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Winding Games

Section 1. Warmup

Mathematician: Tell me class, when you are counting posittegers, does it ever stop?

Student 1: You mean when you are counting 1, 2, 3
Mathematician: Yes, does it stop?

Student 2: Well, | de-- when | get tired.

Mathematician: And we all get tired at different times. Is there some number where evergboaly h
stop?

Student 2: No, it just goes on and on.

Student 3: Right, and if you get tired, | can take over and then later someone else takes over from me.
Mathematician: Can you think of any kind of counting with a definite place where everyone stops?
Student 1: When you are counting hours on a clock?

Mat hemati ci an: Right . And | am sure you can th
all of the examples you can think of.



Section 1 Worksheg& 1

Directions: List as many examples as you can find of situations

Class Work where you stop counting at a definite point.
Situation Number of steps
Hours on a clock 12



Mathematician: Here is another example of a situation where the codogsgot go on forever but
stops and starts over again: the years of the Chinese Zodiac.

Student 1: What is that?

Mat hemati ci an: Wel | , |l et 6s read about it .

The Chinese animal signs are ayEar cycle used for dating the years. They represent a dyclici
concept of time, rather than the Western linear concept of time. The Chinese Lunar Calenda
on the cycles of the moon, and is constructed in a different fashion than the Western solar ce

In the Chinese calendar, the beginning of the falr somewhere between latenuary and the
middle of February.



Student 2: Thatodés pretty interesting. Wher e ca
Student 3: Just go to the web.

Student 2: What address should | use?

Student 3: Do a search on, maybe, Chineskato

Mathematician: That sounds like a good idea.



Section2. Direct Winding Game

=P Rules for the  Direct Winding Game

1 The teacher places Tthinese Year icons on 12 chairs evenly spaced in a circle.

1 A student goes to one of the chargd stands or sits in that position for the entire gafies
is the starting position and the student is the Wind Marker.

1 The class selects a numberofvend (i n our wusage, the word Awi
rhyme with Af i ndhnésg yearsangan exgaenamberwigich s 8ne
0,1,2,3,e,11.

1 A second student is selected as the Step Walker and a third student as the Increment Walker.
1 The Step Walker starts at the position of the Wind Marker and walks around the circle. The
class counts the chairs that the Step Walker comes to, beginning with 1 for the first chair past the
position of the Wind Marker. These are called steps.

1 Every time the Step Walker returns to the start position, the Wind Marker calls out the number
of complete turns around the circle the Step Walker has made. When this reaches the number of
winds agreed on by the class, the Wind Marker asks the Step Walker to stop.

1 At this point, the Increment Walker begins at the start position and walks thenartber of

steps agreed on by the students. The class continues counting the total number of steps taken by
the two Walkers.

1 The class announces the final number of steps it has counted.

PASTE DIAGRAM HERE



PLAYS OF THE WINDING GAME

Nameor Wind Step Increment Number  Number of Total
Number of Marker Walker Walker of Winds Increment Number of
Game Steps Steps



Mat hemati ci an: Okafewtimee W6 lsavepd select atnumber @f wimas, an
increment, a Wind Marker, a Step Walker and an Increment Walker each time we play.

Student 1: Do we use the same ones every time?

Mathematician: | think it might be more interesting if we chang#@. can use different numbers and
give lots of you chances to play the Wind Marker, Step Walker, and Increment Walker.

TRM: The teacher might want to make three funny hats with the titlgsnd Marker, Step Walker,
and Increment Walker for the students toear as they play these roles.

Student 2: Does the Wind Marker sit in the same place every time?
Student 3: Let the Wind Marker decide where to sit.
Student 1: What direction should the Walkers go?

Mathematician: As a matter of fact, it does not sealhtter as long as we pick one direction and stick to
it through the game.

Student 1: Icleckwisse. go count er
Mathematician: Okay, class?

Class: Okay.

o
(2]

Mat hematician: Okay, | et
on everything you see.

do it that 1iednotes but

Class: The class plays the game several times.

MathematicianOkay, nowt hat we have played the game sever al



Section 2Worksheet: 1

dividual K Directions: Write a brief essay describing wiat happened in our
Individual Wor plays of the Direct Winding Game. Use complete sentences and

make sure to talk about what you noticed, why you noticed it, where
and when you noticed it.




Sectbn 2 Worksheet: 2

Directions: Put together the individual essays of yar group
GrOUp Work members to form a single essay that represents everything that your

group saw happening. When you are finished, post your group
essays.
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Sectbn 2 Worksheet: 3

.. Directions: Look over your group essay very carefully and list all of
Individual Work the important features in it.

11



Sectbn 2 Worksheet: 4

Work Directions: Combine all of the features listed by members of your
GrOUp or group. Then organize them according to what you see as broad
categories. Name the categories a

list on the table below. Post your table.

Feature Category

12



TRM: The teacher may wish to skip Worksheet: 4 and move directly to the special categories in
Worksheet: 5. The students already did general categories ip Line so the teacher can decide if
they need to do more.

Mathematician: Do you recall from other units we have worked with what categories of features were
important for us?

Student 1: | remember objects.

Student 2: And there were people too.

Mathemaician: Did we consider people and objects separately?
Student 1: No, because they both are referred to by names.
Mathematician: Any other features?

Student 2: Actions

Student 3: And relations.

Mathematician: Right. These are the features that withbst important for us: people or objects,
actions, relations. You can see which of your features fall in which of these three categories.

13



Sectbn 2 Worksheet: 5

K Directions: Li st al | of your groupo6s feat
GrOUp Wor the table below. Inthe second column, indicate which of our
categories the feature falls in. Post your table.

Feature Category --- people or objects, actions, relations,
or none of these

14



Mathematician:In all of these features, the most important for us will be: start position, number of
steps, number of winds, increment and end position. Now we are going to play the game several times
and fill in the values of these features ba following chart.

Student 1: What about the times we played before?

Mathematician: Well, if we can remember the values, we can include those as well.

Student 2: How are we going to keep all of these games straight?

Student 1: Maybe we could name egame?

s do that. So, for e a

(@)

Mat hematician: Okay, | et
name will be.

Student 1: What about the locations. How will we designate them?

Mat hemati ci an: We | | | et O sfiguremot b namé foredeheste@ o di ac a
Class: The class selects names and writes it on the picture of the step.

TRM: The teacher may wish to write the names of the Zodiac on the pictures beforehand and skip

this part. The purpose of students selecting namesthe games and the Zodiac pictures is to help

them develop ownership of the activity. This may be omitted at the discretion of the teacher.

Mat hemati ci an: Okay. Now, | etds play the game

Step Walkeland Increment Walker, pick the number of steps, play the game and then fill in the values
on the chart.

15



Secton 2 Worksheet: 6

Individual Directions: Enter the information for each play of the game.
Work
Name of Start Total # of | Total # of | Increment End
Game position steps winds position

16




Mathematician: Now we are going to write observation sentences about our experiences in playing the
game. Do you recall whabservation sentences are?

Student 1: Sentences about what happened.
Student 2: Al so about things that didndét happen

Student 3: | remember that the important thing about observation sentences is that you could tell from
your observations if they wereie or false.

Mathematician: Good. In the observation sentences you write, please try to include as many of the
features as possible.

Student 1: Which features?

Mathematician: Well, | especially want the features we talked about: people and objewuis, ac

relations. In fact, after your group writes a few sentences, | want you to list the people and objects, the
actions and the relations in your sentences.

TRM: The rationale for students writing false sentences as well as true sentences is tchieetp t

nderstand that being true or false has nothing to do with whether a statement is an observation
sentence or not.

17



Sectbn 2 Worksheet: 7

K Directions: Each group writes several observation sentences about
GrOUp Wor the plays of the Direct Winding Game using, amuch as possible,
the features: people and objects, actions, relations.

SENTENCES

People and Objects Actions Relations

18



Mathematician:Okay, now we are going to mathematize some observation sentencethaldiuect
Winding Game. | would like a student to pick a start locationveall around the chairseturning to
the starthree times while the class counts the steps.

A student walks around the chairs 3 times while the class counts.

Mathematician: Wat would be an observation sentence?

Student 1:

walked around the 12 chairs in the circle 3 times and made a total of 36 steps.

Student 2 : Thatobés People Talk, right?
Mathematician: Right. What do we do with it?

Student 2: We changetit Feature Talk.

Student 3: How do we do that?

Student 1: Well, we have to involve the features somehow.

Mathematician: Which of our features is this sentence about?

Student 2: Well, there is the number of winds walked.

Student1: Tht 6 s 3!

Student 3: Right.

Mathematician: What else?

Student 1: The total number of steps, which is 36.
Student 2: But where does the 12 come in?

A

Mat hematician: I tdés the number of steps in a wi
game. What about the Start position?

Student 1: Should we take that as the Benchmark?
Student 2: So that makes it O like in our graphs.
Mathematician: Very good. Any other important features?

Student 1: Wel | , the table we made has Al ncr eme

19



Mathemaician: What is the increment in this sentence.
Student 2: There isndét any.
Mathematician: So what should we take for our increment?
Student 3: | say 0!

Mathematician: Okay. So let me summarize. The Start position is 0, there are 12 steps ithemind,
were 3 winds and no increment. Can you use these to express the sentence in Feature Talk?

Student 1: Starting at 0, walking 3 winds of a circle with 12 chairs makes 36 steps.
Mathematician: How did you g867?
Student 1: We counte®b steps.
Student 2: | added?2 + 12 + 12and got36.
Student 3: | just multiplie@ times12 and | got36. | do it like this,

12

x 3
36

Mathematician: Can you explain that?

Student 3: | sag times2 is 6 and put dowr6. Thereis nothing to carry, so | d®timeslis 3 and | put
down3.

Mathematician: That is called a multiplication algoritfinctionary Term)

Student 2: | can also do it with my calculator!

Mathematician: Good. All of these are ways to multiptyimes12. You can use whichever method
you want but you should always remember itnes12 meanghat you start witl® and addlL2 three
times.

Class: Okay.

Mathematician: Now, how would you express the statement

Starting at 0, walking 3 winds afcircle with 12 chairs makes 36 steps

20



with mathematical symbols?

Student 2

Student 3: And that leads to:

3 x12 =36

Mat hemati ci an:

woul d

Let 6s

use dfHl o f

practice

or toi

me s

t hat .

and

21



Section 2 Exercise: 1.Directions: For each ofthe following, figure out the total number of steps,
describe the walk in Feature Talk and write an Abstract Symbolic
Representation (ASR) that represents the walk.

1. A walk of 5 times around the circle of 12 chairs.

Feature Talk

ASR:

2. A walk of 3 times around the circle of 12 chairs.
Feature Talk

ASR:

3. A walk of 7 times around the circle of 12 chairs.
Feature Talk

ASR:

4. A walk of 2 times around the circle of 12 chairs.
Feature Talk

ASR:

5. A walk of one time around the circle of 12 chairs.
Feature Talk

ASR:

6. A walk of 5 times around the circle of 12 chairs.
Feature Talk

ASR:

22



Mathematician: Terrific! Now, lets bring in the increment. Change the sentence to:

walked around the 12 chairs in the circle 3 times to natké @&f 86 steps
and then walked past 7 more chairs to bring the number of steps to 43.

TRM: The teacher can decide if it would help to actually have someone do this walk.
Student 1: Everything is the same except for
Student 2: Can wdo the Feature Talk for this sentence?
Student 3: | can! It would be,

Starting at 0, walking 3 winds of a circle with 12 chairs and 7 more steps makes 43 steps

Mathematician: Great! So if we use the same Abstract Symbolic Representation, whatdabwatd
A7 more chairsbo

Student 1: Plus 7, of course!
Student 2: So the equation becomes:
3x12+7=43
Student 3: Dondot we need parentheses?
Student 2: Oh, sure!

(3x12) +7 = 43

Mathematician: Or, we could just agree to always do multipticati bef or e addi ti on.

hierarchy conventioiDictionary Term). We talked about these conventions in Trip Line.
Student 1: Which is correct?

Mathematician: Using parentheses is correct and, if you have made that convention, then tieémsing
in a sentence like this one is also correct.

Student 4: | thought that in math, there is always only one correct answer.
Mathematician: As you can see, that may not be so. We will do it both ways.
Student 4: Okay.

Student 2: What happened to tart Position?

23



Mathematician: What was the Start Position?

Student 2: 0.

Mathematician: So what should we have written?

Student 2: 0 + (3 x12) + 7 = 43

Student 3: And we just dondét write O + wen the s
talked _about that in Trip Line when we were interpreting these integers as movements, locations and
operations.

Student 4: Now they are steps around the circle.

Mathematician: Right and we will see that in this new interpretation we are goingtaniber of
steps will not be integers but a different kind of numbers.

Student 1: What kind of numbers.
Mathematician: You will see in a little bit.
Student 2: That sounds interesting.

Mat hemati ci an: Letbs practice with it.

24



Section 2 Exercise: 2 Dir ections: For each of the following, figure out the total number of steps,
describe the walk in Feature Talk and write an Abstract Symbolic
Representation (ASR) that represents the walk.

1. A walk of 5 times around the circle of 12 chairs and then 3 chare.m

Feature Talk

ASR:

2. A walk of 3 times around the circle of 12 chairs and then 5 chairs more.
Feature Talk

ASR:

3. A walk of 7 times around the circle of 12 chairs and then 8 chairs more.
Feature Talk

ASR:

4. A walk of 2 times around the circtd 12 chairs and then 11 chairs more.
Feature Talk

ASR:

5. A walk of one time around the circle of 12 chairs and then 9 chairs more.
Feature Talk

ASR:

6. A walk of 5 times around the circle of 12 chairs and then 5 chairs more.
Feature Talk

ASR:

25



Mathematician: Okay. Now look at the chart you made in Worksheet: 6 from playing the game several
times. Can you write one sentence that describes what happens all those times? What is the same even
time?

Student 1: The Start Position is always 0.

Student 2: And a wind is always 12 chairs.

Mathematician: So what would be a Feature Talk sentence that describes all of the walks?

Student 1: Starting at 0, making a number of winds, adding a few more steps comes to a total number of
steps.

Mathematician: @od. And what do we have to do to get the Abstract Symbolic Representation?

Student 1: We have to do something with fAa numb
stepso.

Mathematician: Do these change every time the game is played?
Student 1: Yes.

Mathematician: So what do we call them?

Student 2: I 6m not sure.

Mathematician: Do you remember, in other units, we talked about variables, constants and domains?
You can look in your notes to help you remember.

Student 2: A variable is aymbol that represents any value in a certain set.
Mathematician: And what is that set called?

Student 3: The domain of the variable.

Mathematician: Good. What about constants?

Student 1: A constant is a symbol that represents a specific value.

Mathematician: Good. So what are the variables and what are the constants here?
Student 1: The number of chail® is a constant.

Student 2: The number of steps and the number of winds are variables.

~

Stident 3: And so is the number of fa few more s

26



Mathematician: Good. We will call those few more steps the remainder (Dictionary Term).| Motv,6 s
choose letters for our variables.

Student 1: nWef opbpufdumber iof windso.
Student fo2:f orAmmad if ew more stepso.
Student to3 iooAmd mMumber of M@Astepso.
Mathematician: And then what would the equation be?

Student 1nx12 + f =1t.

Mathematician: Good, but when multiplying a letter times a number, a mathematician will not write the
x and will write the number first.

Student 2:So the equation would d&n + f = t.

Mathematician: Very good. Now, what are the domains of these variables?

Student 2: The domain afis the set of all counting numbers.

Mathematician: Could there Bawvinds?

Student 2: | g u dosasythmq@ . You just donot
Student 3: That means that the domain iafall counting numbers aril

Mathematician: One way to express that is to say the set of all whole numbers, thahegatre
integers.

Student 2: | see.

Mathematician: What about the domaf t?

