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ABSTRACT. Given a compact semigroup .S, it is well known that the set P(S) of
probability measures on S is itself a compact semigroup under convolution. In
this paper, weak convergence of convolution products in P(S) is analyzed. The
conditions are then utilized to analyze the convergence of products of independent
random variables taking their values in P(S). Examples are constructed when S is
the semigroup of d x d stochastic matrices.

1. INTRODUCTION

The study of probability on compact semigroups has a rich history [4]. Certain
compact semigroups play a significant role in this history, for example, the semigroup
of d x d stochastic matrices and the convolution semigroup of probability measures on
a compact semigroup. These semigroups will be the focus of our current investigation.

Let (i) be a sequence of probability measures on a topological semigroup, S. For

a Borel set B C S, define

(1.1) i1 % 1a(B) = / 1 (B V) ua(d),

where Br~! = {y € S|yz € B}. We seek to determine under what conditions the
convolution product
Kk = Hk+1 % g2 % -0 % n
will converge weakly, as n — oo, for all £ > 0. In what follows we will denote the
support of a measure p by supp(u).
This paper intends to contibute to this program in several ways. One goal is to
eventually determine verifiable necessary and sufficient conditions for convergence of
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these products on arbitrary finite semigroups. To accomplish this, one must first
understand the behavior on finite simple semigroups, and in Section 2 some advances
are made in this direction. In Section 3, we will consider conditions for convergence
in P(S), the set of probability measures on S, when S is a compact semigroup and
applications of these conditions to random measures, defined here as the products of
independent random variables taking values in P(S). In this context, the work of
Mindlin [6] must be mentioned. Finally, in Section 4, we will look at examples of

random measures on the semigroup of n X n stochastic matrices.

2. CoNnvoLuTION PropucTs ON FINITE COMPLETELY SIMPLE SEMIGROUPS

In this section S will be a finite simple semigroup, i.e. a finite semigroup having
no nontrivial ideals. If E(5) is the set of idempotents of S, and one induces a partial
order on E(S) by defining e < f iff ef = fe = e, it is clear that any finite semigroup
will have an idempotent minimal with respect to this order. A simple semigroup with
a minimal idempotent is called completely simple. Since S is completely simple, by
taking a minimal idempotent e from FE(S) and letting X = E(Se), G = eSe, and
Y = E(eS) it can be shown that the mapping ¢, : S — X x G x Y defined by

de(s) = (s(ese)™, ese, (ese)™'s)

is an isomorphism when X x G x Y is given the Rees product

(@1, 91, 91) (2, 92, y2) = (21, 91(y1272) g2, Y2).
Notice that y122 € (eS)(Se) = eSe = G. When ¢.(S) = X x G x Y, we will write
S=EXxGExXY.
The (sandwich) mapping from Y x X into G, (y, x) — yz, plays an important role

in the structure theory of these semigroups, all of which can be found in [4].
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In [1], necessary and sufficient conditions were found for convergence of the convo-
lution products when the sandwich function was trivial. The results in this section
are a first attempt at generalizing this work to arbitrary sandwich functions.

Center and Mukherjea initiated the study of convolution products of non-identical
measures in countable discrete groups in [2]. In that work, they made use of the notion
of convergence mod a normal subgroup GG, and the work that follows extends this idea
to semigroups. An important reason for this investigation is the fact, demonstrated
in [5], that the largest normal subgroup generated by the sandwich function plays an
important role in the convergence behavior of the convolution powers.

Following [2], we will now construct a quotient structure on S and define conver-
gence relative to this structure. Let S = X x G x Y be a finite completely simple

semigroup and suppose G’ is a normal subgroup of GG. Assume also that Y X C G'.
Consider the set S/G' = {X x gG' xY : g € G}. Let ¢, ¢" be elements of G. Then
(X xgdG@ xY) X x¢d'GxY)=(Xx¢GYX)J'GxY)
= (X x¢dG¢"GxY)=(Xxg¢¢"G xY)
since G'(YX) = G’, and G’ is normal. But this is an element of S/G’. In a similar
manner one can show that the operation is associative. In fact, it is clear that
X X G' x Y serves as an identity for the set and given an element X x gG’ x Y,

X x ¢g7'G' x Y is its inverse. Thus S/G’ is a group.
Suppose (X,,) is a sequence of independent random variables taking values in .S with
distributions (). We will say that X Xy ... X, converges mod G’ with probability

one iff the sequence converges in S/G’ pointwise with probability one.

