CONVOLUTION PRODUCTS OF PROBABILITY MEASURES ON
FINITE COMPLETELY SIMPLE SEMIGROUPS

GREGORY BUDZBAN

Theorem 1. Let S = X x G XY be a discrete completely simple semigroup. Let

(tn) € P(S). Then pu,(Sx) converges for all x as n — oo iff py.n converges asn — oo
on the set of all H-classes of S.

Proof. Let pun, — Uk, pip, — v;, weakly. Now
tkns (Hz) = pig (2.5) g (S)
fkpi (HT) = iy (S) pap, (S).

Since p, (Sz) converges for all z, as i — oo, vg(Hz) = vi,(Hx). Hence, for each k, all
the limit points of p are identical on the H-classes of S, therefore on 5.
Now consider

vp x v (Hx) = /’Uk[(HI)Z_l]’Uk(dZ).

Notice that
(Hr)z"' = (xS if z€ Sx

=(0 z ¢ Sz
Thus
v *x v (Hx) = vgp(xS) v (ST)
= pr(xS) lim p,(Sz)
= v,(Hx)
since
vr(28) = Hm puyep(25) = px(25)
and

vp(Sx) = lim pg,(sz) = lim p,(Sx).
Now suppose py.n(Hz) converges for all k
() = [ s (Ho)2 (2

— i1 (€9 (S)
— (28 10(S).
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Theorem 2. Let (u,) C P(S5), where S = X x G XY is a finite completely simple
semigroup. Suppose ., — v weakly for some k. Then there does not exist a normal
subgroup G' of G such that Y X C G" with Sp; C X x ;G XY where g; € G — G’
infinitely often.

Proof. Suppose there did exist a normal subgroup G' C G that satisfied the above
property. Then

supp (e * friv1) = supp(pe;) supp(fri1)
C (X xgG xY)X X g;11G' xY)
=X X g;ginG' XY

and in general,

supp (ftin) C X X H GG x Y.
k=i+1

Now assume that for some k, pp, — v as n — oo. Consider [] g;. This product
=k

can not converge since for all j, e # g; € G—G'. (In a discrete group [] g; converges
j=1

iff there exists an N such that for all n > N, g;» = ¢). Hence, there exists limit points

h,h', h # h'. Thus for infinitely many n, supp(ur,) C X x hG' x Y, and for infinitely

many n, supp(ug,) C X x M'G' x Y. But if py,, converges, this is impossible. O

We will now construct a quotient structure on S and define a type of convergence
relative to this structure. Let S = X x G XY be a finite completely simple semigroup
and suppose G’ is a normal subgroup of GG. Assume also that Y X C G’. Consider
the set S/G' = (X x gG' XY : g € G). Let ¢, ¢" be elements of G. Then

(X xdG xY)X xJ"G'xY)=(Xx¢dG(YX)J'G xY)
= (X x¢dG¢"G'"xY) since G'(YX) =&
= (X x¢'¢"G"xY) since G’ is normal
but this is an element of S/G’. In a similar manner one can show that the operation
is associative. In fact, it is clear that X x G’ x Y serves as an identity for the set and
given an element X x ¢G’ x Y, X x g7'G’ x Y is its inverse. Thus the set of elements

forms a group. We will say that X, X1 ...X, converges mod G’ with probability
one iff the sequence converges in S/G’ pointwise with probability one.

Theorem 3. Let S = X x G x Y be a finite completely simple semigroup. Let (X,,)
be a sequence of independent random wvariables with values in S and with distribu-
tions (pn,) C P(S). Let G' be a normal subgroup of G such that YX C G'. Then

X1Xs ... X, converges mod G' iff > iy, [S — (X x G x Y)} < 00.
n=1



CONVOLUTION PRODUCTS OF PROBABILITY MEASURES 3

Proof. Let X, Y, G’ be as above and suppose Z ,un[ — (X xG'x Y)} < 0o. Consider

A={w: X,(w) € S—(XxG xY)io.}. Then by the Borel-Cantelli lemma P(A) = ().
Thus for w € A there exists N(w) such that X,(w) € X x G' x Y for n > N(w).