Student 1: The same: the set of all whole numbers.

Mathematician: Good. And finally, what abd@t

Student 3: That must be the set {0, 1, 2, 3,4, 5, 6, 7, 8, 9, 10, 11}.

Mat hemati ci an: Whbgl2oranoré?t t he val ue of

Student 3: Beasse if you had 2 or more left over, you could make another wind.

27



Mathematician: Very good. Now there are some conventions about what symbols are used. They are
not very strict and there are some variations, but we can use them sometimes. For exsiegueyf
findb, we s o m@got;i rdeosw euisoefrofieamn drtehwdrulfd be uds.ed i nste
Student 2: So the equation would be,
12q+r=n
Mathematician: Right, we use this a lot, but sometimes we use instead,
12b+r=a
StudentlYou di dnrd6t change
Mathematician: Can you imagine why not?
Student 20 Btexrmdisef dir Aremainder 0?
Mat hemati ci an: Right . Now | etds reflect on thi
order instead of
n=12q+r
Student2: Well, the walker doeg winds, adds steps and the resultms So that order seems right.
Mathematician: And did we really need to be told the valuetofwrite this equation?
Student 1: No, we could figure it out.
Student 2: By multiplying) times12 and adding.
Mathematician: Good.

Student 3: But at2qArcnandn~e2qt+wioe sang2 at i ons

Mathematician: Yes, they are the same mathematically and, in fact, this is an example of what we call
thesymmetnyproperty(Dictionary Term)of the equality relation.

Student 1: What do all those words mean?

Mathematician: Well, for a relation like equality, symmetry means that you can reverse the order and,
mathematically, the equation is the same. We will return to relati@hsyemmetry later in this unit.

Student 2: Are the two equations different in any way?

28



Mathematician: Well, we have different interpretationd2d + r = nandn = 12q + r. The first we
interpreted as performing the multiplication and addition tongdthe second can be thought of as
breakingn down into a multiplication and addition.

Student 3: So the same mathematical idea can have different interpretations.

Student 2: Just like subtraction wheré b was the location od compared to the locatiarf b é
Student 1: And also the movement you have to make to go from the locatiom thke location ofc.
Mathematician: Right. Now in these calculations, can you say anything about the v&lue of
Student 1: It could be 0?

Mathematician: How bigan it be?

Student 2: It has to be less than 12.

Student 1: Why?

Student 2: Like we said before, if it got up to 12, you would have another wind.

Mathematician: Good. Now you can practice writing this type of equation.

29



Section3. Reverse Winding Game

Mathematician: Now we are going to play the Reverse Winding Game which is the opposite of the
Direct Winding Game

Student 1: Is that opposite like positive and negative integers are opposites?

Mathematician: Actually, there is a sense in which the angwes, and you may see that as we play
the new game.

TRM: The Chinese Year icons should have on them the names from Section 2.

=P Rules forthe  Reverse Winding Game

1 The teacheplaces 12 Chinese Year iconsIihchairs evenly spaced in acba.

1 A studentgoes to one of thehairs and stands or sits in that position for the entire gdimis.is
the starting position and the student is the Wind Marker.

1 A studentis chosen to be the Step Walker.

1 The class picks eard containing a countingumber from a pile of cards provided by the teacher
and the number is posted. This is the number of steps.

1 The Step Walkegoes to the starting position and walks around the positions as the class counts
with the student until the chosen numbéstepss reached.The Wind Marker counts aloud the
number of times the Step Walker completes a wind by passing the Wind Marker.

1 A student is chosen to be the End Marker and he or she goes to where the Step Walker has
stopped and sits down.

1 The Step Walkereturns to where the Wind Marker is sitting and walks in the same direction as
before to the End Marker. The class counts the number of steps and this total is the Remainder.

Mat hematician: Okay, | etds play t hdstqpaawinda f ew
Marker, a Step Walker and an End Marker each time we play. Also we have to decide on the direction

to wal k. As before, they can be different every
you see.

3C



Section3 Worksheet: 1

Individual Work Directions: Write a brief essay describing what happened in our
naiviaua or plays of the Reverse Winding Game. Use complete sentences and

make sure to talk about what you noticed, why you noticed it, where
and when you noticed it.

31



Sectbn 3 Worksheet: 2

K Directions: Put together the individual essays of your group
GrOUp Wor members to form a single essay that represents everything that your

group saw happening. When you are finished, post your group
essays.

32



Sectbon 3 Worksheet: 3

. Directions: Look over your group essay very carefully and list all of
Individual Wo rk the features in your Groupds essay

33



Sectbn 3 Worksheet: 4

Directions: Li st al | of your groupo6s feat
GrOUp Work the table below. In the second column, indicate which of our

categories the feture falls in. If a feature does not fall in any of our
categories, write ANone of theseo.

Feature Category --- people or objects, actions, relations

34



Mathematician:Again, the most irportant features for us will be: name of game, start position, number
of steps, number of winds, end position and inc
several times and fill in the values of these features on the following chart. Véscanclude the data

from the previous plays of this game.

35



Section 3 Worksheet: 5

Individual Directions: Enter the information for each play of the game.
Work
Name of Start Total # of | End Total # of Remainder
Game position steps position winds

36




Mathematician: Now we are going to write observation sentences about our experiences in playing the
game.

Student 1: Observation sentences are sentences abautw di d and di dndt happel
Student 3: And you have to be able to tell if the sentence is true or false by observing.

Mat hemati ci an: Right . Dondét forget to include
and objects, actions, relations.

37



Sectbon 3 Worksheet: 6

K Directions: Each group writes several observation sentences about
Group Wor the plays of the Direct Winding Game using, as much as possible,
the features: people and objects, actions, relations.

SENTENCES

People and Olpects Actions Relations

38



MathematicianNow we aregoing to mathematize some observation sentences about the Reverse
Winding Game.l would like a student to pick a start location and vaalkund the chairs f@6 steps.

A stueent walks around the chairs for 36 steps.
Mathematician: What would be an observation sentence?
Student 2:

To walk the36 steps, made three winds around the circle of 12 chairs.

Student 1: Wait a minute! This is just the same aséntence we did before.
Mathematician: Is it? What was that sentence?
Student 1: It was,

walked around the 12 chairs in the circle 3 times and made a total of 36 steps.

Student 2 That 6s not t he same.
Student 1: Why not?

Student 2Well before, we started with 3 winds and found that walking that many times around the
chairs made 36 steps.

Student 1: So?

Student 2: But this time, knows has to walk 36 steps and as that is done we
see that it take 3 winds.

Sudent 3: | see. Theyodore different.

Student 1: Okay.

Mathematician: Very good, students. Do you remember when we talked about the Reverse Winding
Game being the opposite of the Direct Winding Game in something like the way negative integers are
opposies of positive integers?

Class: Yes.

Mathematician: Well, the integ& can be interpreted as a movemen3 ahits in the negative
directioné

Student 1: And B8whehiHasmovement dupitpio tha poséive difection.
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Mathemattcian: Right. Now look again at our People Talk sentence:

To walk the36 steps,

What is it in Feature Talk?

Student 1: A walk 086 steps i3 winds around the circle df2 chairs.

made three winds around the circle of 12 chairs.

Mathematician: Right. Now, back in the Direct Winding Game, what did we say?

Student 1: We said,
Walking 3 winds around circle of12 chairs make86 steps.

Mathematician: Do you see that this is the opposite?

Student 2: Sort of. Before we hadavinds of12 steps and figured that thismagies t e p s é

Mat hemati ci an: Right . Thatodos multiplication.

Student 2: And now, we start wilé steps and figure that this3swinds of12 steps each.

Mat hemat i ci an:dvaion(Dictiomaeytedny cal | ed

Student 2: | see.

Mat hematician: Letds go on. What

Student 2: We take that 8dike before.

Student 1: And the remainderQs

Student 3: So the end positior3ia

Mathematician: So what would be the Abstract SymbolierBsentation?
Student 1: 36 = 3x12

Mathematician: Good. How come the remainder O&as

Student 2: Because when
position.

Mat hemati ci an: Good,. Sspposé et 6 st

r

y

finished the 36 steps, __ was right back at the Start

a hatl tofwéllebB e n t

steps?

4C
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Student 1: We have to play the game to see what that comes to.

Mathematician: Do you think we could do it without playing the game?

Student 2: Well, we could just count to 53 and have someone keegcowo f t he 120s.
Student 1: Yeah, but what about the remainder?

Student 3: We can just see how many steps are left when there are not enough to make another 12.
Mat hemati ci an: Letds try to do it together.
Class: 1, 2,3,4,5,6,7,8,9, 11, 12

Mathemat i ci an: Okay, how many 1206s is that?

Student 1: One.

Mathematician: And how much is left over.

Student 2: We have to take 12 away from 53.

Student 3: Thatos 41.

Mathematician: Okay, continue counting.

Class: 13, 14, 15, 16, 17, 18, 19, 20, 212X 24.

Mat hemati ci an: How many 126s now and how much
Student 1: Two 126s and ¢é

Student 2: 29 left over.

Mathematician: Again.

Class: 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36.

Student 3: Thatodés three 126s and 17 | eft over.
Mathemaician: One more time.

Class: 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48.

Student 2 So four 126s and 5 | eft over.
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Mathematician: Could we do it again?
Student 1: No.
Mathematician: Why not?
Student 2: Because t henotenoughtomake anottler1IP.ef t over an
Mathematician: So what would our observation sentence be?
Student 3: It would be,
To count 53 we counted four 126s and had 5 |
Mathematician: Very good. What would be an abstract symbolic representatios séritence?
Student 1:53 =4x12 + 5

Mathematician: Very good. This dsvision with remainde(Dictionary term) and we call what you just
wrote aDivision With Remainder (DWR) equatioAre there other ways to get the DWR?

TRM: The teacher may wisko pause here and give the students a chance to think of any other ways
to do it.

(@}

Student 3: We could also just countI®d s12,24, 36, 48 Thatdos 4 and we <can
subtract48 from 53 to get the remainder &t

Mathematician: Thas really excellent. Can you think of any other ways?
Student 4: We could do trial and error on multiplyinglizy
Student 1: How is that?

Student 4: Well3 times12is 36 and that is too small. Areltimes12is 60 which is too big, so it must
be4 times12which is48 and that is just right, so subtrai&from 53to get a remainder &

Student 1: Just like Goldilocks and the three bears!
Mathematician: This is really superb. Now you can practice doing several of these. You can do them
by caunting and noting each time you codi2t or by seeinghowmary26 s you can subtr a

countingbyl2d6 s; or by the Gol dil ocks method; or by so
you do it, once you decide howmath3d s, y ou h avgettheemandeb.t r act t o
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Sectbn 3 Worksheet: 7

Work Directions: Express each of the following numbers as a number
Group Wor times 12 plus a remainder. Then write which method or
combination of methods you used.

# of Steps DWR How we did it.
Equation

15

37

59

4
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Mathematician: Okay, now just like we did with the Direct Winding Game, we are going to use
variables and constants to write a single equation that can describe any play of the Reverse Winding
Game.

Studen 1: Sol2, the number of chairs is still a constant.

Mathematician: And what are the variables?

Student 1: The total number of steps.

Student 2: The number of winds.

Student 3: The remainder.

Mat hemati ci an: Letds chaaodese | etters to represen
Student 1: |l say Aro for remainder.
Student 2: And fAao for the number of steps, HAbod

Mathematician: Okay and then what does our Abstract Symbolic Representation look like?
Student 3:a = bx12 +r.

Mathematician: GoodBut remember, in mathematics, if we multiply a letter times a number, we write
the number first xand we dondét write the 0

Student 1: So it would bea = 12b +r.

MathematicianVery good. And whatwould be the domains of the three variakde® ,r.

Student 1: Wella andb could be any positive number @rbutré

Student 2: | think has to be betwedhand11l.

Mathematician: Strictly?

Student 3: No, it could b@or 11.

Mat hematician: Whyll2anét it be bigger than
Student 2: Because if itag12 or more, you could make another wind.

Mathematician: Very good. We have completed our first development of DWR, the Division with

Remainder equation. Now that we understand everything, we can introduce some standard notation and
terminology for te DWR.
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Class: Okay.
Mathematician: Sometimes, insteadaf 12b +r, we write,
D=12q+r

and we say that in this division with remainderjs thedividend 12 is thedivisor, q is thequotientand
r is theremainder(Dictionary terms).

Student 2Why do we give another name1@?

Mathematician: Because after the next section, we are going to play some winding games in which we
use numbers other tha2 for the number of steps in a wind.
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Section 4. A Clock Winding Game

Mathematician: Now ware going to play a winding game which is just like the games we have been
playing except we want to use whole numbers instead of Chinese Year Icons. What set of whole
numbers do we need?

Student 1: We neet 2, 3,4,5,6, 7, 8,9, 10, 11,.12

Mathemat i ci an: Yes, thatos for the number of step:
Student 2: For remainders we néed, 2, 3,4, 5, 6,7, 8,9, 10,.11

Mathematician: Good. Do you remember how we interpret negative integers?

Student 1: One way iti¢ opposite side @ on a number line.

Student 2: Another interpretation is a movement in the opposite direction.

Student 3: There are some others, too.

Student 4: Yes, when we were talking about multiplication,4ike5, then4 was an operatdhattold
you how many times to make the movemgnt

Student 3: | remember that if we hddx 6 then the operatod told you to make the movemedfour
times but in the direction opposite to the direction of the movefent

Mathematician: Excellent! In thsection we are going to learn how in some situations you can work
with opposite directions without wusing negative
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=P Rules for the  Clock Winding Game

1 Each team will be given papé&lock faces" withthedbur s 1, 2, 3, é12 f
team members.

1 The teacher, at her hisdesk in the front of the class will have pieces of paper with
integerswritten on them. Thetegersrepresent hours

1 We assume the start time for the game is noon. The olfj#ts wersion of the game is
to tell what time it will be a certain number of hours in the future (or in the past.)

1 The teacher wilgive each team an integerrepresent how many hours in the future

(positiveintege) or the past (negativiatege). The team musanswer the question:
What time is ithat mary hours in the future or past?

1 As soon as the team figures out the time, a member of theptestmthe original integer
and the answer.

1 The class decides if the answers are correct.

Mathematica n: Ok ay

, 0s play the game and record t
play, weoll ref t

on what happened.

The class plays the Clock Winding Game several times.
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Sectbn 4 Worksheet: 1

Directions: Record the results of the gamesn the chart.

ClassWork

Team Name Time Now  Elapsed Time What is the What we did to get the answer
(Past or Future) New Time
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Section 4Worksheet: 2

dividual K Directions: Write a brief essay describing what happened when you
Individual Wor played the Clock Winding Game. Use complete sentences and make

sure to talk about how you figured out the new time. If you thought
about winds, say what direction you went around the&lock and why.
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Sectbn 4 Worksheet: 3

Group Work

Directions: Put together the individual essays of your group
members to form a single essay that represents everything that your
group saw happening. Try to come to agreement on the method you
used to find thenew time. When you are finished, post your group
essays. The groups will report out on their essays and the class will
discuss them.
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Mat hemati ci an: Now, | etds see what the features
Student 1: Wonodot they be the same as before?
Mat hematician: Well, surely weoll have peopl e o
TRM: The teacher may wish to skip Worksheets: 4,5 and move directly to the special categories in

Worksheet: 6. The students already did general categgoin Trip Line so the teacher can decide if
they need to do more.
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Sectbn 4 Worksheet: 4

.. Directions: Look over your group essay very carefully and list all of
Individual Work the important features in it.
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Sectbn 4 Worksheet: 5

Directions: Combine all of the features listed by the group. Then

GFOUp Work organize them according to what you see as broad categories. Name
the categories and enter them with

bel ow. Post the groupb6s table.

