Some Results Concerning Convergence
of Convolution Products of Probability Measures
on Discrete Semigroups

Greg Budzban' and Imre Ruzsa?

Two types of conditions have been significant when considering the convergence of
convolution products of non-identical probability measures on group and semigroups.
The essential points of a sequence of measures have been useful in characterizing
the supports of the limit measures. Also, enough mass eventually on an idempotent
has proven sufficient for convergence in a number of structures. In this paper, both
of these types of conditions are analyzed in the context of discrete non-abelian
semigroups. In addition, an application to the convergence of non-homogeneous
Markov chains is given.
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crete semigroups, non-homogeneous Markov chains.

1. INTRODUCTION
Let (un) C Prob(S) be a sequence of probability measures on a topological group or
semigroup, S. Under what conditions will the convolution product

Hkn = Hk+1 % BE42 " % ln,

converge weakly for all £ > 0 as n — o0o? As usual, for a Borel set B C 5,

pr s pa(B) = [ (B e (o)

where Bz~! = {y € S|yx € B}.
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This problem has been studied under various guises for some forty years. Almost all of
the results were in the group context. However, a number of recent papers [1, 2, 3, 7, 10]
have made progress in the semigroup setting, and this paper continues those efforts. We
will work on countable discrete semigroups so topology will play no part in our discussion.

From a historical perspective, certain clear trends emerge. Two types of conditions have
proven repeatedly useful in establishing convergence.

For the sequence (u,, ), define the essential points £ as:

E={zxef

Z pin(x) = 0o}

and let S” = (£) be the semigroup generated by the essential points. Then, if S is finite,

S’ is the smallest subsemigroup such that

Z 1 — pun(S") < oo.
n=1

S’ has been vital in the analysis of the finite group and finite abelian semigroup situation.

The other type of condition assumes that, eventually, mass will be placed on an idem-
potent or set of idempotents. Precisely, if e is the identity of a finite group, then Maximov
[6] showed that

liminf p,,(e) >0

n—oo

is sufficient for convergence of the convolution products. Similarly Ruzsa [10] showed that
for countable discrete abelian semigroups

liminf p, (1) > 0

n—oo

is sufficient for vague convergence, where [ is the set of idempotents of S. The main body
of this paper will offer a detailed analysis of both of these types of conditions.
We will use Csiszar’s method of tail idempotents [4] throughout the paper. If tightness

of the family of measures {k,, |[n >k =1,2,3,...} is assumed, then for (u,) C Prob(S)
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given (n;), there exists (m;) C (n;) such that
Hrkm; — Vi
(1) Vm,; — Voo = I/go
Vi = Vk * Voo

Weak convergence will be denoted by an arrow. When (1) holds for some (m;), we will
write v, = vi(m;). Now if, in addition, v, = v;(p;) and v,, — A, then we have the

following convolution equations, [Ref. 3 Lemma 1, p. 291]

Uk =V x A= 1k (VL % X % Uso).

Notice that v, is a right identity for v;. Thus if conditions can be found such that

vl kA x Vs = VL, then we get convergence.

/

One final introductory remark. The algebraic condition above (v.,

=Vl % A*xUy) iS
exactly what is required for convergence. Suppose pix, , — v, for all £ > 0. Then the set
of tail limits (all limit measures of (vy)) forms a left zero semigroup and the condition is

satisfied. Thus the following proposition is true.

Proposition 1.1.  Let S be any locally compact semigroup and (p,) C Prob(S). Suppose
v = vg(ni), vy, = vi(my;) and let X be the tail limit of (vy) such that v = vi, * X. Then

Wk — Vi for allk >0 iff vl =V % XA V.

2. ESSENTIAL POINTS AND COMPLETELY SIMPLE SEMIGROUPS

For the remainder of the paper S will always be a countable discrete semigroup. If there
are additional restrictions they will be stated. As indicated in the introduction, S’, the
semigroup (or group) generated by the essential points has provided useful information.
For groups, S’ is exactly the support of the unique tail idempotent of (u,), where the

support of a measure p will be denoted and defined by

supp(p) := {z|p(x) > 0}.
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For abelian semigroups, S’ is still useful in characterizing the support of the tail idem-
potent. In this case, if v, is the (necessarily) unique tail idempotent then supp(vs) is the
minimal ideal of S’. Unfortunately, in the non-abelian semigroup situation the problem is
worse as Example 2.1 will show.

