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Abstract

The convergence rate of processes governed by sim-
ulated annealing (SA) continues to be a topic of in-
tense research. It has often been reported how the final
labeling pattern in image segmentation using Mar
random fields is itive to the temperature schedul
used. In this paper, we describe the effect of introduc-
ing stable points into the initial labeling array. The
stable points are seen to el te the depend of
the terminal point of the sample path on the tempera-
ture schedule, in addition to improving the stability of
the phase transition temperature. A theorem is proved
concerning the effect of the stable points on the class
structure of the SA Markov chain and a conjecture
is stated on the exi e of an optimal set of stable
points. Finally some directions for future research are
discussed.

1 Introduction

A Markov Random Field (MRF) is an elegant
mathematical representation for a digital image. Since
their introduction by Geman and Geman [1], they and
the stochastic optimization process called simulated
annealing which controls the convergence of the MRF,
and which together produce what is known as a simu-
lated annealing Markov chain (SAMC) have been the
objects of a great deal of study [see 2, 3 for more re-
cent work]. Part of their attraction is the MRF's abil-
ity to scale, and they have been suggested as an ex-
cellent choice for a hierarchical image processing sys-
tem. Each level of the hierarchy would simply change
the structure of the neighborhood system of the MRF,
thus incorporating more and more contextual informa-
tion as the complexity of the decision process increases
fa). :

However, the practical implementation of Markov
random fields in image processing is hampered by a
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number of technical issues. The convergence of the
sample paths of the (SAMC) to a fixed image is slow.
This convergence rate problem is exacerbated if one is
modeling a hierarchical process, since usually at least
three levels of processing are needed, if one follows
the low, mid, and high level hierarchy suggested by
Marr [5]. In addition, the terminal point of the sam-
ple path of the SAMC has been shown to be extremely
dependent on the temperature schedule. This sensitiv-
ity of the SAMC to temperature schedule is due, at
least in part, to the extreme complexity of the energy
landscape for even a modest sized real image, which
is littered with local minima. Thus the emphasis on
searching for an optimal temperature schedule for a
given class of problems is understandable [6,7].

2 Main Results

In this paper, we report the effect of introduc-
ing stable points into the initial labeling array of the
SAMC. The stable points, chosen in a spatially uni-
form way, are fixed to a given label at the beginning of
the evolution of the process. In the context of a seg-
mentation problem, we chose no more than 1% of the
pixels to be fixed. Since we were interested, at this
point in the investigation, on how the stable points
would effect the convergence of the SAMC, the la-
bels were then selected by hand to conform to a cor-
rect segmentation of the image. In the future, this
process would be done automatically, using a deter-
ministic pixel classifier with a confidence measure to
weed out labels of low certainty. Next the SAMC was
allowed to evolve according to a linear temperature
schedule with a fixed number of iterations. The initial
temperature was changed to produce different sched-
ules (see Figure 1 for details). The stable points are
never visited and, thus, remain fixed throughout the
evolution of the process.



A number of interesting phenomena were observed.
The terminal point of the sample path was virtually
identical for each temperature schedule. In addition,
the so-called phase transition temperature, that tem-
perature at which the image begins to “freeze” into
the terminal point, was stabilized at a temperature of
1 (see Figure 1 again). This is in direct contradic-
tion to earlier work that attempted to eliminate the
problem of schedule dependence by finding this eritical
value and doing a fixed temperature MRF evolution
[6].

The effect of the stable points on the class structure
of the SAMC is summarized by the following theorem.

Theorem 2.1 Let X(k) = (X,(k)) be a SAMC in-
dezed spatially. Let {51,560, -,5;} be the set of stable
sites. Then X (k) is a reducible Markov chain with h¥
eryodic components, where h is the number of possible
labels at each sites.

PROOF. Let X(k) be a SAMC where the configu-
ration at time ko is given by X (ko) = (X.(ko)), s € S,
where S is the set of pixels of the image. Suppose we
have chosen L = {I},ls,++,15} as the set of labels for
the image, and thus the set of possible configurations
for X (k) is © = L°. Recall that two states wp, w; €
communicate if there is a positive probability that the
Markov chain can transform each one into the other
in a finite number of steps. That is, for some m > 0

P(X(k+m)=w | X(k) =wo) >0,

and similarly for transforming w; into wg. Now it is
clear that there are h? possible labelings of the stable
sites. Each of these possible labelings defines a eylin-
der set of configurations, C, = LS~ {15} 5 {1, } %
»++ % {ls, }. Any two configurations in C can eventu-
ally be transformed into each other.

However, if wg € Cp, = LS~ {ovssd I, Yxeoox
{!m_,_} and wy, € Cy, n # m, then since the stable sites
are never updated,

P(X(k+m) = wy | X(K) = wo) =0

for all m > 0. Thus, X (k) is a reducible Markov chain
with k¥ ergodic components. O

Finally, due to this result, we see why the stable
points solve many of the aforementioned problems.
After fixing the labels at the stable points, the sam-
ple path of the process is trapped inside one of the h7
ergodic components. The energy landscape is far less
complex within these smaller components. In fact, we
have the following conjecture.

Conjecture 2.2 There exists an optimal set, S, of
stable points, where optimality means
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(1) Each global energy minimum is contained
within an ergodic component for which it is the unique
minimum within the component.

(2) No set of cardinality less than S satisfies prop-
erty (1).

3 Future Research

The technique of stable points provides many inter-
esting possibilities for future research. These include,

(1) What spatial distribution of stable points is op-
timal? More precisely, given that the conjecture is
true, from what spatial distribution must one sample
to produce an optimal set of points? From empirieal
work we have seen that stable points near edges are
the most useful. Thus we believe that a good first at-
temnpt at an optimal spatial distribution is one that
is locally Gaussian along an axis perpendicular to the
nearest edge. It is symmetric with respect to the edge
and its standard deviation is inversely proportional to
the strength of the edge.

(2) Is there a way to slowly introduce stable points
and maintain their benefit? By having a sequence of
introductions one can reduce the probability of initial
labeling error. However, the best mechanism for in-
troducing the stable points is not immediately clear,
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FIGURE 1. Upper Left. Original Image.

Lower Left. Three “film strips” showing different Right. Graphs showing the formation of 3 x 3 and
temperature schedules. Each begins at some initial T x T “crystals” within the image. The z-axis counts
temperature and converges linearly to 0, using 500 the number of 7 X 7 crystals, while the y-axis counts
iterations. For the left film strip, the initial tempera- 3 x 3. Upper, middle, and lower correspond to left,
ture was 2, the center was 5, the right was 10. center and right for the film strips.
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