                      Directions:  Solve each of the following equations.  

After you                           

                                                                           have obtained a solution, put it back in the   

                                                                           equation to check that it actually is a 

solution. 

 

 

1. 2 
5Ö

x = 3 

 

Solution 

 

 

      Check: 

 

 

 

2. 3 
5Ö

x = 4 

 

Solution 

 

 

      Check: 

 

 

 

 

3. 2 
3
Öx = 1 

 

Solution 

 

 

      Check: 

 

 

 

 

4. 3 
5Ö

x = 2 

 

Solution 

 

 

      Check: 

 

Individual Work  
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5. 4 
5Ö

x = 2 

 

Solution 

 

 

      Check: 

 

 

 

6. 2 
5Ö

x = 1 

 

Solution 

 

 

      Check: 

 

 

 

7. 6 
7Ö

x = 5 

 

Solution 

 

 

      Check: 

 

 

 

8. 4 
7Ö

x = 6 

 

Solution 

 

 

      Check: 

 

 

 

 

9. 5 
7Ö

x = 6 

 

Solution 

 

 

      Check: 
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10. 5 
6
Öx = 2 

Solution 

 

 

      Check: 

 

 

 

11. 4 
6
Öx = 3 

 

Solution 

 

 

      Check: 

 

 

 

12. (3 
5Ö

x) 5+ 2 = 4 

 

Solution 

 

 

      Check: 

 

 

 

 

13. (5 
7Ö

x) 7+  4 = 6 

 

Solution 

 

 

      Check: 

 

 

 

 

14. (4 
7Ö

x) 7+  5 = 3 

 

Solution 

 

 

      Check: 
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Mathematician: Now that we have two operations, addition mod n and multiplication mod n, 

it seems reasonable that there should be connections between them.  Weôll look for such a 

relationship by playing a game. 

 

            Rules for the Distributive Law 

Game  

 

1. The class picks a value of  n and each student enters it on Worksheet 8..  All of 

the calculations in the game are then performed mod n. 

 

2. The class picks three numbers a, b and c from 0,1,2,é,n-1, not necessarily all 

different and enters them in the first row of Worksheet 8. 

 

3. Half of the teams perform the calculation a(b + c) and enters the result on 

Worksheet 8.  

 

4. The other half of the teams perform calculation ab + ac and enters the result on 

Worksheet 8. 

 

5. Students announce the results of their calculations and, after correcting 

errors, everyone enters the result of the calculation they did not do on 

Worksheet 8. 

 

6. The game is repeated several times. 
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Section 10 Worksheet: 8 
 

                                                      Directions:  Record the results from the Distributive Law 

Game. 

 

 

 

 

     n 

 

 

      a 

 

      b 

 

     c 

 

   a(b + c) 

 

   ab + ac 

 

 

 

     

 

 

 

     

 

 

 

     

 

 

 

     

 

 

 

     

 

 

 

     

 

 

 

     

 

Individual Work  
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Mathematician: So what do you think happened? 

 

Student 1: The last two columns are always the same. 

 

Student 2: Thatôs the distributive law, right? 

 

Mathematician: Yes.  Write an ASR for it. 

 

Student 3: It is, 

 

  For all a, b, c in the set {0,1,2,én-1},   

 

                            a ·n  (b +n c) =  (a ·n  b) +n  (a ·n  c) 

 

 

Mathematician: Good.  In mathematics, when you have a set of numbers like 0,1,2,3,é,n-

1 and two structures, like addition mod n and multiplication mod n satisfying all of these 

properties, then we call this structure a ring (Dictionary Term). 
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Section 11. Factoring, Primes, Divisors and Greatest Common Divisors 

 

TRM: The teacher may wish to review Section 6 before starting this section. 

 

Mathematician: Do you recall, back in Section 6, we worked a little with factoring?   

 

Student 1: I remember.  We took a number and tried to find other numbers that divided it. 

 

Student 2: Like we can write 12 as 3³4. 

 

Student 3: And then, 4 = 2³2, so 12 = 3³2³2 and that is as far you can go. 

 

Mathematician: Good.  So factoring has something to do with multiplication.   

 

Student 1: It is kind of like the reverse of multiplication. 

 

Student 2: Like subtraction is the reverse of addition. 

 

Mathematician: And what did we use factoring for?   