Much of this paper uses the language of completely simple semigroups. A completely
simple semigroup is a semigroup with no proper ideals containing a primitive idempotent.
An idempotent e is primitive if whenever ef = fe = f for any other idempotent f, then
e = f. A key fact we will use concerns the representation of a completely simple semigroup.
Let E(S) be the set of idempotents of S and choose e € E(S) arbitrarily. Let X = E(Se),
G =eSe, Y = E(eS). Then G is a group and X x G X Y become a semigroup when given

the product

(z1,91,y1)(%2,92,92) = (71, 91(Y172) g2, Y2)-

Now define the mapping,
Ge: S —> X XGEXY

(2)
s — (E(sSe), ese, E(eSs))

Then ¢, is an isomorphism [for a proof, see 9]. For a completely simple semigroup S,
¢e(5) = X x G xY is called the Rees factorization of S. When ¢.(5) = X x G x Y, we
will often write S =2 X x G x Y.

For this example S is a completely simple semigroup with no proper right ideals (i.e. a

right group). In this case, it is known that ¢.(S) = G x Y.

Example 2.1. Let S be a right group with ¢.(S) = G xY, and let H be a finite subgroup

of G. Let card (Y') = k. Choose y; € Y arbitrarily and for n > k let

JFi

-1
pn(H x {y;}) =1— (k—) distributed uniformly
n

pn (e, y;) =

S|

Then by Theorem 3 of [3], pk,n — Vi and vy — Wi * &y, .
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However, the semigroup generated by the essential pointsis H x Y. N

While the above example shows the essential points can generate too large a structure,
at least the group part of the tail idempotent was characterized. In fact, we have the

following theorem.

Theorem 2.1. Let S = X X G XY be a countable discrete completely simple semigroup
with Y X = {e}, the identity of G. Let (n) C Prob(S) and suppose py., — vi for all
k>0 asn — oo. Then the following are true.
(1) nlinéoun(Sx) exists for all x € S.
(2) There exists a finite subgroup H C G such that if X is a limit point of (vi) then
A = ay xwg * 3 where wy is uniform on H and ay € Prob(X), 8 € Prob(Y).

(3) §11_un(XxHxY) < 0.
ne
Proof. Suppose g, converges for all £ > 0. Then if (n;) is an arbitrary subsequence
Hkn, = Hkn;—1 * Un;
and for some subsequence (p;) C (n;), pp;, — p'. Thus
v = vg * i
Now since S is discrete if p,, — ¢/, then

lim gy, (T) = p'(T) for any T C S.

Ppi—00

Since Sz is a left ideal for all x € S and S is a right group
vi(Sz) = vg + 1’ (Sz) = 1/ (Sx)

Thus lim p,(Sx) exists for each x, and (1) is shown.

Part (2) of the theorem is simply restated here for convenience. Its proof is in [Ref. 3,

pg. 286].



Now to show (3). Let F = {A|v,, — A for some n;}. Then, by (2), for all A € F,
supp(A) 2 Xy x Hx Y, where H C GandY; CY. Let X x HxY 2 5;. Since Y X = {e},

S1 is a subsemigroup of S.

Consider S1z7' = {y|yz € S1}. If (21,22,23) = z ¢ 51, then 2o ¢ H. Thus if

y e ‘912717 Y= <y17y27y3)7

(y1,y2,93)(21,22,23) € X x HX Y
= Y222 e H
= Y2 EHzgl

:>y2¢H.

Similarly, if (21, 22, 23) = z € S, then for (y1,y2,y3) =y € S1271, it is clear that y, € H.

Thus we have shown,

g -1 =XxHxY z€5
z
! CXxH' XY z¢8;.

Since g, — vy for all k and
lirrkinfyk(X xHxY)=1
then given € > 0, there exists k,n such that

(X X HXY)>1—e
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So that
l—e<ppn(X xHXY)

— ;uml l(X x H X Y)zl}un(z)

D TR [C 2 e ol INCERD DR SO PO R e
zEXXHXY zEXXHeXY

< k-1 (X X HXY)pun (X x HXY) 4+ pign—1(X X H* X Y )pn (X x H* xY)

= -1 (X X HXY)u (X x HxY)+ ll — tkn—1(X x H x Y)} ll — pn (X X H x Y)}
=k n—1(X X HxY)— lzﬂk,nl(X xHxY)— 1} ll — pn(X X H % Y)}
< k-1 (X X HxY)—(1—2¢) ll — pn (X x H X Y)}
Thus
fkntp(X X HXY) < pgnip—1(X x HxY)—(1—2¢) ll — fn4p(X X H X Y)}

and continuing

n—+p
pknip(X X HXY) < pp (X X HXY) = (1=2¢) Y 1—pm(X x HxY).
m=n+1
For all p > 1,
n—+p 1
1—pum(X xHXxY) < .
D 1 mm(X X HXY) < o
m=n-+1t
Thus