Feature Category
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Sectbn 4 Worksheet: 6

Group Work

Feature

Directions: Li st al | of your groupos
the table below. In the second column, indicate which, if any, of the
categories people or objects, actions, relations thedture falls in.
Post your table.

Category --- people or objects, actions, relations,
or none of these
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Mathematician: Okay, we can see that a lot of theufeatin the Clock Winding Game are similar to
features in the Winding Games we did before. Can you mention some?

Student 1: We have the start.

Student 2: Thatdés al ways 12.

Student 1. There is also the number of winds.

Mat hemati ci an:hehat is a Awindo

Student 3: It means going around the clock through all 12 hours.

Mathematician: Right. Anything else?

Student 1: We have the increment, and the new time.

Mathematician: Are there any differences?

Student 1: Well, there is the directien pag time or future time.

Student 3: We can indicate that by the number of winds being negative or positive.
Mathematician: Notice that we have not ever used negative integers 2o you see why?

Student 2: Because we always take be one 00,1,2 , ¢, 11

Mat hematician: Good. Letdés put our informati

on the following chart.
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Sectbn 4 Worksheet: 7

C| Work Directions: Record the results of the games in Worksheet: 1 on the
assvvor following chart.

Team Name  Start time Number of Winds Increment  New time
(Positive or negative)
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Mat hemati ci an: Let 6s i magi n ehe followre PgoplesTalk sergenaz,n
Now it is noon and id1 hoursitwillbeS5o 6 c | oc k.
TRM: Notice that we have skipped the activity and the observation sentence and gone straight to the
People Talk sentence. This is because the students may be readgkie observations by imagining
an activity, in this case, the movement of a clock. If this is not the case, the teacher can have the
students play the Clock Winding Game with 41 hours.
Student 2: Feature talk would be,
41 hours from now is three timd hours plus hours more.
Student 3: And the abstract symbolic representation would be,
41=3x%x12+5.
Student 1: Just like before.

Mathematician: How did you know to take the number of winds t®wlkich is positive and no8
which is negative

Student 2: Because the People Talk sentence is about the time néfvremuts in the future.

Mathematician: Good. Here is a line diagram with hours indicated and showing this relation.

0x12 1x12 2x12 3x12 4x12

3x12 -—--+5--> 41
Mathematician: Can you explain what I did?
Student 2: You wrote down the multiplesld&fand found wherd1 came.
Student 1: It$ between 36, which Bx 12and48 which is4 x 12.
Student 3: And fron36 you neec more steps to get .
Mathematician: Very good. Can you write this description for some unknown imger

Student 2: It would be,
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1. Given the value ai, write down multiples ofL.2.

2. Find wheren is between two multiples df2.

3. Go to the multiple o12to the left. Call itgx 12.

4. Count how many steps frogrx 12 to n and call that.

5. Writen=qx 12+ r orn = 12qg+r.

Mathematician: GoodHow about a diagram?

Student 3: It would be,

Qr-momemmes 12- A A AAARX 12-mmmemmmmemmeees S — (@+1) X (12)----nn---
0x12 1x12 qxlz (q+1)X12
gqx12 ------ R >n

Mathematician: Very good.

Student 3: What would we dorifis exactly a multiple 012?
Mathematician: Ifn = 12q, then how far is it froni2gto n?
Student 1:0.

Mathematician: Right, so in this case, we just take.
Student 1: | see.

Mathematician: Time for you to practice.
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Section 4Exercise: 1. Directions: For each of the following integers, draw a diagram of

multiples of 12 and indicatewhere the given integer lies. Then,

determineq, r and an appropriate equation of the formn = 12q + «

1. n=25.

Diagram:

Equation

2. n=24.

Diagram:

Equation

3.n=47.

Diagram:

Equation
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4. n=15.

Diagram:

Equation

5. n=30.

Diagram:

Equation

6. n = 80.

Diagram:

Equation
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Mat hemati ci an: Letds try the following People T
Now it is noon so what time was4f hours ago?

Student 1: Easy. It would b&1 so we have times 12 which is"36 and we need a movement &to
getto "41. Soq, the number of windss 3 and r, the remaindeis 5.

Student 2: But | thought we saicdlways has to be one 0f, 1, .2, é, 11

Mat hemat i ci an: Tdeéte same steps gvd used befofe@ndlsee wwliashappens.

1. Write down multiples ot2.

2. Find wheren is between two multiples df2.

3. Go to the multiple of2to the left. Call itg x 12.

4. Count how many steps frogx 12 to nand call that.

5. Writen =qx 12+ r orn = 12qg-+r.

Student 2: Well the first step is to write down multipled ®fo catch41, but that means we should
write down negative multiples df2.

Student 1: 1 6m confused.

Mathematician: Right. Maybe it will helpvie play the clock winding game with chails.et 6 s hav e
some one start 42 and take41 steps around the circle, counting each step. The class can count the
winds.

Student 1: Il 61l wal k, but which direction do I
Student 2: To get#tlsteps, | thinkyou should maybe go countelockwise.

Student 1: Okay.

Student 1 starts at 12 and walks 41 steps in the negative direction. The class counts the winds.

Cl ass: One windétwo windséthree winds.

Mathematician: So onlI$6 steps in the negative directibave been taken with these three winds. If we
want to put41l steps between two winds, what do we have to do?
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Student 1: Make another wind.
Student 1 makes another wind.

Student 2: Now Student 1 has to come basteps.

Mathematician: Right! Maybeyp s houl d draw a picture of a
as we go through the five steps on the Bulletin Board.
Student 3: It would look like,
/1 S —— o] SRR 24- S M— o S 1
(4)x12 ((3)x12 (2)x12 (1)x12 0x12 1x12
Student 2: And next, we have to locat#.
Student 1:484nd8s bet ween
/1 S— 7 O 7 SO 24 12 S o — 1
(4)x12 ((3)x12 (2)x12 (1)x12 0x12 1x12

Mathematician: Very good. Continue.

Student 3: Our steps say we have to go to the multide oh theleft!

Student 48: Thatos

Mathematician: How many multiples o2 is "48?

Student 2: That ig multiples of12, just like4 winds in the countetockwise direction.
Mathematician: Excellent. So whatg8

Student 1gis 4.

Mathematician: Good. Maybe you put this in your diagram?

Student 3: It would be,
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g1 — T S— S Y N— g S— o —— 1

(4)x12 ------------- +7------ > (13)x12 (2)x12 (1)x12 0x12 1x12

Student 2: So for step 4, we mok@oursin the positive direction to go fro'48to 41
Student 1: Becausé8 + 7 ='41. Sor=17.
Mathematician: Excellent. And the last step?

Student 1: We writedl = (4)x12 + 7.

41 = (4)x12 + 7.

Mathematician: That is really verypgd.

Student 2:Wait a minute. | just noticed that fddwe got a remainder d and for41we get a
remainder of7 and5 + 7 = 12 Is there any reason for that?

Mathematician: What was the first answer that was proposed for the remainderddinedivided by
12?

Student 1: | saicb.
Mathematician: And now we have decided that4drthe answer ig instead of 5. So5 + 7 = 12and
7 replacess. Notice that even though the original in

anything but the quotient. That is something for you to think about for later.

Student 3: Okay, but now it seems to me that a lot of this is like what we did with adding and subtracting
negative integers.

Mat hemati ci an: That 0 trpretatigns of anintefe0c? you r ecal | our
Student 1: An integer is a position on the Number Line and a movement.
Student 2: And also an operator, in multiplication.

Mathematician: Right and where do you see positions, movements and operators in what we have been
discussing?
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Student 3: Well/48 and'41 are positions.

Mathematician: What abou®

Student 2: To get we compared the position 648 to the position of41.
Mathematician: And how do we express that mathematically?

Student 1: 141643. a subtraction,
Mathematician: And how might we do such a subtraction?

Student 2: We ask what movement will get us fféB8ito 41

Student 1: And we see that it'iBwhich is a movement in the positive direction.
Mathematician: What about operators?

Student2: We have4 which tells how many winds to make.

Student 3: Just like in multiplication liKet)x12. The 12 is a movement and tells us how many times
to make that movement.

Student 4: Counterclockwise in this case, becalisenegative.

Mathemattian: Very good. So winding around the clock is a lot like making a trip along a number line.
Class: Yes.

Mathematician: And what corresponds to our positive and negative directions on the line?

Student 2: Winding clockwise or counterclockwise.

Mathematician: Right. We can take either direction of the wind to be positive and the other direction is
negative. We have been taking clockwise to be positive, but it could be the otheksMang as we

pick one of the two possibilities and stick tontaverything we do, then everything will come out right.

Student 1: So which one will we use?

Mathematician: In this unit, we will always take clockwise to be positive and ceclattwise to be
negative.

Student 1: Okay.

Mat hemat i ci aacticee Now, | et ds p
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Section 4Exercise: 2 Directions: For each of the following integers, draw a diagram of
multiples of 12 and indicate where the given integer lies. Then,
determineq, r and an appropriate equation of the formn = 12q +

1. n="25.

Diagram:

Equation

2. n="24.

Diagram:

Equation

3.n=747.

Diagram:

Equation

[
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4. n=24.

Diagram:

Equation

5. n=15.

Diagram:

Equation

6. n=30.

Diagram:

Equation
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7. n="15.

Diagram:

Equation

8. n = 80.

Diagram:

Equation

9. n="35.

Diagram:

Equation

67



Mathematician: Do you remember when you were playing the Winding Games with the Chinese
Zodiac, you found the number of steps by multiplying the nurabeinds by12?

Student 1: | remember.

Mathematician: Well, now, did you use any method, or can you think of any method that we might call
the method of reverse multiplicati®n

Student 2: If the number of hoursa, you see what you can multiply bg and still stay undesl.
Mathematician: How do you determine that?

Student 1: By trial and error?

Mathematician: Just about. What do you do next?

Student 2: The highest multiple b2 you get is48 so you subtract that froBil to see what is lefbver.
Student 1: The answer3s

Mat hemati cian: Right. That 6s t he Mmethoddfrepaaedh o d
subtractior?

Student 1: You keep subtracti@id from 51. Do it once and you g8, subtract again to g&f7, and
thenl5and finally3 and that is the remainder.

Mathematician: Why?
Student 2: Because VZBsfromBandédt subtract any mor e

Mathematician: Very good. You can use either of these two methods to express an integer as a multiple
of 12 plus a remainder.

Student 2: You mean finding the quotient and remainder for some dividend?

Mathematician:Yes, we can do this witnany kinds ofjames like thevinding and cloclgames.
Student 1: Are they all different?

MathematicianTheyhave some differencebut theyare all based on the idea of beginning at some
point, moving along and eventually cycling back to the starting place. This is caljelica
phenomenon(Dictionary term) and one way to represent it is by a circle with positions marked off.

Student 1: Both the Winding Games and the Clock Game have 12 positions.

Mathematician: We will see that other numbers besi@esn be used.
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Student 1: Okay.

MathematicianThere ardots of other cyclic phenomena and other ways to represent tiiéonk in your
groups to think of some othergVrite them down on the following worksheet along with a short description
for each of what kind of game you might plain the next section we will play another kind of cyclic

game.
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Section 4 Worksheet: 8

Directions: On the following worksheet, describe a cyclic
Group Work phenomenon in the first column and next to iin the second column,
write a brief description of a game you might play with this phenomenon.

Cyclic Phenomenon Game
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Section 5. Days of the Week: A Calendar Game

Mathematician: Here is a new game based on the cyclic phenomenon of the days of the week.

=P Rules for the Calendar Game

1 Each team Wi be given papetcalendars” with dates organized according to weeks and
days of the week for all of its team members.

1 Theteachemill have pieces of paper wiihteges written on them. Thiateges
represent daysf the weekand wewill number the dgs according to how many days

past Sunday it is. So Sunday is day 0, Monday is day 1, Tuesday is day 2 and so on.

1 The teacher will write mintegeron the board to represent how many days in the future
(positiveintege) or the past (negativiatege). Knowing what day it is today, the team
must decide whatay it will be (or wasjhat many days in the futufpast)

1 As soon as the team figures out the day, a member of theptesisthe original integer
and the answer.

9 The class decides if the answare correct.

Mat hematician: Okay, | etdés play the game and

TRM: From this point on in this unit we will not always use observation sentences, people talk and
feature talkwhen the activities are all basicalljpe same as what we have been doing. In one way or
another there is a starting location, a movement around a circle a certain number of times, and an
extra number of steps less than a full wind. The feeling is that by this point, the students will have
learned how to analyze sentences describing such an activity and can go directly to the Abstract
Symbolic Representation. When the activities become different, we will return to the analysis of
observation sentences.
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Section 5 Worksheet: 1

Directions: Record the Calendar Game results on the following chart.

Group Work

Team Name Today Number of Days What is the What we did to get the answer
(Past or Future) New Day
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Section 5 Wolksheet: 2

. | K Directions: Write a brief essay describing what happened when you
Individual Wor played the Calendar Game. Use complete sentences and make sure
to talk about how you figured out the new day.
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Sectbon 5 Worksheet: 3

Directions: Put together the indvidual essays of your group

GrOUp Work members to form a single essay that represents everything that your
group saw happening. Try to come to agreement on the method you
used to find the new day. When you are finished, post your group

essays.
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Mathematicianin the Clock Game, we came up with a formula like,
D=129+ r , r = 0,1,2,6é,11
Can you explain what this means?
Student 1: You are using different letters this time.
Mathematician: Yes, a little different this time.
Student 2: Do you have any reador your choices?
Mathematician: Yes, but first, please interpret this equation.
Student 2: It means that ivhours you run throughwinds and have hours left over.
Mathematician: Good and suppose we just thougB, ofandr as integers?
Studen 3: It means that2 goes intdD a total of g times withr left over.

Mathematician: Good. That is what | am thinking in my choice of lett@rstand for thelividend
(Dictionary term) g is thequotient(Dictionary term), and is theremainder(Dictionary term).

Student 1: | sort of remember those words.
Mathematician: Does anyone know what we talin this equation?
Student 2: Is it the divisor?
Mathematician: Yes and how would all this look for the calendar game? Start with the equation.
Student 1: It is
D=7q+ r , r = 0,1, 2, ¢é, 6
Mathematician: How would you interpret that?
Student 2D days from now ig) weeks and days.
Student 1: Suppode is negative.
Student 2: Then it would d2 days ago.

Mathematician: So the future is pthge and the past is negative?
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Student 1: Just like winding in the countdockwise direction for past time.
Mathematician: Good and what would be the interpretation if you just used integers?
Student 3: It means th@tgoes intdD a total of g timeswith r left over.

Mathematician: And what about our terms?

Student 1D is the dividendgq is the quotienty is the remainder and, | thinkj s é
Student 2: The divisor!

Mat hematician: Terrific. Now | e tedander farla kpecid o u t
dividend when we are taking the divisor todheHow do we do that?

Student 1: We had two methods.

Mathematician: Yes, and now maybe we have a third, but first tell me what were the two methods we
used when we were dividing .

Student 1: We reversed the multiplication.

Mathematician: How did we do that?

Student 2: We asked what multiple 2 would get us to the dividend.

Mathematician: And how did we get the answer?

Student 1: By trial and error.

Mathematician: GoodAnd the other method?

Student 3: We subtractd®and kept on doi ngl2left until we didno
Mathematician: Yes. Now these two methods are not so easy to use when the dividend is a negative
integer. We actually have another method that widtsas well for dividends that are negativeegers

as it does for positiventegers

Student 1: Whatos that?

Student 2: |1 see what it i s! | t 12 a3nd sedvehich imeevald i d b
contains the dividend. That givgsu the quotient and to get the remainder, you count how many steps

from the left end of the interval to the dividend.