Theorem 2.1. Let (u,) C P(S). Suppose pg, — vi weakly for some k. Then
there does not ezist a normal subgroup G' of G such that Y X C G" with supp(p;) C

X x g;G XY where g; € G — G' infinitely often.
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Proof. Suppose there did exist a normal subgroup G’ C G that satisfied the above

property. Then
supp (e * friv1) = supp(pe;) supp(pi1)

C (X X ng/ X Y)(X X gi+1G/ X Y) =X x gigi—l—lG/ xY

and in general,

supp (ftin) C X X H GG xY.
k=i+1

Now assume that for some k, p,, — vi as n — oo. Consider ]n_[ gj . This product
cannot converge as n — 00, since for all j, e # g; € G — &, sincje: I;n a discrete group
ﬁ g; converges iff there exists an N such that for all n > N, g; = e. Hence, there
Jej:ists limit points h, h’, h # h'. Thus for infinitely many n, supp(ug,) C X X hG' XY,
and for infinitely many n, supp(pn) C X x M'G' x Y. But if py,, converges, this is

impossible. U

The following theorem characterizes convergence mod G’ for finite completely sim-

ple semigroups.

Theorem 2.2. Let S = X x G XY be a finite completely simple semigroup. Let
(X,) be a sequence of independent random variables with values in S and with distri-
butions (u,) C P(S). Let G’ be a normal subgroup of G such that YX C G'. Then
X1X5... X, converges mod G' with probability one iff i Lin [S— (X xG' % Y)} < 00.

n=1

Proof. Let X, Y, G’ be as above and suppose i fin [S— (X xG'x Y)} < 0o. Consider
A={w: X,(w) € S—(XxG xY)io.}. Ther??y the Borel-Cantelli lemma P(A) = 0.
Thus for (P almost all) w € A there exists N(w) such that X, (w) € X x G’ x Y for
n > N(w). Now for k > N(w), ﬁlX@-(w) = ]\'[]:[llXi(w) ﬁVXZ(w) Since YX C G,

N-1
Xi(w) C X xG xY. Also ] Xi(w) = (z,9,y) € X x ¢G" x Y for some ¢

i=1

L=
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belonging to G. Hence, for all k£ > N(w),'lﬁ[ Xi(w) e (X xgdGE xY)XXxG xY)=
X x¢dG@ xY € S/G'. Thus X1X;.. .)Z(ZNconverges mod G’ with probability one.
Now suppose i pin[S — (X x G’ x Y)] = co. This implies that P(A) = 1 where
A is defined a::;bove. Then for (P almost all) w € A, there exists (n;) such that
Xp;(w) € S— (X x G xY) for all i. Thus for each i, X,,(w) € X X g,,G' x Y for

some g,, in G —G'. Now [] X;(w) € X x (

=1

I1 giG’) x Y and since g; € G’ i.0. and

=1

n
S is discrete, ] ¢; cannot converge as n — oo. Thus X; X5 ... X, does not converge
i=1

mod G’ with probability one. O
3. WEAK CONVERGENCE IN COMPACT SEMIGROUPS WITH APPLICATIONS TO

RANDOM MEASURES

Throughout this section S will be a compact semigroup with £(S) the idempotents
of S. It is well known that the minimal ideal of S, known as the kernel, is completely
simple. Its Rees product will, once again, be generated by choosing a minimal idem-
potent e. Then, if K is the kernel of S and if X = E(Ke), G =eKe,and Y = E(eK)
then K 2 X x G x Y where the product on the right is the same as in Section 2.

Notice that P(K), the set of probability measures on K, is an ideal of P(S), since
for A € P(K), v € P(5)

supp(A * ) = supp(A)supp(v) C K
since K is closed. Since P(K) is an ideal of P(.9), it is a subsemigroup. If we find
the kernel of P(K), it will be the kernel of P(S) as well, since the kernel of P(S) is
the intersection of the closed ideals of P(S).
The following theorem in [7] provides the solution, stated with the notation of this

paper.
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Theorem 3.1. Let S be a compact semigroup with kernel K = X x Gx Y. Let P(S)
be the convolution semigroup of probability measures on S. Then the kernel K' of

P(S) is the set of measures
K ={p:p=axwsxf}

where o € P(X), B € P(Y), and wg is the Haar measure on the compact group G.