D 1-p(XxHxY)<oo. W

n=1

It should be noted that in part (3) of the previous theorem, the entire left and right
factors of the Rees product of S were taken. Example 2.1 shows that for the right factor
Y, this can not be improved. The same is true for the left factor X. To see this, under
the assumption that px , — vy for all £ > 0, notice that vy = pr41 * vg4+1. Then if Ay is
any limit point of (vg),

)\1://*)\2
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for some limit points p' of () and Ay of (). Then if S is some right ideal of .S, clearly

(3) Ai(2S) = ' (zS).

Let © = (z1,h1,y1) € X x HXY be arbitrary. Suppose lirr;inf,un(xS) = 0, with p,(z) = %,
say. Then z is an essential point, but by equation (3), S is not in the support of any tail
limit of (p,,). Thus the supports of the tail limits of (i) can not characterize either the
left or right factors of the semigroup generated by the essential points.

In the general discrete non-abelian semigroup case, it is not clear what structure, if any,

should take the place of the semigroup generated by the essential points. The following

theorem, however, offers a possibility.

Theorem 2.2.  Let S be a finite semigroup and (un,) C P(S). Suppose pgn — vk, for

all k > 0 and let F be the set of tail limits of (un). Let Sy = |J supp(v) and let
veF

Then Ss is a subsemigroup of S and lim i(r)lf,un(Sg) =1.

Proof. Notice that S7 C S5 so that Ss is not empty. Now, if 1,5 € So and s € 57 is
arbitrary then ¢;(t2s) = t18’ € S; where tas = s’ € S7, and hence Ss is a subsemigroup of
S.

Now suppose hnniioféfﬂn(SQ) < 1. Then limsup p,, (S5) > 61 > 0. Since S is finite, there
exists s € S§ such that for some subsequence (n;), fin,(s) > 62 > 0 for all i.

Since s € S§ there exists s; € S1 such that s ¢ sflSl or 518 = s2 ¢ S1.

It follows that .
IU/kzni (82) 2 /’Lk,ni_l(sl),u/ni (8) fOI‘ a.ll 7

= Vk(s2) > vk(s1)02

Now s; € S1 = v(s1) > 0 for some v € F where v,,, — v.



Thus

v(s2) > v(s1)d > 0= sy € supp(v) C Si

but this is a contradiction. W

3. THE EFFECT OF MASS ON AN IDEMPOTENT
In this section we analyze the effect of mass on an idempotent with respect to the

convergence behavior of a sequence (i) C Prob(S). For a measure € Prob(.5), let

q(p) = et ” ()
o(p) = [supp(p)|

Let v =1 % po ... fin-

Theorem 3.1. Ifq(ui) > ¢ >0 fori=1,...,n and S is right cancellative, then

Q(V) > Ca(u)fl

Proof. Notice for n = 1, v = p and if o(v) = 1, ¢ = 1. Otherwise q(v) > ¢ > 7)1,

Let n > 2. Assume true for n — 1.
v()= > Mag T palg)  A=p ks
ge€supp(pn)
Case 1. o(\) <o(v).

Let x € supp(v). Then for some g € supp(un), y € supp(\), = = yg and

v(x) > My)tn(g) = cA(y) > cq(N)

Now cq()\) > cc?MN 71 = 7N > o)=L
Case 2. o(\) =o(v)=k.

Now since v = X * (i,
supp(v) = supp(A) - supp(fin)

= |J supp(N)-g

g€supp(pin)

9



S is right cancellative so for each g, |supp(A) - g| = k, thus they coincide.

Thus = € supp()) - g for all g € supp(,). That is xg~! # 0 for each g. Therefore,

=Y AMag Dpnl9) 2D a(Munlg) =¢(r) W

Theorem 3.2. Let 0 < ¢ < 1/2 and suppose that g1, ..., gn are such that p;(g;) > c for

alli. Let g=g1...g9n. Then

I/(g) > Ca(u)fl

Proof. Decompose u; as
i = Z dig Cig
gEsupp(ps;)
where oy = ¢dg; + (1 — ¢)dg so q(aug) > c.