 

Student 3: We wanted to reduce a fraction to lowest terms. 

 

Student 2: We found numbers that were factors of both the numerator and the denominator. 

 

Student1: And cancelled them. 

 

Mathematician: Good.  So if factoring is the reverse of multiplication, perhaps we can 

begin a study of factoring by doing some multiplication. 

 

            Rules for a Multiplication Game  

 

1. A student is selected to write answers to multiplication problems on the 

board. 

 

2. A student is asked to pick a number between 2 and 20.   

 

3. Another student is asked to pick a number between 2 and 20. 

 

4. The students work individually to multiply the two numbers. 

 

5. When everyone agrees on the answer, the recorder writes the problem and the 

answer on the board and each student enters it in the multiplication table in 

Worksheet 1. 

 

6. The game continues for a while and then the students are asked to fill in 

the entire table. 
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 Section 11 Worksheet:  1 

 

Directions:  Fill in the table. 

 
 

 

 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 

  2                    

  3                    

  4                    

  5                    

  6                    

  7                    

  8                    

  9                    

10                    

11                    

12                    

13                    

14                    

15                    

16                    

17                    

18                    

19                    

20                    

 

 

Class Work 



 187 

             

Mathematician: Letôs reflect on the numbers in this table.  What is the largest number that 

appears and what is the smallest number? 

 

Student 1: The smallest is 4. 

 

Student 2: And the largest is 400. 

 

Mathematician: How many entries are there? 

 

Student 3: Well, there are 20 rows and 20 columns. 

 

Student 1: So that makes 20 ³ 20 = 400. 

 

Student 2: Wait a minute.  There is no entry in the first row and first column, so there are 

only 399 entries. 

 

Mathematician: Are they all different?  Letôs not look at the first row and first column. 

 

Student 1: No.  There are lots of repetitions. 

 

Student 2: Yes.  For example, 16 is there three times.  Once as 2 ³ 8, once as 8 ³  2 and 

once as         4 ³  4. 

 

Mathematician: What other properties do you see? 

 

Student 3: If you folded the table across the diagonal, the numbers would match. 

 

Student 2: That is the commutative law. 

 

Student 1: So every number appears at least twice. 

 

Student 2: Not quite.  9 only appears once as 3 ³ 3. 

 

Student 1: Because that one is on the diagonal. 

 

Mathematician: Do any others appear only once? 

 

Student 3:Yes.  4, 25, 49, 121, 169, 289 and 361. 

 

Mathematician: Letôs try to figure out a rule for this.  Do you remember what a prime 

number is? 

 

TRM: Prime numbers were introduced in Section 6. 

 

Student 2: A prime number is a number that is only divisible by itself and 1. 
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Student 3: So if we ignore the first row and first column, no prime numbers appear. 

 

Mathematician: Good.  What about 9? 

 

Student 1: It only appears once. 

 

Student 2: That is because 9 = 3 ³ 3  and no other numbers divide 9. 

 

Student 3: Because 3 is a prime number.  So the squares of prime numbers appear only once. 

 

Mathematician:  What are the prime numbers between 2 and 20? 

 

Student 2: They are 2, 3, 5, 7, 11, 13, 17 and 19. 

 

Student 1: And their squares are the numbers 4, 25, 49, 121, 169, 289 and 361. 

 

Student 3: Which we saw before are exactly the numbers that appear only once. 

 

Mathematician: Very good.  We could continue this and ask what are the numbers that appear 3 

times, 4 times, and so on.  What are the numbers that donôt appear at all? 

 

Student 1: No primes appear. 

 

Student 2: Every other number between 4 and 400 appears at least once. 

 

Mathematician: Here is another question.  If you had a number between 4 and 400 and you 

wanted to find out if it was a prime or if it had any factors other than itself, would it be enough to 

look at this table? 

 

Student 2: No, because for example, 69 does not appear on this table, but 69 = 3 ³ 23, so it is 

not a prime. 

 

Mathematician: So would you have to try every number from 2 to 68 to see if it divides 69? 

 

Student 3: I donôt think so.  For example, at least one of the factors would have to be less than 9. 

 

Student 1: Why? 

 

Student 2: Because if both factors were 9 or more, then their product would be 81 or more. 

 

Mathematician: Where did you get 9?  

 

Student 3: I was thinking about squares.  The first number whose square is more than 69 is 9. 

 