Mat hemati cian: That ods ver yD,goasliefore andNiostead ofibdok e a d
the divisor.
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Student 2: It is,

R (1 R e D SN (s 1 EE (L) R

Mat hemati ci an: Very ¢ 8ulainBoard. 8/hed gou Ipaveta list di stepssfdr e p s
solving a problem, it is called aigorithm(Dictionary Term).

DIVISION WITH REMAINDER ALGORITHM
1. Given the viaie of D, write down multiples ofl.
2. Find whereéD is between two multiples af.
3. Go to the multiple of to the left ofD. Call itqd.
4. Count how many steps frogal to D and call that.

5. WriteD =qd +r.

Mathematician: Do you think you can do this algorithm wien7?
Class: Sure.

Mathematician L e tndhe folsweng exercises we will uséfor the divisor. We will also call the
dividendn instead oD because very often, this is how mathematicians write it.
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Section 5Exercise: 1. Directions: For each of the following integers, determing, r and an

appropri ate equation of the formn = 7q + r. Indicate which method (reverse

multiplication, repeated subtraction, or multiples of 12) that you used and
give full details including a diagram where appropriate.
1. n=25.

Solution:

Detailed desagption of method:

2. n=24.

Solution:

Detailed description of method:

3.n=47.

Solution:

Detailed description of method:
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4. n="24.

Solution:

Detailed description of method:

5. n=15.

Solution:

Detailed description of method:

6. n = 30.

Solution:

Detailed description of method:

7. n="15.

Solution:

Detailed description of method:
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8. n=80.

Solution:

Detailed description of method:

9. n="25.

Solution:

Detailed description of method:
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Mathematician: | would like to show you an application of the Calendar Winding Game that you might
have fun with.

Stuckent 1:Fun is good.

Mathematician: What is the date today?

Class: February 23.

Mathematician: And what day of the week is it?
Class: Wednesday.

Mathematician: Okay, now can you figure out what day of the week February 23 will fall on next year?
How about last year?

Student 1: There is a calendar on the wall. Can we check it?

Student 2: My computer at home has a calendar for many years so | could use it to find out.

Mat hematician: Well, the cal endaelpyyn Atdlyer wal | i
computer at home wondét do you much good here in
it until February 23 next year.

Student 1: ltds not a Leap Year so there are 36

TRM: The teacher has to make an adjustmenttitioes happen to be a leap year.
Mathematician: Okay, can you imagine playing the Calendar Game if the dividend were 3657

Student 2: Well, let me see. We divide 365 by 7. | learned how to do that a couple of years ago.

Student 3: So the quotient is 52 and the remainder is

Mathematician: Now write that as an equation.
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Student 1: It is,
365 =52x7 +1

Mathematician: Okay, now what would happen if you played the Calendar Game starting not on
Sunday, it on because today is

TRM: Each student should write the appropriate day in the blank.

Student 2: Well, you would wind around the weeks 52 times.
Mathematician: And where would you end up?

Student 3: Back on !

Mathemaician: And what do you do with the remainder of 1?

Student 2: Go one more day.

Mathematician: So what day of the week will February 23 fall on next year?
Student 1: I Neal

Mathematician: Okay, now someone tell me her or his birth date.

Student 1: October 18.

Mat hemati ci an: Letbs see if we can figure out
What would we have to do?

Student 2: We have to figure out the number of days until October 18 next year.
Student 3 :365Maslthe numbehdd days $rom now until next October 18.
Mathematician: And how many days is that?

Student 1: We have to count the days in the months.

Student 2: Well, for February, we only have 5 more days.

Student 3: Then there are 31 days forMah, May, July, August. That 0
Student 1: Plus 5 for February which makes 129.

Student 3: Then there are 30 days for April, June, September which is 3x30 or 90 so we have 214.
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Student 2: Plus 18 days @ctober.

Student 3: So thre are 232 days until next October, and we have to add 365 because we want next year.
That gives 597 altogether.

Mathematician: So what do we do now?
Student 2: We do some calculations and write,
597 =7%x85 + 2
Student 1: So my birthday next year vii# on Friday, two days after Wednesday. Wow!
Mat hemati ci an: Letdbs have another birthday.
Student 2: My birthday was January 3.
Mat hematician: Well, donét tell us, but do you
Student 2: Yes.
Mat hemat i ci a rureit ddkaadyyou tell estif Weswerke rigot.

Student 1: Well, from January 3 there were 28 days left in January and another 23 in February which
makes 51.

Student 3: So we divide by 7 and write,
51 =7x7+2
Student 2: Oh no, ssugpaseddose negative.r i ght cause 1t
Mathematician: Why?
Student 1: Because she already had her birthday.

Mathematician: You already learned how to deal with negative numbers in the Calendar Game, so what
do we do?

Student 3: We take the number of days to hehtbay to be51 so we have to d@ times7 and then go
one more/ in the negative diigion.

Mathematician: Can you make a diagram?

Student 3: It would be,

83



Mathematician: And what do we get?

Student 3:
B51=(8)x7+5
Mathematician: So what does that mean?
Student 1: |1 6m a |ittle confused.

Student 3: | thinkt means that thé'8)x 7 part takes us back to Wednesday again, so then we go
forward5 days to get Monday.

Student 2: Yes, my birthday was on a Monday.
Class: Hooray!
Mathematician: Okay, now we have a worksheet on which you can figure out theyday bfrthday

this year and a few years from now. After that we will have one which might be a little hard but could
be a lot of fun.
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Section 5 Worksheet: 4

Directions: For each student in the group, figure out what day her or

GFOUp Work his birthday fell on or will fall on this year. You can check the result
on a calendar or by your memory. Then figure out what day of the

week it will be when he or she is 30 years old.

Birthday Day of Birthday = Age Day of Birthday at

Name
this year Age 30
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Section 5 Worksheet: 5

Group Work

Name

Directions: For each student in the group, figure out what day he or
she was born on. To check this you can ask your pamts or go to the
county registry and look it up. Or some of you might be able to get
the information from your computer.

Age Birthday Day of Week
when born
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Section 6. Division with Fractions and Factoring

MathematicianL et 6 s revi ew our basic division with rem

D=qd+r , r 40,

Whatd o t he 1Da,qd fdobjicefistfand f or o
TRM: Teacher should ask the studentstoreadshe A Capi t al Do, dAlittle do
Studebot ils: tihedodi si dbmeddi @i sor ,
Studeagqot i%3: tifhe quotient,
Studentro3i sAndtheiremainder .
Mathematician: Good and what does the equation mean?
Student 2: It means that the number of timgees intoD is g and the remainder s
Mathematician: What numbers have we used for the didizor
Student 112 and7.
Mathematician: What was the situation thatnd7 referred to?

Student 1: We uset for the years in the Chinese Zodiac and tloelc We used for days of the
week.

Mathematician: Are there other situations you can think of that would give different numbd?s for
Student 1: If we did months of the year, we would still 1&e

Student 2: We could do the days in a particulantmosay April so we would us39.

Student 3: We could use a 24 hour clock.

A

Mat hematician: Good. Letds see how many we can
phenomena we did before.
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Section 6Worksheet: 1

ClassWork

Situation
Chinese Zodiac
Clock

Days of the week
Months of the year
24-hour clock

April

Directions: Fill in the r est of the following table with cyclic

situations and corresponding divisors. Post the result.

Divisor
12

12

7

12

24

30
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Student 1: Let me se2times12is 24 and3times would be86 so | only have a quotient @ Then |
subtract24 from 33 to get the remainde®, So | get,

33=24+9=12x2+9

Mathematician: Good. Suppose we divided each term in that equation by the Havi¥éhat would
we get?

Student 2: We would get,

Mathematician: What do we cajlq_ig andl—gz?

Student 1: They are fractions.

Mathematician: Good and we can dastith any division problem so can you do it for our general
equation?

Student 2: | think it would be,

D
d

o=

Mathematician: Very good. Here is how this would look in the way we sometimes write out a division.

Now | etds go back to the cmxammfpommeramamd%.ocmn(yowt t h

write this in another form?

Student 1: It is the same %&
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Mathematician: How do you get that?

Student 2: | remember that you can divide the numerator and denominthtbyBso they cancel.

Mathematician: Okay, that is a procedure you learned. We say that we have reduced thel—gtzratction

itslowesttermsj—r. Letds do some practice t o abostivhiygamh vy o

do this.

TRM: We assume that this discussion of fractions is review for the students.
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Section 6 Worksheet: 2

Individual Work

Directions: Reduce the given fractions to lowest terms.

Original Fraction

Lowest Terms

Original Fraction

Lowest Terms

10
16

12
16

14
16

3
18

8
18

10
18

12
18

14
18

10
20

12
30

20
20

28
42

30
42

105
120

E|'5 YR 'E|N5|©'S|°° NIN|olo|olojolv|olsoivol Molw|olN|sN

48
120
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Section 6 Worksheet: 3

Individual Work Directions: Explain in as much detail as you can what
you did to reduce a fraction to its lowest terms. Write

out your explanation in complete sentences and also in
symbols using any symbolic representations that you

wish.
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Section 6 Worksheet: 4

Individual Work Directions: Respond to the following questions.

1. What happened when you tried to reduce the fracgictn lowest terms? Explain why this

happened.

2. Why do you think we didnot put ia? any fractio

3. What feature must the numerator and denominator share in order for the fraction to be reduced
further to arrive at lowest terms?
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MathematicianL e g tadk a little about this reduction of a fraction to lowest terms. Do you recall what

you said when | asked how you chang%] to% ?

Student 2: | said that you divided the numerator and denomina®aiy then cancelled ti8s.

MathematicianRight. | want us to understand what this canceling What do you mean when you
say that you can divide 87

Student 2: | meant that if you divide Bythe remainder i6.

Mathematician: Can you say that using the wordtiple?

Student 2: Botl® and12 are multiples o8.

Mathematician: Good. Caroy write the fractlonl—2 with the numerator and denominator showing the

multiples?

Student 3: It would be,
333
334

Mathematician: So are you saying that this is the san?{é?as

Student 3: Yes.
Mathematician: Right and we have to think a little to see why. Do you recall any interpretations of a
fraction like 3 ?
4
Student 2: Well, one interpretation is that you take something and divide 4t éaal pieces.
Student 1: Ad then take3 of those pieces.
Mathematican: Can you show that in a fuice?
Student 1: Here is one way

1,9,9,0.9,0,:0.0,.0,0.0.0,:0.0.0,0.0, QD 9.0,0.9,0,0.9,0,0.9,0,0.0,0,0.0, QD 0.0,0.0.0,0.0,0,0.0,0,0.0,0,0.0 ¢

Mathematician: Good, and how abol%?

Student 1: That would be dding the same thing int&2 equal pieces and takir@ypf those, so it would
look like this,
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XXXXX XXXXX XXXXX XXXXX XXXXX XXXXX XXXXX XXXXX XXXXX

Mathematician: Very good. Now look at both diagrams together.
XXXXXXXXKXXXKXXKXK  XXXXXXKXXKXXKXKKX XXXXXXXKXXXXKXXKX
XXXXX XXXXX XXXXX XXXXX XXXXX XXXXX XXXXX XXXXX XXXXX

Student 1: The shaded portions come to the same amount in both.

Mathematician: So this is one meaning we have when we \%ritel% and say thatg and1—92 are

equal.
Student 1: | see.
Mathematician: Now, do you recall that division can also be interpreted as reverse multiplication?

Class: Yes.
Mathematician: So how would you interp%tas reverse multiplication?

Student 3: This fraction is what you have to multiblyy in order to ges,

3
Mathematician: Good and how would you make this interpretatio?g—zfowhich isg3 2?

Student 3: The first fraction is what you have to multipBby in ordertoge® and t hat 6s t h.
the second fraction which is what you have to multg»y by in order to geBx3.

Mathematician: And do you see that what you have to mulBipfyby in order to geBx3 is the same
as what you have to multipl/by in order to geB?

Student 3: Sort of é&.

Mat hematician: Well, | e ktbBedractios we have © slitiphaby in ordeu p p 0 s
to get3.

Student 1: S@x = 3.
Mathematician: Now what happens if we multiBy4 by this same?

Student 1: We get,

(3x4) X = 3 (4X) = 3x3
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Mathematician: So thisis also the number you have to multi@ly4 by to get3x3. What does that
mean?

Student 1: It means thats also the numbegrou can multiply3x4 by to get3x3.
Student 2: BuBx4 =12and3x3 =9.

Student 3: Sacis also the number you can multid by to geto.
Student 2: That means thais also equal tel%.

Student 3: So

9 3

— = X= —

12 4
Student 2: Which means that

9 3

—_ = X = —

12 4

Mathematician: And that is why we can cancel.
Class: Okay.

Mat hemati ci an: Letds practice with a few of
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Section 6 Exercise: 1

Individual Work Directions: Reducing a fraction to lowest terms

Use the first row as a model and reduce the fractions in the remaining rows to lowest terms.

Fraction  Factor Numerator Multiply by a Multiply by 1 Fraction Reduced
and Denominator  Fraction to Lowest Terms

F4

3.4 3.4 4
19 L

19 19 19

U'I|l—‘
~IN
wlw

01|oo
uglo

J>||\>
©loo

OO|U'I
oolon

=
o
N

[e2]
o)

s
oolho
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Mathematician: What we have been doing just now is cé#letbring (Dictionary Term). When we
write the inegerl2 as3x4 we say that wéactor 12. What do you think we call the numb&and4?

Student 2: Factors?

Mathematician: RightA factor is a number that divides another number. For exardea factor of
12, 3is a factor ob, 5is not a factoof 18, 1is a factor of7, 7 is a factor of7.

Student 1: So what is factoring?

MathematicianTo factor a number is to break it down into all of its factors untilyomadt go any
further. For example:

12 =2x2x3, 30=Xx3x5, 7=x7
so this shows the results of factorih? factoring30 and factoring/.
Student 1How do you know when to stop?

Mat hemati cian: You st op wh eanyoftbesfactorayowgotsdfarnd any
except forl and the factor itself. To do this isfactor the original number completely

Student 1: So factoring a number completely means to find all the factors.

Mathematician: Not exactlyzor example, in factong 30, we display its factorg, 3, and5. But there
are other factors &0 such a$ and 15and, of coursé& and30itself. What aboutl2? What is the
result of factoring it and what are all its factors?

Student 2: The result of factorid@ is12 = 2x2x3 and the factors df2 are:1, 2, 3, 4, 6,12

Mathematician: Very good. There is one more thing for you to notice. Look at these two examples of
complete factoring 080.

60 = 2x30 = 2x 2x15 = 2x2x3%x5
and
60 = 6x10 = 2x3%x10 = 2x3x2x5
Student 2: The two results are the same except for the order.
Student 3: And because multiplication is commutative, they are actually the same.
Student 1: They start out different but in the end, they are the same.
Mathematician: Right. ¥en though you castart your factoring in different ways, if you keep going

until there are no more factors, then you always get the same answer, except for the order of the factors!
So the two factorizations are the same except that they are listed in different orders.
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Student 1: Can we do anything about the order?

Mathematician: Yes, we can just reorder them so they are exactly the same.

Student 2: Does it always come out the same?

Mathematician: Yes.

Student 3: How do we know it always comes out the same?

Mathemat i ci an: Well, thatdos the result of some pr

about i1t | ater on, but for now, | etds practice
return to this topic later.
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Section 6 Exercise: 2

Individual Work Directions: Do the indicated factoring.

n Complete Factorization ofn Factors ofn
18 18 = 2x3x3 1,2,3,6,9, 18
4

5

10
11
15
16
19
20
21
24
36
39
43
44

45

10C



Mathematician: Did you notice that for some of these numbers, the only factors they hHhaadtbe
number itself?

Student 1: Surés, 11, 19and43.

Mathematician: We call such a numbgsrane numbe(Dictionaryterm). Also, did you notice that
very often, two numbers have some factors in common. For example, what are the fad@&arsdaif?