Now let (X,,) be an i.i.d. sequence taking values in P(S) where S is a compact
semigroup and let /i be the associated distribution. Then i € P(P(S)) with 4(B) =
Pr(X,, € B) where B is any Borel set of measures in the topology of weak convergence.

Verifiable sufficient conditions for convergence of convolution products of measures
are difficult to find. The classic result of Rosenblatt [8] is less helpful in our case,
since it requires the identification of the closed semigroup generated by the support
of i, (supp 1), which is rarely possible. In this context, the following result from [3]

may be the most useful.

Theorem 3.2. Let S be a compact semigroup with kernel K. Let (u,) C P(S) be a
sequence of reqular probability measures. Suppose that the following conditions hold:
i. There exists v € K such that for each z € xKx and any open set N(z)
containing z,
lig(i)glf,un (N(z)) > 0.
ii. For any closed subset C C {y € S |y = y* and y € xK} with x as in (i),
limy, o0 pin (S - C) emists.

Then for all k > 0, the sequence (k) converges weakly, where pu., = g1 * flkr2 *
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In (ii), C is any closed set of idempotents in z K, the minimal principal right ideal
generated by the fixed z stated to exist in (i).

While the above result is true in the more general context of convolution products
of measures, it is easily adapted to the current case of convolution powers, u*, of a
single measure.

In this setting, the statement of Theorem 3.2 becomes much easier and extremely

useful. Condition (ii) is trivially true and condition (i) can be written as below.

Theorem 3.2a. Let S be a compact semigroup with kernel K. Let p € P(S). Suppose
there ezists © € K such that for each z € Kz and any open N(z) containing z,

1(N(2)) > 0. Then the sequence (u") converges weakly as n — co.

Notice that for the present context the compact semigroup in question is P(S) with
kernel K = {n € P(S) : p = a X wg X #} as indicated in Theorem 3.1.

Therefore we have the following result.

Theorem 3.3. Let S be a compact semigroup and let P(S) be the convolution semi-
group of probability measures on S with kernel K'. Let i € P(P(S)). Suppose for
some A € K" and any open set N(X) containing X, i(N(X)) > 0. Then (i™) converges

weakly as n — 00.

Proof. Note that for each A € K’, A\x A = . But this implies that AK’\ = X for each

A € K'. Thus, from Theorem 3.2a, the result follows easily. O

4. RANDOM MEASURES ON n X n STOCHASTIC MATRICES

Let S be the compact semigroup of n X n stochastic matrices under multiplication

and let P(S) be the convolution semigroup of probability measures on S. The kernel
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of K of S is the set of all rank 1 stochastic matrices, that is, stochastic matrices with
identical rows.

Now it is easy to show that each matrix in K is idempotent and that, in fact, K is
a right zero subsemigroup in S. In other words, if £ € K, then sk = k for all s € S.
It follows that for any matrix e = e? € K, ¢.(K) = {e} x {e} x K. Therefore we

have the following.

Theorem 4.1. Let S be the compact semigroup of n X n stochastic matrices with
kernel K, the set of all rank one stochastic matrices. Let P(S) be the convolution
semigroup of probability measures on S. Then the kernel of P(S) is K' = P(K), the

set of all probability measures on K.

Proof. Since ¢.(K) = {e} x {e} x K for any ¢ = ¢* € K, by Theorem ??7, K' =
{56 X0 XA:AE P(K)}. But this is exactly P(K). O

Thus every probability measure on K is in the kernel K’ of P(S). The following

examples flow from this observation.

Example 4.1. Let A\ be any probability measure on rank one stochastic matrices. Let
aq,Q, . .., a1 be probability measures on n X n stochastic matrices. Let fi(«;) = p;,
i=1,...,n—1and i(\) = p, where > p; =1, p; > 0. Then by Theorem 3.3, (")

converges weakly as n — oo.
Example 4.2. In 2 x 2 stochastic matrices, choose 0 < p < 1 and let
e |P =P
p 1—=p
Let 6, be a random variable uniformly distributed on [—r,,r,] with 0 < r, <

min(p, 1 — p) for all n and r, — 0, as n — oc.
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Let p, be the distribution of the random matrix

_|p+b 1=(p+0)
P 1—p

Construct g € P(P(S)) so that ji(u,) = 5+ . Let dc be the delta measure on the

X

idempotent e, and let N(d.) be any open set of measures containing d.. Then since

fn — Oe ,&(N(ée)) > 0. By Theorem 3.3, (™) converges weakly as n — 00.
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