00 N-1 00 00
Now [ Xi(w) = [] Xi(w) [] Xi(w). Since YX C G', [] Xi(w) C X x G x Y.
=1 =1 i=N =N

N-1

Also [] Xi(w) = (z,9,y) C X x ¢/G" x Y for some ¢ belonging to G. Hence,
i=1

[[] Xi(w) € ( X x¢dG xY) (X xG xY)=Xxg¢gG xY € S/G. Thus X; X5...X,

=N

converges mod G’ with probability one. Now suppose > [S —(xx G x Y)} =
n=1

This implies that P(A) = 1 where A is defined as above. Then if w € A, there exists
(n;) such that X,,, (w) € S—(XxG'xY) for all i. Thus for each i, z;(w) € X x¢g,G' XY

for some ¢g; in S — G’. Now ] X;(w) € X x (H giG’) x Y and since ¢; € G’ and S
i=1 i=1

is discrete, [ ¢; cannot converge. Thus X7 X5 ... X, does not converge mod G'. [
i=1

Theorem 4. Let S = X x G xY be a completely simple semigroup. Suppose H is a
subgroup of G such that Y'X' C H. Then the following results are true.

a) Ifz€ X x HxY, then X x HxY)z"'=Xx HxY'

b) If 2 ¢ X x HXY, then (X x HxY)z"'C X x H°X Y.
Proof. Suppose z € X x HxY; z = (z,h,w), h € H. Let y € (X x Hx YY)z}
y=(y1,y2,y3). Thenyz € XxHxY. Forze S = X'xH' xY' (X'xH xY")z"! =
X'xXH' XYt YX CH. Xy xHXY, yz€ X1 X HXY, (y1y2y3)(z12223)y2ysz1 € H,

Ya(y, 21)z2 € H.)
(y1,y2,y3)(x, hyw) € X x H XY

y2(ysz)h € H
y2 € H
ye X x HxY.

Thus (X x HxY)z"' C X x H xY for z belonging to X x H x Y. The converse is
true since X x H x Y is a subsemigroup. Therefore (a) above has been proved.

Now suppose z € X x H x Y. Then z = (2/,,w) where b/ ¢ H. Let y €
(X x HxY)z™!

—
—
—
—

— yo(ysz)h € H but (yzz) € H
= (po)h' ¢ H
— ¢ H
— (XxHxY)z'CXxH'xY
and (b) is proven. O
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Theorem 5. Let S = X x G x Y be a completely simple semigroup. Let (X;) be
independent random variables with values in S and with distributions (u;) C P(S).
Let pign — vk ; U — Too . Then if X1Xo ... X,, converges mod G', S, C X xG' xY.
This is true for any subsemigroup also. Therefore > p,(S—S") < oo = Sp., C 5"

Proof. Suppose X1 Xs ... X, converges mod G’ with probability one. Then Y 1, [S—
n=1

(X x G' xY)] < oco. Now by the Borel-Cantelli lemma P(A) = ), where A= {w :
Xp(w) € S — (X x G xY)io}. Thus P(B) = 1 where B = A" = {w : X, (w) €
X x G' x Y eventually}. Now let B; = {w : X;(w), Xit1(w), ... € X x G xY)}.
Then B; C B;y; and B = |J B;. Notice that if
i=1
weE B, — Xk(w), l’k+1(’w) LLEXXG XY Mkn, — Vg

- Xka+1Xk+2...€XXG/XY Up, — Tso
— P(B) <u(X x G xY) for all k
but P(B) 11 as k — oo thus 7o (X x G' xY) =1

— S, . CX xG xY.
0

Theorem 6. Let S = X x G XY be a finite completely simple semigroup. Let
(un) C P(S). Suppose pgn — vi for all k and let v,, — Too = 72 = (A1, W, \2)
where H C G. Suppose Y X C H, then

> ]S — (X x HxY)] < o0
n=1

and for all proper subgroups H' C H
> pn[S— (X x H' xY)] = oc.
n=1

Proof. Suppose pu,,, — vy for all k. Then there exists a subsequence (n;) such that
Up; — Too = (U1, wp,u2). Suppose Y X C H. Now S, C X x H x Y, thus given
e/4 > 0 there exists I such that for ¢ > I,

Un, (X x HXxY)>1—(e/4).
Now iy, n — Un, , hence we can also find K such that
k>K = ln, k(X xHXY)>1—(e/4).
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Let k > K, then v,, = i, 1 * vi . Thus
1—(e/4) < vy, (X x HxY)

— /,Umk[(X x H xY)z""u(dz)
:/X ; y’um’k[(X x H xY)z" ug(dz)

+/ fing e [(X X H X V)27 wg(dz)
XxHexY

<ty k(X X HXY) o (X X HXY)+ (X x H xY)
< i (X X H XY )R (X x HxY)+e/4.

Thus
s (X X H X Y)ue(X x HXxY)1 — (e/2)

= (X x HxY)l—(e/2).
Now for n > k, vy, = g, * v, . Then it can be shown, as above,

1—(e/2) <vpe(X x HxY) /,u;m[(X x H xY)z" v,(dz)
and eventually, for £ > K and n > k
en(X X HXY)>1—e.
O
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