Student 1: The factors dBare: 1, 2, 3, 6, 9and18.

Student 2: The factors dfarel, 2, 4

Mathematician: Whatumbers are factors of botl8 and4?

Student 31 and2.

Mathematician: An@ is the largest of these commonttars, right?

Class: Right.

Mathematician: We call this largest factor tireatest common divis@Dictionary term) of the two
numbersl8 and4. Sometimes we abbreviate it@ED and writeGCD(18,4) = 2 What would we

write for 18 and24?

Student 2GCD(18,24) =6

Mathematician: Right Now, back in Worksheet 4, you answered three questions. Lets see if we can
express the answers to th@geestions using the terms we have just been discussing. Here is the first
guestion from Worksheet 4:

What happened when you tried to reduce the fracgicm lowest terms? Explain why this happened

Student 1: We atoul dndét reduce it
Mathematician: Right. Why not?
Student 2: Becaudeand8 have no common factors.
Student 3: Exceptfatwh i ch woul dndét give any reduction.
Mathematician: Right. Now look at the second question from Worksheet 4:
Why do you t hi nkfraatiens ith which Dis in thbeudénoninatora n

Student 2: Becauséis a prime number, so there would never be any reduction no matter what the
numerator is.
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Student 3: Actually, if we had the fractics%r1 we could reduce it.

Studen 1: To 3 or%.

Mathematician: Very good thinking. And now the last question:

What feature must the numerator and denominator share in order for the fraction to be reduced
further to arrive at lowest terms?

Student 2: The nuarator and denominator need to have at least one common factor othker than

Mathematician: Can you express that algebraically uSid? Suppose the two numbers werand
b. What would be the condition that guarantees there would be more reduction.

Student 3: It would be,
GCD(a,b) > 1.

Mathematician: Excellent. |think you are ready for some new mathematics that we will do in the next
section.

10z



Section 6 Exercise: 2

Individual Work Directions: For each of the following pairs of numbers,
calculate the GCD.

1. 18,20

GCD(18,20)

2. 6,20

GCD(6,20)

GCD(5,8)
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4. 15,5

GCD(615,5)

5. 20,18

GCD(20,18)

6. 21,42

GCD(21,42)
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7. 8,24

GCD(8,24)

8. 18,35

GCD(18,35)

9. 26,39

GCD(26,39)
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Section 7. New Clock Games and New Calendar Games- Making Do

MathematicianOne way of thinking about what we have been doing in this unit is that we are
treating different things as if they were the same.

Student 1: What do you mean?

MathematicianFor exanple, first suppose it i8 hours pasi2. Then suppose it 54 hours pasi2.
Then suppose it 86 hours pasi2. Think about marking these times on a clock.

Student 2: | wouldstart atl2 and for2 hours pasi2 | would move two points clockwisen the
clock.

Student 1For 14 hours pasi2 | would movel4 steps

Student 3: Wich means yowould take one complete wind 2 steps) which brings you back 1@
and ther2 more steps so you end up in the same pla@&oab c | o ¢ k .

Student 1For 26 hoursl would go twice around the whole clock and timore, ending a2
o6clock once again.

Student 3: Sosafar aghe clock is concerne@, 14 and26 are the same

Mathematician: Rightlt is the same for days of the week. Wednesd&ydmysafter Sundayilt is
alsol0days andlL7 days after Sunday.

Student 1So for days of the weeB, 10and17 are all the same.

Mat hemati cian: Good. Letbébs play some games abo

=P Rules for a New Clock Game

1 The game begins by selectioge student to be the judge.
1 The teacher calls on a student to pick any positive integer whatsoever.

I A student is called on to find a number that is the same on the clock face. The
judge decides if it is correct.

1 Other students try to find as manymbers as they can that are the same as the
original number on the clock face. With each suggestion, the judge decides if it is
correct.

10¢



TRM: As the students play these games, the teacher should be on the lookout for and

encourage to discover algoriths for numbers that are the same. One is to divide by 12

and take the remainder. Another is to simply add 12. The students might discover that

with 53, for example, they can divide by 12 and take the remainder of 5. Then they can

add 12togetthat3, 7, 29, 41, ¢é are al/l At he samed as 53.
Mat hemati ci an: Letdos play the game a few times a
To keep things straight, we should name or number each game. After a few plays, we can

change the first number.

Studen 1: How i we find the numbers that are the same?

Student 2: We just make some winds and see where we are.

Mathematician: Right. Mathematicians say that the second number is equivalent (Dictionary
Term) to the first.

Student 1: | thought we said thage the same.

Student 3: But really they are different.

Student 2: So equivalent is a better word.

Mat hemati ci an: Letds pl ay.

TRM: The teacher may want to use a large clock posted for all students to see.



Section 7 Worksheet: 1

Directions: Record the results of the New Clock Game

ClassWork

Name or number  First number Number of Winds  Equivalent Number
Of Game

Mathematician: Do you recall our DWR ejion?
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Student 1: | think it means division with remainder equation.

Mathematician: Right and what was that?

Student 2: For example, if we dividé8 by 12, we would have,
53=4x12+5

Mathematician: Right. So what would be the first and secondeum

Student 15 is the first number an83is the second.

Student 2: So would we s&gis equivalent t®?

Student 3: But what about tA€? If we divided by something else, likethen we would gei3is
equivalent tat!

Mathematician: We use thermmod 12 (Dictionary term) to indicate th&2.
Student 1: So how do we say it?
Mathematician: We sa§3is equivalent t& mod12.
Student 2: And that comes from the equatkh= 4x12 + 5
Mathematician: Right. Can you write it as a subtraction?
Student 1: Sure. ltis,
53-4x12 =5,
Mathematician: Good. Mathematicians write this equivalence in symbolic form as follows:
531 5(mod12)
Student 153is equivalent td mod 12,

Mathematician: Good. Now suppose you did this for lots of different pairs of numbers. How would
you express that in a single expression?

Student 1: Use letters.
Mathematician: Right. So if yousedr for the first number,D for the second, angifor the number of

winds, what would you write?
Student 1:D =12q +r.

10¢



Student 2D - 12q=r.
Student3D [ r (mod 12)

Mathematician: GreatT hose ar e the three eitwmihttessi ons we wa
days of the week.

11C



==P Rulesfor aNewC alendar Game

1 The game begins by selecting one student to be the judge.
1 The teacher calls on a student to pick any positive integer whatsoever.
1 The class determines what day of the weekléads to, starting with Sunday.

1 A student is called on to find a number that, starting on Sunday, leads to the same
day of the week. The judge decides if it is correct.

1 Other students try to find as many numbers as they can that lead to the same day
of the week. With each suggestion, the judge decides if it is correct.
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Section 7 Worksheet: 2

Directions: Record the results of the New Calendar Game

ClassWork

Name or number Starting Day Number of Days Number of Weeks New Day
Of Game
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Mathematician: Often in mathematics, we start with the second number and try to find
what remainder it is equivalent to.

Student 1: Okay.

Mathematican: So if our number of days33, how many weeks would we have?

Student 1: We would have

Mathematician: And how many days are left over?

Student 12.

Mathematician: And what would we say?

Student 2: We would say thaf is equivalent t@ mod7.

Mathematician: And write?

Student 1:37[ 2 (mod7)

Mathematician: Good. We call the numf@an this discussion, the base (Dictionary term) and say that
we are working in basé The relation we have been working with is called equivalence mod 7
(Dictionary term).

Student 1: A lot of worsl

Mathematician: Yes, but with our activities, | think you know what these words mean.

Student 1: Yes.

Mathematician: Here is an activity you can do with equivalence mod 7 that might amuse your family
and friends.
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Section 7 Worksheet: 3

Group Work

Directions: Work as a group to use the idea of equivalence

to figure out the day of the week on which important events
occur. In the followig chart, some such events are given. You
should also make up some of your own.

After entering the date, calculate the number of days, in the
future or past, from toB®ands
forget to account for leap year$hen usenod 7to find the day

of the week on which the evemtcurred.

You may have to do some library work or web searches to find
the date of the original event in some cases.

Event

Date Number of Days Day of the Week

Martin Luthe
Birthday

Last Christmas

Your Birthday
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MathematicianYou have been doing a lot of work with equivalence mod 7. What other bases have you
used?

Student 2: Before with the clocks, were we working in bz

Mathematician: Yes and the numb@&rd.2 are not the only possible choices for the base. Here is a
worksheet that will give you some practice with different bases.

11t



Section 7 Worksheet: 4

Directions: Work as a team to fill in values for the following
GrOUp Work table. Let one member of tigeoup pick a positive number to
serve as the base another to pick any positive numtzeand a

third to decide to which of the numbé&rs 1 , A th&numbern
is equivalenmod n

Basen Number a

Equivalent to a mod n
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Section 7 Worksheet: 5

Individual Work

Directions: Use this sheet tarrite out everything yowcan

think of to say about the relatian [ b . What dhange$

and what remains the same when you chaf?gén the cases of
n=7,12we have interesting models: calendars and clocks. Can

you think of any models with other valuesnef What about the
casen=27?

Make sure you use complete, grammatically correct sentences
organized in coherent paragraphs.

Post your essay.



MathematicianL et 6 s revi ew the ways in which we can de
equivalent mod .

Student 2: One way is to see if you can get fro
Student 1: Or adding a multiple 6f

Student 3: Another way to do it would be to see if you get the same remainder when you
divide the two numbers by

Mathematician: Those are all good methods to do it. We are going to use them,
especially the one about remainders, to find some propeftpiivalence mod.

Student 1: Okay.

Mathematician: Take the numb&r, divide it by 7 and see wharemainder you get.

Student 1: | get a remainder®f

Mathematician: Now do the same thing again.

Student 1: | still get a remainder Bfthe same.

Mathematician: Good. Now write a sentence describing what was just done.

Student 2: The numbdi7 divided by7 twice got the same remainder both times.

Mat hemati cian: Thatodéds People Tal k. Now say it

Student 3: The remainder you gedrh dividing47 by 7 is the same as the remainder you
get from dividing47 by 7.

Mathematician: Very good. So in terms of equivalence mduww would you express
that in an abstract symbolic representation?

Student 3:47[ 47 (mod7)
MathematicianExcellent. Do you think that is true for any number?
Class: Yes.

Mathematician: Right. And that is our first property of the relation, equivalenc& mod

For all integersa, al a(mod?7) Reflexive
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Student 1: That seems pretty obvioBure a number is equivalent to itself. Why such a fuss?

Mathematician: Because it is not true for any relation. Can you think of a relation in
which this is not true?

Student 2. How about Al ess thano?
Student 3: Right. It is not true that 3 < 3.
Mathematician: Good. Here is another one52gquivalent ta31 mod7?

Student 1: Well, if | dividés2 by7, | get7 and a remainder & and if | divide 31 by?, |
get4 and a remainder & which is the same. So, yes, 52 is equivaie3tl mod7.

Mathematician: Good. Now | ask,34 equivalent tdc2 mod 7?

Student 1: Sure, it is the same calculation, just done in a different order.
Mathematician: So is this always true?

Class: Yes.

Mathematician: State it as a sentence.

Student 3: If an itegera is equivalent to an integérmod 7, thenb is equivalent t@
mod7.

Mathematician: And in symbolic form?

Student 2: Ifal b (mod7)thenbl a(mod?7).

Mat hematician: Very good. Now say it using the
Student 3al b(mod7) impliesb[ a(mod?7).

Mathematician: And mathematicians use a symbolYké or Ai mpl i es 0.

Class: Okay.

Mathematician: And this is our second property of the relation, equivalenc&.mod

For all integersa,b, al b(mod7) Y bl a(mod7) Symmetric
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Mathematician: Now, there is just one more69quivalentd 83 mod7?

Student 1: Yes, when divided @ythey both have a remainder@f

Mathematician: And i83 equivalent tcc5 mod7?

Student 1: Yes for the same reason.

Mathematician: So if | want to know &9 equivalent td5mod7, do | have to divide?
Student 2: You could, but you could also think th&3find83 have the same
remainders an83 and55 have the same remainders, tl&&and55 must have the same
remaindes.

Mat hematician: Could you express ?that in Featur

Student 369 equivalent t83 mod 7 and83 equivalent tdb5 mod7 implies69
equivalent tdb5 mod?7.

Mathematician: And an abstract symbolic representation?

Student 2691 83 (mod7) and83[ 55(mod7) implies69[ 55(mod?7).
Mathematician: And d you think this one is true for all integers?
Class: Yes.

Mathematician: So state that in symbolic form.

Student 1:

For all integersa, b,c, d b(mod7) andbl c(mod7) Y al c(mod7) Transitive

Student 2Are there any examples where transitivity does not hold?

Mathematician: Can you think of any?

Student 3: How about not equals?

Student 1: What do you mean?

Student 3: Well, if we had2, 5and5, 334, thenldndt t hi nk12j 834f ol | ows t h.

Student 1: | see.
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Mat hemati cian: Very good thinking. Let 6s summa

For all integersa, al a(mod7) Reflexive
For all integersa, b al b(mod7) Y bl a(mod7) Symmetric

For all integersa, b, ¢ al b(mod7) andbl c(mod7) Y al c(mod7) Transitive

Properties of an Equivalence Relation

Mathematician: We call any relation that satisfies these three properties ealeupe
relation (Dictionary Term). Can you think of any other equivalence relations?

Student 1: | think equals is an equivalence relation.

Mathematician: You have to say what mathematical objects are equal.

Student 2: Letds do number s.

MathematicianOk ay, | et s check it out. Consider each
Student 1: Reflexive. Sure, any integer is equal to itself.

Student 2: Symmetric. Yes, if one integer is equal to another, then the other is equal to
the first.

Student 3: Transitive: 'ht 6 s j ust the same as fAthings equal t
each othero.

Mathematician: Very good. Now we are going to play a different kind of game that is in a sense
the same as the equivalence games we have been playing.
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Section 8. PartitionGames
Mathematician:If you haveseverathings, you sometimes like to divide them up into different groups.
Student 1: Like teams in a league?

Mathematician: Right. Sometimes you just sort things but sometimes you accibrding to certain
featureghey might have

Student 1: Like Eastern and Western divisions?

Mathematician: Rightdere is a simple game we can play that does that according to your day of birth.
In some cultures, a new born baby is given its first name according to the daydrwads hus, in

some parts of Africaf you area maleborn on Tuesday, your name will be Kwame.

Student 1: Il know some people with that name.

MathematicianTo play this game, you will need to know widaty of the week it was when you were
born. Remember that we figured those out in the last section.

Student 1: | remember.
Mat hematician: Okay. Letds play the game.
TRM: The teacher can find out the Ghanaian names for birth days or let the class makeames.

Also, students will have to go back to Section 5 Worksheet: 4 or Section 7 Worksheet: 5 to determine
the day of their birth.

=P Rules for the  Name Day Partition Game

1 The teacher places 7 chairs around the room, well separated. Eachilthave
a sign giving one of the days of the week and the corresponding name according
to Ghanaian traditionr names that the class has chosen

1 One by one, each student calls out the day of the week on which he or she was
born and goes to the appr@te chair.

1 At each location, the children count how many are at that location and the
information is recorded on the board at the front of the room.

1 The counts at all of the locations are added up and compared with the total
number of students in theasis.
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Section 8 Worksheet: 1

ClassWork

Partition Game.

Directions: Enter the information from the Name Day

Name of day of Birth

Names of Students

Number of Students

Total

,9,0,9.9,9.9.9,9,9.9.9.9.9,9,9.9.9.90,9.9.9,9.0.9.0.9.9.90.0.0.0.0.4
,9,0,9.9,9.90.9,9,9.9,9.90.90,9.9.9.9.0,9,90.9.90.0.9.0.9.9.9.9.0,0.0.4
XXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXXX
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Section 8 Worksheet: 2

. Directions: Describe yar experiences in playing this game
Individual Work in any way that you like. Write in complete sentences,
organized in paragraphs.

TRM: Students read thie essays to the class
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MathematicianNow we are going to play a version of this game using numbensiadd 2

—=p Rules forthe  Mod 12 Partition Game

M The teacher writes the numbers 0,1, 2, ¢é, 11 on
between each nuver.

1 The students sit in groups and each group is asked to pick a number between O
and 47 and decide to which ofmodl2e numbers O,
The number is written on the board next to its equivalent number.

1 The groups work again tagk a number and put its equivalenbd 12on the
board at the appropriate spot.

T The game continues until all of the numbers

1 The class notes how many of the original 48 numbers arelinsed of equivalent
numbers and these aredad up.
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Section 8 Worksheet: 3

ClassWork

Directions: Enter the information from the Mat2

Partition Game.

Number

Equivalent Numbers

Total

0

1

10

11

Total

1 9,:0.9.0.0.0.0.9.0.0.0.0.0.0.90.0.0.0.0.9.0.0.0.0.04
) 0,:0.0.0.0.0.0.0.0.0.0.0.0.0.0.0.0.0.0.0.0.0000

12¢




Section 8 Worksheet: 4

. Directions: Describe your experiences in playg this
Individual Work ganreany way that you like. Write in complete sentences,
organized in paragraphs.




Sectbon 8 Worksheet: 5

.. Directions: Look over your essay very carefully and list all of the
Individual Work important features in it.
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Sectbn 8 Worksheet: 6

Directions: Combine all of the featires listed by the group. Then

GrOUp Work organize them according to what you see as broad categories. Name
the categories and enter them with
bel ow. Post the groupb6s table.

Feature Category
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Sectbn 8 Worksheet: 7

Directions: Li st al | of your groupo6s feat
GrOUp Work the table below. In the second column, indicate which, if any, of the
categories people or objects, actions, relations the featufals in.

Post your table.

Feature Category --- people or objects, actions, relations,
or none of these
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Mathematicianit seemghat once again we have featured tr@ similar to ones we have discussed
before.

Student 2: Well, we are starting with the set of counting numbers from 0 to 11 and we always have a
start.

Mathematician: Is that an action, object or relation?

Student 1: Our set of numbers is an object.

Mathematician: What else?

Student 1: We are looking eadividual numbers in the set.

Student 2: They are elements of the starting set and they are objects.
Student 3: We also saw that some numbers were equivalent to eaanadh&?.
MathematicianAnd which category is that?

Student 3: It is a relation.

Mathematician: Very good. What else?

Student 2: We divided the original set of numbers into subsets where each subset consists of all of the
numbers that are equivalent to each other. Thesebggets.

Student 3. But dividing them up is an action.
Student 1: Can something be both an action and an object?

Mathematician: Yes it can. It all depends on how you are thinking about it. Did you ever see anything
like this before?

Student 1: | reramber! An integer is both a movement along a Number Line and a location on that line.

Student 2: And a fraction Iik(g is an action of dividing a unit into 7 equal pieces and taking 5 of them.

Student 3: But a fraction is alsgaint on the Real Number Line so it as an object as well.

Student 2: And because fractions are objects we can do things to them, like compare two fractions or
add them.

Mathematician: Very good thinking. Was there anything else?

Student 2: We countatle number of elements in each subset.
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Student 1: They all had 4 elements.
Student 2 And we added up the total. That 0s
Student 2: That wa48, the same number of numbers we started with.

Mathematician: Right. Here is the language mathemaais use to describe what we have been doing.

A patrtition (Dictionary term)of a set is breakdown decomposition
(Dictionary term)of that seinto smaller sets calleslibsets(Dictionary
term).

Every element of the original set is in one of shbsets, but no two
elements of the original set canibghe sameubset.

Any set or subsédtas a number of elements in it, calledcésdinality
(Dictionary term)

If you add up all of the cardinalities of the subsets, the total is equal to the
cardnality of the original set.
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Section 9. A Different Kind of Addition

Mat hemati ci an: Letds see if you cWindingi st t he
Games andnhod nin this unit.

Student 1: We worked with the Chinese Zodiac, clocks ayd df the week.
Mathematician: What was thmein each of those contexts?

Student 2: For the Zodiac and clocks, it wasand for days of the week it wads
Student 3: We also worked with a general variable that we aalled
Mathematician: What numbedsd we work with?

Student 1: We worked only with the numbérd, 2, 3,4, 5,6, 7, 8, 9, 10, 1And 0, 1, 2, 3, 4,
5, 6

Student 2: And the generalcase, 1, &., €, n
Mathematician: What were we trying to do with these numbers?

Student 3: We wodltake any number and try to find out which on@qf 1 , Zitwas n
equivaknt tomod n

Mathematician: How did we do that?

Student 2: We divided the number thgnd the remainder, which is always on®af 1 , Aisé , n
what it is equivalent to.

Mathemnatician: Anything else?
Student 2: We used these equivalences to make a partition of the skt, 2., é , n
Mathematician: What is a partition?

Student 3: You take a set and break it down into subsets. No number is in more than one of these
partition ses and every one @ , 1 , 2 is & pne of the partition sets.

Mathematician: Very good. We call these partition sgtsvalence classes modDictionary
term). Now we are going to see how to do arithmetad n

Student 1: Will it be just like #arithmetic we always do?
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Mathematician: As always in mathematics when you move into a new structure, some things
change and some things remain the same. As we do this work, try to pay attention to which is
which.

— Rules for the Clock Addition Game--- Version 1.

1. Thel2clock positions are marked on the floor arfélis placed afl2to designate it
as the starting position.

2. StudentA stands a®.

3. The class selects a fairly large positive integandeach student enters it on
Worksheetl in the column markea.

4. Student A walks clockwisa places. Each student enters the stopping place on
Worksheet 1 in the column markel 2).

5. The class selects another large nuntib@ndeach student enters it on Worksheet 1 in
the column marked.

6. Stucent B starts at O and walks clockwisplaces. Each student enters the stopping
place on Worksheet 1 in the column markétR).

7. Students calculata+b and enter it on Worksheet 1 in the column mark€h.

8. Student C starts at 0 and walks clockvase b places. Each student enters the
stopping place on Worksheet 1 in the column market)(12).

9. The game is repeated several times.

TRM: The teacher should influence the students to choose numbers larger than 12, but not
too large, probably in the range2t40. Other wise it will take too long to play the game. It
might be good to let them do one really large number (over 100). Also, the teacher may
wish to make this a competitive game with scores, winners and losers.
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Section 9 Worksheet: 1

Individual Work

Directions: Enter the information from the Clock Addition
Game.

b a+b

(a+b) (12

a(12

b (12)

(a(12)+ b(12))(12)

(a(12) +b)(12)

(a+b(12)(12)
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Mathematician: Now we are going to play the game agaiwith some variations.

Student 1: Wait! There is something | dondot wund
Mathematician: What is that?

Student 1: What does the symifatb) (12) stand for? Does that mean multiphyb times12?

Student 2: No. Th#&2stands fomod 12 It is just a shorthand.

Mathematician: Right. | did it that way to make the columns narrow so that the table fits on one
page.

Student 1: Okay, but what are the other columns for?

Mathematician: We are going to use them now. | want you to play the ggmne laut in the
following variation.

Rules for the Clock Addition Game--- Version 2.

1. Thel2clock positions are marked on the floor ar@lia placed a2 to designate it
as the starting position.

2. Using the sama andb as before, the class calatésa(12)+ b(12) .

3. StudentA begins aD andwalksclockwisea(12)+ b(12) places. Each student enters
the stopping place on Worksheet 1 in the column mak@@)t+ b(12))(12).

4. Now Student B begins @tandwalksclockwisea places and Student C beginkere
Student B has stopped and walikslaces. Each student enters the stopping place on
Worksheet 1 in the column markea(12))+ b)(12).

5. Next, the class calculatest b(12) and Student D begins @tand walks clockwise

a+ b(12) places. Each studeanters the stopping place on Worksheet 1 in the
column markedd+b(12))(12)..

6. The game is repeated for each of the numbers used in the first play of the game.

TRM: The teacher may wish to make this a competitive game with scores, winners and
losers.
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Mat hemati ci an: Letdos talk about what happened.
Student 1: Wait a minute! | don@i2 Hh)lher st and s
Student 2: The&(12) is where Student B stopped.

Student 3: Right. Student B walkadteps and the stopping plasa(12).

Student 1: Oh! Andb is the number of steps that Student C walked, startia¢j a}.

Student 2: Anda(12) +b)(12) is where Student C ended.

Mathematician: Right. Can you explain why the stopping place of Studers( B)S

Student 3: Each timStudent B comes backQ@pit is one cycle ol2 so the number of these
cycles is how many timek2 dividesa.

Student 2: Witha(12) left over.
Mathematician: Right. Now, what did you notice?

Student 1: All four columns markegh +b)(12), (a(12) +b(12))(12), (a(12) +b)(12) and
(atb(12))(12) always have the same number.

Mathematician: Right. So these are four ways of adding numfeaisl 2
Student 1: You can adai+b and calculate its equivalentod 12
Student 2: You can calcula#€l?), b(12), add thermand find the equivalemhod 12of the result.

Student 3: Or, you can find the equivalemid 12of a, addb to it and find the equivalembod
12 of the result.

Student 1: Or you can start wighfigure outb(12), add it toa and find the equivalemhod 120of
the result.

Student 2: And you always get the same answer.

Mathematician: Very good. Here is a summary of all of the ways we have to calculate the
equivalentmod 12of the suma+b.



ADDITION MOD 120F aAND b

Method 1: Addato b and find its equivalentmod 12.
(a+b) (12
Method 2: Find the equivalentsmod 120of a and b, add them and find the
equivalentmod 12 of the result
(a(12) + b(12))(12)
Method 3: Add b to the equivalentmod 120of a and find the
equivalentmod 12 of the result
(a(12)+ b)(12)
Method 4: Add the equivalentmod 12of b to a and find the

equivalent mod 12 of the result

(a+012))(12)
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Student 1: So which of these methods should we use?

Mathematician: It does not make too much difference. The important thing is to realize that all
four methods give theame answer and to understand why.

Student 2: But if we have to make a calculation, we need to know what to do.
Student 3: We could do it several ways, and then check that we get the same answer.

Student 1: Also, ik andb are very large, we might want tiost find their equivalencesod 12
which will be much smaller, and do the addition with them.

Mathematician: These are all very good ideas and here is an exercise in which you can practice
them.
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Section 9Exercise: 1. Directions: Make all calculations by hand and fill in the blanks in the
following chart.

a | b | a+th |[(a+h (12 | a(12) | b(12) | (a(12)+ b(12))(12) | (a(12) +b)(12) | (a+b(12))(12)
17 | 44
58 | 33

123 | 469
12 | 24
379 | 360
720 | 1478
3 | 7
78 | 64

247 | 635
7 | 5

496 | 12

218 | 37
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MathematicianWe can play the samegamew h t he cal endar and fAaddo

TRM: There is an epistemological issue here. Is it always the case that mathematics can be
learned by engaging in physical activities or do there come times, especially as the

mathematics gets more advanced when the games become mind games (i.e., taka fiace i
studentsdé minds) and the activiti eaMearago@eg done
to take the latter view in some cases such as the next game.

— Rules for the CalendarAddition Game.

1. The class selectspositive integer aheach student enters it on Worksheet 2 in
the colummmarkeda.

2. Each student uses the equivalerd 7of a to figureout the number of the day of
the weeka days after Sundagnters it on Worksheet 2 in the column markey
Number fora and enters #aday in the column marked Day of Week dor

3. The class selects a second positive integer andstadént enters it on
Worksheet 2 in the colummarkedb.

4. Each student uses the equivalerd 7of b to figureout the number of the day of
the weelb days afteiSundaygenters it on Worksheet 2 in the column markey
Number forb and enters the day in the column marked Day of Weel for

5. Each student uses the equivaleratd 7of a+b to figureout the number of the day
of the weela+b days aftelSundy, enters it on Worksheet 2 in the column
markedDay Number fora+b and enters the day in the column marked Day of
Week fora+b.

6. The game is repeated for all of the rows.
TRM:. Try to get the students to use some fairly large numbersay over 5@nd maybe even
over 100. Also, the rules for the game has students working individually. You can have them

work in groups if you prefer. Numbers for a and b have been entered on the sheet as
suggestions. You may white them out if you like.
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Section 9Worksheet: 2

Individual Work

Directions: Enter the information from the Calendar Addition

a Day Day of Week b Day Day of Week | Day Day of Week
Number | for a Number for b Number for a+b
for a for b for a+b

36 219

496 7

3 2

642 248

62 79

4 3

1649 714
377 365
63 7

33 59

44 17
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Section 9 Worksheet: 3

Individual Work Directions: Use this shado describe, in any way that you like,
your experiences in playing this experience in playing this game.

Write in complete sentences, organized in paragraphs. Make
sureyou mention the players on your team, what you thinkeés

point of the game, and how you liked playing it. Do think it has
to do with mathematics¥vhy or why not?
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MathematicianL et 6 s t r y oftthe impaténefeatmred of tlastgame.
Student 1: We had andb anda+b.

Student 2: And the day numbersapb anda+b.

Student 3: And the actual days of the weel,df anda+b.

Mathematician: What do you think is the point of this game?

Studen 1: We were starting on Sunday and trying to find out what day of the week it was in the
future.

Mathematician: What do you mean by the future?

Student 2: We wanted to find out what day of the week itaardsdays in the future.

Student 3: And we didybadditionmod 7

Mathematician: Good. How does this game differ from the Clock Addition Game?
Student 1: We were working with clocks and now we are working with days of the week.
Student 2: We did additiomod 12and now we are doing additiomod 7

Student 3: We used thisodaddition to find out the time and now we are using it to find out the
day of the week.

Mathematician: Very good. Now | want to show you the standard mathematical notation
for the things we have been working on.

Class: Okay.
Mathematician: What can we call the Clock Addition and Calendalit®n operations?
Student 1: How about modular addition?

Mathematician: Okay, we have modular addition (Dictionary Term). What can we call
the two separate operations?

Student 2: Addiobn mod 12for the clocks and additiomod 7for the days of the week.

Mathematician: So additiomod 12for the clocks and additiomod 7are Dictionary
Terms. Suppose we were doing it for any positive inte@er
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Student 3: It would be additianod n

Mathematician: And additiomod nis a Dictionary Term. We catithe base (Dictionary
Term). Here are abstract symbolic representations for these terms.

Ordinary addition: a+b

Addition mod 12 (Clock): a+b
Addition mod 7 (Calendar): a+sb
Addition mod n: a+yb

TRM: In the notationa +, b, the subscript ges with the +.

TRM: It is reasonable to hope that at this point, many of the students will have
developed an understanding of the concept of addition mod n and will be able to make
calculations in these structures, albeit slowly and with errors. If thewe progressed

to this point, then substantial drill and practice is called fofhere will be a lot of this

in the next few pages, but the teacher may want to give them some drill and practice
here--- perhaps for homework.

Mathematician: Now we need tearn about the properties of additimod n What is
one way to add two numbeasandb mod r?

Student 1: First you would calculeaemod nandb mod n
Student 2: Then add them.
Student 3: And find the equivalemod nof the sum.
Mathematician: 8if you want to add.8 and34 mod 7what would you do?
Student 1: You would calculate

18 mod 7 = 4, 34 mod 7 =6, 6+4=10
Student 2: And10 mod 7 = 3s your answer.

Mathematician: Can you write a single ASR for that calculation?
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Student3: It would be,

18 +,34=(18mod J+; (34 mod ) = (4 +6) mod 7= 10mod 7= 3
Mathematician: How about an ASR for this calculation for a gemeaatl numbersa,b?
Student 2: It would be,

a+, b=((@modn+ (b mod n) mod n

TRM: The teaher may wish to spend some timepacking this formula and relating it
to numerical calculations.The following worksheet can help with this.

Mat hematician: Very good. Let s practice.
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Section 9 Worksheet: 4

Individual Work

=

22+1,5=

2. 5+,4=

3. (10+,6)+; 6=

4. (10 +10 6) +15 6=

5. (24+11)+12 5=
6. 3+59=

7. 5+,14=

8. 8+,36=

9. 1+,16 =

10. 3+74 =

11. 19 +3,17 =

12. 3+¢6 =

Directions: Perform the calculations listed below
andwrite your answers on the sheet.

5+,22=

10 + (6 +7 6) =

10 +5 (6 +12 6) =

24 +15 (1 +12 5) =

24 +5 18 =

14 +,5=

36 +128 =

16+ 1

4+,3=

17 +,19 =

6+93=

3+,5=

4+1,5=

10+;6+; 6

10 +1,6 +1> 6

24 +151+15 5

12 +5 37 =

5+0=

0+,8=

5+,9=

4+,8=

1+98=



Section 9 Worksheet: 5

Team Work

Directions: Discuss amongst your team the calculations you just
made. Reflect on the answers and try to see if you can find any
relations that might be true in general. Followarg some
suggestions for specific places to look.

1. Look at the first two columns in all rows except rows 3,4,5.

TRM: Commutativity

2. Look at all three columns of rows 3,4,5.

TRM: Associativity

3. Look at rows 7,8,9.

TRM: Identity

4. Look atrowsl0, 11, 12

TRM: Inverse
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MathematicianThe operatior+, (additionmod r) has a number of important mathematical
properties, some of which you may have discovered as patterns in the calculations you just
did and your reflections on them.

Studentl: Are these properties the same as the properties for ordinary addition?

TRM: All of what follows was discussed in the ro@dloring material for matrix addition.
The teacher can decide on the extent to which this should be discussed.

Mathematician: Irfact, they are very similar, so you may remember them. Here is the first
one.

You may have noticed that when you were dotpghe final answer was always one of the
numberd , 1, A, é, n

Student 1: Right, | saw thédir +; the answer was always onetbé number$,1,2,3,4,5,6

Student 2: Anddr +5 the answer was always one of the numbBets2,3,4

MathematicianWhat aboutt 1, +g, +2?

Student 3: The same.

MathematicianThe operation of is a structure that is considered to operatéhen t

numberdd , 1, 2-1 &nd the amswer is always one of those numbafs.call this

property closure (Dictionary Term).

TRM: The teacher should keep in mind that the above statement may not be seen to be

strictly true in totality. That is;+, may wdl operate on numbers larger than n, even on

negative number s. The key is in the phrase ficon

efficient way to perform the operatiot, on two numbers a,b is to first calculate a mod n,
b mod n and then the operatons acti ng onl y onl tifthestudemtmmber s 1, 2, 3
. : o

dondét raise this issue, it is probably best for
Class: Okay.
Mat hemati ci an: Can you write an ASR for it? Don

TRM: The teadier may wish to review quantifiers from the Trip Line.
Student 3: How about this. Fall a,bintheset{0, 1, -2}, é n

a+tpbisinthesef0, 1,-2}, én

MathematicianGood. Here is the next on®id you notice that if you reversed the order of
a,bin calculatinga+, b it did not affect the answer?
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Student 1: Yes, | noticed it.
Student 2: | think it imlways true.

Mathematician: It is and we calltihte commutative proper{fictionary Term) Can you
express that as an ASR?

Student 3forall a,bin theset{0 , 1, -2}, én
athnb=b+,a
Mathematician: Very goodAnother thingto notice is that if yowvant to perform the
operation on three numbers, it does not matter in which order you do the calculations. We
call this the associatevproperty.Can you write an ASR for it?
Student 2:Forall a,b,cin theset{0 , 1, -2}, én

(atnb)+nc=a+,(b+,0C)

MathematicianExcellent. Next,the multiples oh, includingO, play a special role in the
operationt,. What is it?

Student22They dondt do Ommnrdimahy additon oljinwrslimaryl i k e
multiplication.

Student 31in other words, for every, there is a numbef which has the property that if you
operate with it and any other number, the answer is the other numbe

Mathematician: RightwWe call this the identity proper{fictionary Term) What would an
ASR be?

Student 1: For akhintheset , 1, -2}, én
a+,0=a
Student 2: | think w callO the identity elementDictionary Term)
Mathematician: Righ And finally, if you take any one of the numbérs 1, 2-1d&hd é, n
call it a, then you can find another numlemvhich is also one of the numbé&s 1, 2-1 3, é, n
so that if you ad@ andb you get back t@.

Student 11 think we call this the invese property{Dictionary Term)

Mathematician: Right, and what would be an ASR?
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Student 2: Foanyain theset{0 , 1, -2}, tiiere is a numbdrin theset {0 , 1, -2} suem
that

a+,b=0
Mathematician: RightwWe callb theinverseof ain theset{0 , 1, -2}, € n

TRM: Here is a problem the students might like. Loak +,, for various values oh such

asn = 2,5,7,9,12 In each of theseases pick some numbers and try to find their inverses.

Can you figure out a general rule for finding the invee mod n of a numberAnother
problem would be to ask the student to relate the inverse operation to subtraction.

Mathematician: Here is a summary of the properties of addrtimeh n.

Closure: Forall a,bintheset{0 , 1, -2}, én

atpbisinthesef0, 1,-2}, én

Commutative: Forall a,bintheset{0, 1, -2, én

atpb=b+,a

Associative:  Forall a,b,cintheset{0, 1, -2}, én

(@a+nb)+,c = a+, (b+,¢)

Identity: Forallainthesetp , 1,-2}, én

a+,0=a

Inverse: Foranyaintheset{0 , 1, -2}, there is a numbdrin
theset{0 , 1, -2} suemthat

a+,b=0

Mat hemati ci an: Now | etdbs use these properties
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Section 9 Worksheet: 6

Directions: Use the properties of modular addition to make the

Individual following calculations.

Work

. 52+ 5+46.

. T +6+; 4+ 6.

.9+t 2+H8+ 9.

. 3+ 2+ 3 +8.

. 3744+ 47+ 5.

.6+ 1+8 %9+ 6+ 3.

8+:8+5+9+ 2+6+ 1

. 17 43 28 356 +; 28 + 17.

12 5+ 6+ 12+ 5.
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Section 10 Modular Multiplication and Different Arithmetic Properties

MathematicianWhat happens ifyou startatldec | ock and move the clock f
certain numbeof hours? And then move forward the same number of hours? And then

the same number again? And again? And again?

Student 1: Thatos | i ke what we did for multipld]i

Student 2: | remember, if you take a number and add it to itself a certairenahtimes,
thatds multiplication.

Student 1: Liket +4 + 4 + 4 + 4 + 4 +4 is adding4 a total of7 times.
Student 2: So it ig3 4.
Student 3: Which i28.

Mathematician: Right we are going to do the same thing with moddtttion.
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=P Rules for the Clock Repeated Addition Game

1. Thel2clock positions are marked on the floor aflis placed afl2to designate
it as the starting position.

2. StudentA stands ab.

3. The class selects a positive integandeach student enters it on
Worksheet 1 under the column marked

4. Student A walkx places in a clockwise direction whillee chss works in
teams to decide thelueof x mod 12

5. Everybody checks that their valuexoiod 12agrees with where Student
A has arrived. When agreement is reached each student enters it on
Worksheet 1 under the column markeil2).

6. The class selects a positive integand each student enters it on
Worksheet 1 under the column markedEach student calculat&smod
12 and enters it on Worksheet 1 under the column mai(aa).

7. Each student calculat&d x andentersit on Worksheet 1 under the
column markedk3 x.

8. Student B goes to the starting position.

9. Student B walkx places ending where Student A is standing and the class
counts 1.

10. Student B repeats the walk and the class counts 2. Student A moves to
where Student B has ended.

11. Student B continues this walk »&teps with the class counting and
Student A moving eaclime to where Student B ends. This continues
until Student B has made the wilkmes.

12.The class calculatekYx) mod 12and checks that the answer agrees with
the location of Student B. When agreement is reached, each stotknst
it on Worksheet 1 under the column markk#x) (12).
13.The gamas repeated severaimes.
TRM: Try to get the students to pick a number larger than 12. As this game is played,

from time to time stop the play, say aftétimes, and ask the class if they could have
figured out the end place without the students having to walk around the clock.
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Section 10 Worksheet: 1

Individual Work

Directions: Enter the information from the Clock Repeated
Addition Game.

X k3 x

(k*x) (12

k (12)

x (12

(k(12) 2 x(12) (12

(k(12) 2 x) (12)

(k 3 x(12)) (12)

15¢




Mathematician: Repeating a fixed wind anal the clock a number of times is one useful
way to think about the multiplicatiom¥ x)ymod12.

Student 1: | see. Walking around the clackeps and then repeating thdatmes is
altogether walkingn3 x steps.

Student 2: And seeing where Student B finally ended up gives the answer to the
multiplicationmod 12

Mathematician: Right. Could you have done this without walking around the clock?
Student 3: Sure. We could just calculatex, divide it by12 and take the remainder.

Mathematician: Okay, you can do tim®d 12calculations to fill in the other columns of
the table.

Students work individually to fill in the other columns of the table.
Mathematician: What did yomotice about your results?

Student 1: All of the columni 3 X) (12), (k(12) 3 x(12)) (12), (k(12) 3 x) (12), (k
3 X(12)) (12) are the same.

Student 2: Ust like we had for addition.

Student 3: So which of these methods should we use.

Mathematician: As before, it depends on the situatiok.aifdx are very large, you
might want to calculatk mod12 andx mod 1Zirst so that you are working with snhed
numbers.

Student 1: And ik andx are small?

Student 2: You can just multiply them andrdod 12at the end.

Mathematician: Right. We can summarize the methods of doing multiplicatdrnl2
just like we did for addition.
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MULTIPLICATION MOD 120F k TIMES x

Method 1: Multiply k timesx and find its equivalentmod 12.
(k3 x) (12
Method 2: Find the equivalentsmod 12of k and x, multiply them and find the
equivalentmod 12 of the result
(k(12)® x(12))(12)
Method 3: Multiply the equivalent mod 120of k times x and find the
equivalentmod 12 of the result
(k(12)® x)(12)
Method 4: Multiply k times the equivalentmod 12of x and find the
equivalentmod 12 of the result

(k 3 x(12))(12)

Mathematician: Here is an Exercise for you to practice with multiplicatios 12.



Section 10Exercise: 1. Directions: Make all calculations by hand and fill in the blanks in the
following chart.

k | x | kix |(k¥x) 12| k(12 | x (12 | (k(12)® x(12))(12) | k(12 * x)(12) | (k+x(12)(12)
17 | 44
58 | 33

123 | 469
12 | 24
379 | 360
720 | 1478
3 | 7
78 | 64

247 | 635
7 | 5

496 | 12

218 | 37
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Mathematician: We can play the same repeated addition game with the calendar.

Rules forthe C alendar Repeated Addition
Game

1. The seven days of the week are laid out on sheets of paper with each day
marked with an integer, starting with O for Sunday as the starting place.

2. The class selects a positive integerand each gtdent enters it on
Worksheet 2 under the column marked

3. Student A walkx places in a clockwise direction whilee chss works in
teams to decide thealueof x mod 7.

4. Everybody checks that their valuexomod 7agrees with where Student A
has arried. When agreement is reached each student enters it on
Worksheet 2 under the column marked).

5. The class selects a positive integand each student enters it on
Worksheet 2 under the column markedeach student calculat&smod 7
and enters ibn Worksheet 2 under the column markég.

6. Each student calculat&d x andenterst on Worksheet 2 under the
column markedk3 x.

7. Student B goes to the starting position.

8. Student B walkx places endlig where Student A is standing and the class counts
1.

9. Student B repeats the walk and the class counts 2. Student A moves to
where Student B has ended.

10. Student B continues this walk wkteps with the class counting and
Student A moving each time to ete Student B ends. This continues
until Student B has made the wilkmes.

11.The class calculatekY x) mod 7and checks that the answer agrees with
the location of Student B. When agreement is reached, each statknst
it on Worksheet 2 under the column markietX) (7).

12.The gamas repeated severaimes.
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Section 10 Worksheet: 2

. Directions: Enter the information from the Calendar
Individual Work Addition Game.

x | kx| (k¥x)(7) k(@) | x(@) | k@) 32x(7) @) k() 2x) (1) | k=x(@) (@)
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Mathematician: Heres an exercise for you to practice multiplicatiood 7.

Section 10 Exercise: 2 Directions: Make all calculations by hand and fill in the blanks in the
following chart.

k| x| kx| kex)@) | k@ | x(@) | k@) x(?)(7) (k(7) = x)(7) (k+x(7))(7)
17 | 44
58 | 33
123 | 469
12 | 24
379 | 360
720 | 1478
3 | 7
78 | 64
247 | 635
7 | 5
496 | 12
218 | 37
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Mathematician: What do we call the repeated additiod 12andmod 7that we have
been doing@

Student 1: We call it multiplicatiomod 12and multiplicatiormod 7
Student 2: In general, modular multiplication (Dictionary Term).
Mathematician: Yes, and just as with addition, mathematicians use a special notation.

Student 3: Will it be the same except usingnstead of +?
Mathematician: Actually, we use

StudentlThat 6s hard to see.
Student 2: So we have to be careful when we read it.

Mathematician: But it is not so bad if you miss it because in mathematics, if you have
two symbols one right next tach other, we assume that multiplication is intended.

Student 1: Okay.

Mathematician: So how do you think we write these symbols? Start with ordinary
multiplication.

Student 2: It would bea - b

Mathematician: And for multiplicatiomod 12

Studen 1: That was the clock and ités1» b.

Student 2: And fothe calendar, it is mitiplicationmod7 so we write ita - b.
Mathematician: And what would it be for the general case?

Student 3: That is multiplicatiomod nwhich we would writea + b.

Mathematician: Very good. Here is all that notation in a box.
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Ordinary multiplication: a-b

Multiplication mod 12 (Clock): a-12b
Multiplication mod 7 (Calendar): a-b
Multiplication mod n: anb

TRM: It is reasonable to hope that at this point, many of the students will have
developed an understanding of the conceptaultiplication mod n and will be able to
make calculations in these structures, albeit slowly and with errors. If this is where
they are, then substantial drill and practice is called for.

MathematicianSo, how would we get an abstract symbolic regm&tion of multiplying
18 and 34nod 7

Student 1: Firswe would calculatel8 mod 7 = 4and34 mod 7 = 6,
Student 2Then we haves - 4 =24
Student 3:So 24 mod 7 = 3s your answer.

Mathematician: What would it be in mathematical notation

Student 1: It would be,
18 ,34=3

Mathematician: In general, the calculation is symbolized,

an b=((@modn) - (b modn)) mod n

TRM: Some time should be spent unpacking this formula and relating it to numerical
calculations.

Mathematician: Heeis a worksheet with problems to practice diter that, there is
another worksheet to help you think about the properties of multiplicaibahn
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Section 10 Worksheet: 3

Individual Work

Directions: Perform the calculations listed below

write your answers on the sheet.

w

»

o

22125 = 54222 = 375=
574= 4 ,5= 4.4,5=
(10 76) 7 6 = 10 7 (6 7 6) = 10 76 7 6=
(10 126) 12 6 = 10 12(6 12 6) = 10 4126 12 6
(24421) 42 5= 24 15(1 42 5) = 24 121 42 5
359= 24 518 = 12 37 =
57,8= 87,5= 571=
84213 = 13 1,8 = 14,8=
1,16 = 1651 = 1,0 =
375= 573= 449=
5.,5= 7 7= 5.4,17=
295 = 592= 447 =
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Section 10 Worksheet: 4

Group Work

Directions: Discuss amongst your team the calculations you just
made. Reflect on the answers and try to see if you can find any
relations that might be true in general. Following are some
suggestions for specific places to look.

1. Look at the first two columns in all rows except rows 3,4,5, 11.

TRM: Commutativity

2. Look at all three columns of rows 3,4,5.

TRM: Associativity

3. Look at rows 7,8,9.

TRM: Identity

4. Look at rows 10, 11, 12

Inverses
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MathematicianThe operation, (multiplicationmod 1), like additionmod n,also has a

number of important mathematical properties, some of which you may have discovered as
patterns in the calculations you just did and your reflections on them.

Student 1: Are they theame as the properties we had for additmd r?

Mathematician: Not exactly. They are close, Botme t hi ngs go fAwr ongo
see. But first, is there any thing you can say about all of the numbers that appear in a
multiplicationmod r?

Student 2: | noticedhat when you were doingthe final answer was always one of the
numberd , 1, A, é, n

Student 3: Right. & -7 the answer was always one of the numBets2,3,4,5,6 For s the
answer was always one of the numhgds2,3,4

MathematicianWhat aboutiy, -, 2?
Student 1: It is the same.
Student 2: Is it always the same? For any valu& of
Mathematician: YesTheoperation of, is amathematicastructure that is considered to
operate on the numbeds, 1, 2-1 &8ndtke,amswer is always one of those numbers. We
call this property closurtor multiplicationmod n(Dictionary Term).
Student 1: We had that property for additrond n
Student 2: We called dlosurefor additionmod n
Mathematician: Can you writn ASR for this property?
Student 3: Foall a,bin theset{0 , 1, -2}, é n
anbisinthesef0, 1,-2, én
Student 1: That is very similar to what we had for additimd n

Mathematician: Yes it is. Now, look at the first two columns of all ofrtives except
3,4,511.What did you notice?

Student 2: The operations in the first two columns use the same two numbers, but in the
reverse order.

Student 1: That3s9and2d 18are mudiplicationsrofadiffereit.
numbers.
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Student3: Not really, thenod 5equivalent o4 is 4 and themod 5equivalent ofl8 is 2, so
they are really the same.

Student 1: | see.

Mathematician: And what about the answer to these two multiplications that use the same
numbers, but in different orders?

Student 2: They are always the same.

MathematicianThis is so and it is always true. We call this the commutative property.
What would be an ASR for this property?

Student 3: Foall a,bin theset{0 , 1, -2}, é n
anb=bna
Mathematician: God. For the next one, look at rows 3,4,5 and tell us what you notice.
Student 1: This is the associative property.
Mathematician: Can you tell us what that means?

Student 3: |1t means that if you areichperforming t
order you do them in.

Mathematician: Very good. And what would be an ASR?
Student 2Forall a,bcintheset{0 , 1, -2}, én
@nb)nc=an(bnc)
Mathematician: Right, Now how about rows, 7,8,9?
Student 1: The answer is always onehef two numbers in the multiplication.
Student 2: That is the identity property.
Student 1: | thought the identity would bgout here it i8 and1 for multiplicationmod 7
Student 3: Bu8=1 mod 7so there is really only one identity.

St ud e rsthe <ame fdnoddl2 On the worksheet in row 8, botl8 and1 are identities
but13=1 mod 12



Mathematician: Excellent. How about an ASR.
Student 1For allaintheset0 , 1, -2}, én

anl=a

Mathematician: Good/Ne calll the identity elemen(Dictionary Term)of the structure.
Finally, |l etdés talk about rows 10, 11, 12. Wh a't

Student 1: The answer is alwalys
Student 2: So just like in addition, we have an identitg,
Student 3: And for everginthe setQ , 1 , -2} théranis an elemeriinthesety , 1,-2, én
1} such that
a 'nb =1

Mathematician: Is that always true? Following is a worksheet where you can calculate the
multiplication table fomod nwhenn = 3, 4, 5
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Section 10 Worksheet: 5

Group Work

Directions: Fill in the threemod nmultiplication tables for

n=3,4,5

16¢
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Mathematician¥ou can tell a lobf things from these multiplication tables. For
example, you can see closure right away.

Student 1: Yes, it is because everything that appedheitable is one of the numbers in
these{O, 1,-2}, én

Mathematician: Good. How about the identity property?

Student 2: We can see right away that in each table, multiplying a numbeiokyg not
change the number.

Student 3: Aceeditlzltablg. |tis pretty dearnli&tt= x mo matter what
kind of multiplication you are doing.

Mathematician: Right. Associativity is not so easy to determine from the tables, but what
about commutativity?

Student 3: Each table is symmetric abitaitliagonal and that gives us the
commutativity.

Mathematician: Very good. What about inverses?

Student 1: An operation has the inverse property if, for every element in the set, there is
another element so that doing the operation on those two etegieas you the identity.

Student 2: Thatoés ®©Hever true if the el ement
Student 3: Right, the inverse property for multiplicatimad nwould be,
For allain the set{ , 2 ;1}étinere existdl {1 , 2 -1}é'n

a 'nb =1
Mathematician: Right.

Student 1: How do you tell about the inverse property from the table?

Student 2: | think that if you havelaon every row excef, then it has the inverse
property.

Student 1: Why is that?

Student 3: Wellif you take anyal {1 , 2 ;1}étimen go to rowa. If there is &l
somewhere on that row, say at colummhen it means that-, b = 1.

Student 1: | see.
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Mathematician: Very good. So how does it look for these three tables?
Studentl: The table for multiplicatiomod 3looks pretty good. | seelaon every row.
Student 2: And the same for multiplicatiorod 5.

Mathematician: Right. So multiplicationod 3and multiplicatiormod 5both have the
inverse property. What abt multiplicationmod 47?

Student 3: No. There is rioon the row marked@.
Student 1: So multiplicatiomod 4does not have the inverse property?

Mathematician: Here is a summary of the properties of multiplicatiod n.

Closure: Forall a,bin theset{0 , 1, -2}, én

anqbisinthesef0, 1,-2, én

Commutative: Forall a,bintheset{0, 1, -2}, én

a'nb:b'na

Associative Forall a,b,cintheset{0, 1, -2}, én

@nb)ync=an((-no)

Identity: Forallainthesetd , 1, -2}, én
anl=a

Inverse: Multiplication mod nsatisfies this property for some
valuesnpbut not for others.

Student 1: How do we know which valueswahultiplicationmodn has inverses and
which do not?

Mathematician: That is a very good question that you will study in more advanced math
courses. But there is another interesting thing about the table for multiplicaiab#

172



Student 2: Well, it looks lik@,2=0. Th at 6 sstrapgeet t y

Mathematician: Yes, in this case we say that multiplicatoa 4has divisors 00 (Dictionary

Term). This is another topic you may study in more advanced mathematics courses.

Student 1: We can wait.

TRM: The teacher might decideeither for the whole class or for specific students, to discuss

the set of ideas around multiplication mod n satisfying the inverse property, having divisors of O

and n being a prime. At the very least, the teacher might give an exercise to look at t
situation for various values of n and maybe guess the theorem.

MathematicianL et 6 s t al k about s ol vimodnsystgmu &/ite ann s

ASR for the problem,
Find the inverse a8 in themod 7system
Student1:We | | , |  deinvérde sok can calbxtt
Student 2: And then write an expressionXdeing the inverse @&.
Student 3: That would be,
37x=1
Mathematician: Yes. Sometimes we write this as,
3x=1mod 7
Student 1: Okay.
Mathematician: And how wouldoy solve this equation?
Student 2: The solution has to be an element of thedsét @, 3, 4, 5,16
Student 3: Thatds only 7 number s. We
Student 1: | see that the only one that works is

Student 2: Right, it is true that
3 7 5=1

Mathematician: Correcb is the only solution to the equation. Here is a worksheet for
you to investigate this situation in some other systems.

his
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Section 10 Worksheet: 6

+ Group Work

Directions: Foreach of the following problems, fill in

multiplication table and then, in the last

column,
write the inverse of the element if it exists.
If it
does not exist, place &nin the box.
1.
5 0 1 2 3 4 Inverse
0
1
2
3
4
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Inverse
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Inverse
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MathematicianSo what do you conclude from the tables?

Student 1. Multiplicatioomod 5and multiplicatiormod7 have the inverse property, but
multiplicationmod 6and multiplicatiormod 8do not.

Mathematician: RightWhen there are inverses, you can solve other kinds of equations.
Let 6 s womodK/structure belsagise as we have seen, every numbes strilncture,
except 0 has an inverse.
Student 1: Okay.
MathematicianHow would you solve an equation like:
4x=5 mod7
Student 2: If we were solving this equation in ordinary algebra, we would divide both sidles by
Student 3: We can do that byttiplying both sides by the inverse 4f
Student 1: We can see from the table that the inveréenafd 7s 2.

MathematicianL et 6 s | ay using the propestieskof nwltiplicationod 7

Mathematician works with students to develop thpsstad the reasons

Statement Reason
4©x =5 Equation to solve
2@ (4Qx) = 2(;5 Multiply both sides by2.
(2(';]4) (';]x = 2@5 Associative Property
(2(';4) (';x =3 Multiplication Table
1Qx =3 Inverse Property
x=3 Identity Propety

The teacher may want to give the class other examples to practice on. Also, sosesclas
might want to talk about the logic of the above calculation. It does not really find a
solution, but rather is a proof that if there is a solution, it must 8e To be sure that 3 is a
solution, one must check that-3=5. Finally, the teacher might decide to look at equations
of the form ax+b = c¢. But what is written here may be as far as most classes will go.
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Section 10 Worksheet: 7

. Directions: Solve each of the following equations.
Individual Work gea

have obtained a solution, put it back in the
equation to check that it actually is a
solution.

1. 2@X23

Solution

Check:

2. 3(;)X:4

Solution

Check:

3. Zszl

Solution

Check:

4. 3(?x=2

Solution

Check:
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5. 4(?x=2

Solution

Check:

6. 2@x=1

Solution

Check:

7. GQX:S

Solution

Check:

8. 4©X:6

Solution

Check:

0. SQX:G

Solution

Check:
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105@x=2
Solution

Check:

11.4(§X=:3

Solution

Check:

12.(3 Q) +5 2= 4

Solution

Check:

13.(50) +, 4= 6

Solution

Check:

14.(409 + 5=3

Solution

Check:
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MathematicianNow that we have two operations, additrand nand multiplicationmod n
it seems reasonable that there should be connections betweentieeth! W | ook f or such a
relationship by playing a game.

=P Rules for the Distributive Law
Game

1. The class picks a value afand each student enters it on Worksheet/8l. of
the calculations in the game dhenperformedmod n.

2. The clas picks three numbes b andcfromO0 , 1, 2,,né nenessarily all
different and enters them in the first row of Worksheet 8.

3. Half of the teams perforrie calculatiora(b + ¢) and enters the result on
Worksheet 8.

4. The dher half of the teamgerform @lculationab + acand enters the result on
Worksheet 8.

5. Students announce the results of their calculations and, after correcting
errors, everyone enters the result of the calculation they did not do on
Worksheet 8.

6. The game is repeated sevdmales.
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Section 10 Worksheet: 8

Individual Work

Directions: Record the results from the Distributive Law

b C alb + ¢

ab + ac
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Mathematician: So what do you think happened?

Student 1: The last two columns are always the same.

Student 2: Thatos the distributive |l aw, right?
Mathematician: Yes. Write an ASR for it.

Student 3: Itis,

Foralla,b,cintheset{0, 1,-2, €n

anb+rc)=(@anb)+,(@nc

Mathematician: Goodln mathematics, when you have a set of numberglikel , 2-, 3, €, n
1 and two structures, like additionod nand multiplicatiormod nsaisfying all of these
properties, then we call this structurdreg (Dictionary Term).
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Section 11 Factoring, Primes, Divisors and Greatest Common Divisors

TRM: The teacher may wish to review Section 6 before starting this section.
MathematicianDo you recall, back in Section 6, we worked a little with factoring?
Student 1: | remember. We took a number and tried to find other numbers that divided it.
Student 2: Like we can write2 as33 4.

Student 3: And therd = 23 2, so12 = 33 23 2 and that is as far you can go.
Mathematician: Good. So factoring has something to do with multiplication.
Student 1: It is kind of like the reverse of mulgpation.

Student 2: Like subtraction is the reverse of addition.

Mathematician: And what did we use factoring for?

Student 3: We wanted to reduce a fraction to lowest terms.

Student 2: We found numbers that were factors of both the numerator atehtmeinator.
Studentl: And cancelled them.

Mathematician: Good. So if factoring is the reverse of multiplication, perhaps we can
begin a study of factoring by doing some multiplication.

=P Rules for a Multiplication Game

1. A studentis seleet to write answers to multiplication problems on the
board.

2. A student is asked to pick a number between 2 and 20.

3. Another student is asked to pick a number between 2 and 20.

4. The students work individually to multiply the two numbers.

5. When everyonegiees on the answer, the recorder writes thelgmolnd the
answer on the board and each student enters it in the multiplication table in
Worksheet 1.

6. The game continues for a while and then the students are asked to fill in

the entire table.

18t



Section 1 Worksheset: 1

Class Work

Directions: Fill in the table.

11

12

13

14

15

16

17

18

19

20
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Mathemat i ci an: Letds refl ect on the numbers in th
appears and what is the smallest number?

Student 1: The smallest4s

Student 2: And the largest4€0.

Mathematician: How many entries are there?
Student 3: Well, there a0 rows and20 columns.
Student 1: So that makg8 2 20 = 400

Student 2: Wait a minute. There is no entry in the first row and first column, so there are
only 399 entries.

Mat hematician: Are they all different? Let s n
Student 1: No. There are lots of repetitions.

Student 2: Yes. For examplEg is there three times. Once&8 8, onceas83 2and
onceas 43 4,

Mathematician: What other properties do you see?

Student 3: If you folded the table across the diagonal, the numbers would match.
Student 2: That is the commutadilaw.

Student 1: So every number appears at least twice.

Student 2: Not quite9 only appears once &8s 3.

Student 1: Because that one is on the diagonal.

Mathematician: Do any others appear only once?

Student 3:Yes4, 25, 49,121, 169, 289and361

A

Mat hematician: Letodés try to figure out a rule f
number is?

TRM: Prime numbers were introduced in Section 6.

Student 2: A prime number is a number that is only divisible by itselfiand



Student 3: So if we ignore the first row and first column, no prime numbers appear.
Mathematician: Good. What abdif

Student 1: It only appears once.

Student 2: That is becau8e= 33 3 and no other numbers divi@e

Student 3: Becausgis a prime number. So the squares of prime numbers appear only once.
Mathematician: What are the prime numbers betvesamd 20?

Student 2: They arg 3,5, 7,11, 13, 17and19.

Student 1: And their squares are the numBge?$, 49, 121, 169, 289and361

Student 3: Which we saw before are exactly the numbers that appear only once.

Mathematician: Very good. We could continue this and ask what are the numbers that appear 3
times, 4 times, and so on. What are the numbersgltbah 6t appear at al | ?

Student 1: No primes appear.

Student 2: Every other number betwdemnd400appears at least once.

Mathematician: Here is another question. If you had a number betveee00and you

wanted to find out if it was a prime or ffhad any factors other than itself, would it be enough to

look at this table?

Student 2: No, because for exam@®@does not appear on this table, Bat= 33 23 soitis
not a prime.

Mathematician: So would you have to gyery number fron2 to 68to see if it divide$9?

Student 3: I dondt think so. For exam@ale, at
Student 1: Why?

Student 2: Because if both factors w8 more, then their product would B& or more.

Mathematician: Where did you g&?

Student 3: | was thinking about squares. The first number whose square is m@@isitan
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