Then

V= E dig, - dng, gy - Onaz,,

x;Esupp(ps)

Now by Th. 3.1 Q(alxl .. 'anxn) > CU(alxl...anxn)fl > Ca(u)fl

Thus

v(g) = Z diz, *** dna, 1z, Oz, (9)

x;E€supp(ps)
2 U(U) 1 Z dlxl .. n:cn

> Ca(v)fl ]

Now let S be completely simple, and let pi; € Prob(S) be such that p; = cda;1+(1—c)da;z
for some a;1,a;o. Fixn, and write A = pyspo -« % fin_1, [t = fhn, V = A%l = [h1kU2 « + [l

Also set anp1 = ai, Gp2 = a2, Ap—1,1 = bl an-1,2 = bg
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Define

oi(v) = |supp(v) N Sa;| i=1,2
o(v) = %(01(1/) + 02(1/))

gi(v) = mm{y(x)}x € supp(v) N Sai}

3 qv) =q(v) =qv) if Sa = Say
q(v) = {

| min 2 2 if Sai# Sas

Theorem 3.3. g(v) > @™~

Lemma. &(v) > a(\) and if equality holds then
(i) k=3o(v) =a(A) is an integer
(11) all nonempty sets of the form supp(\) N Sz or supp(v) N Sz have k elements
(i1i) for any i,j € {1,2}
(supp(A) N Sa;)a; = supp(v) N Sa;
() q(v) = q(\)

Proof. Let

B; = supp(\) N Sb;

A; = supp(v) N Sa;
Clearly, for j = 1,2, A; C Bja; thus
’Az’ 2 Hla,X’Bj’

and hence,

_ A+ A2

SRWRENERYS
> max | Bj|
< |B1| + | Be|
- 2
=7(\)
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Now suppose () = a(A). Then |B1| = |Ba| = k = |A1| = | A2| which shows (i) and (ii).
Also every inclusion A; D Bja; must be equality which shows (iii).
To prove (iv), we distinguish four cases

Case 1. Sb; = Sby, Sa; = Sas.

Then g(v) = q(v) = xegllég(y) v(z) = v(z) for some & and

v(&) =) Mg plg) = eAzar) + (1 - ¢)A(zay ")

Now Bja; = A;, but, Ay = Az, so Bija; = Bias = A. For z, notice that both iafl,

Fay ' are nonempty, singleton sets in supp(\).

q(v) =v(2) > cq(A) + (1 = e)g(\) = q(N)

Case 2. Sby # Sba, Sa; = Sas.
Again let v(2) = q(v) = cA(@a7') + (1 — )\ (Zagy ')
Since Bia; = Bea; = A = Bias = Baag, then & € supp(v) = A implies that ﬁ:afl

intersects both B; and Bs, so
Mzar') = qi(A) + g2(A) > (N

since q1(A) > ¢g(\), g2(\) = (1 — ¢)g(\). Thus g(v) > cg(A) + (1 — e)g(\) = g(\)
Case 3. Sby = Sba, Sa; # Sas.

For & € supp(v), v(Z) = ¢:i(v)

Thus,

where c; =c,co =1 —c.

q2(v)

Thus g(v) = min

Y,
=
=
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Case 4. Sby # Sba, Sa; # Sas.
Again, let v(Z) = ¢;(v) for fixed but arbitrary ¢ € {1,2}.
Now if £ € Sa; then & € Bia; and & € Bsa;

Thus

q(v)=v(z) = Ci)\(fiafl), c; as above.
> ci(@1(A) + ¢2(N))

> ciq(N)

which implies that g(v) > g(A). W
Proof of Theorem 3.3. We proceed by induction on the order of the convolution. The
case n = 1 is clear.

Suppose a(v) > 7(A). Then 5(v) —a(\) >

N[ —=

Now for x € supp(v) we have for some u € supp(\), g € supp(p),

v(z) > Mu)u(g)

> cA(u) = cq(A)

Y,

o
[\
<l
=

but by assumption

Part (IV) of the lemma provides the information needed in the case g(v) =a(A). W
Corollary 3.1. ¢(v) > cg(v) > ¢*) =3 > 2o(¥)=3,

The following theorem now can be deduced from the above corollary in the same manner

as Theorem 3.2 was generated from Theorem 3.1.
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Theorem 3.4.  Let S be a completely simple semigroup and (g;) C S. Suppose for all

1> 1, ,uz-(gz-)zc,forsomec,0<c§%. Then if v = pu1 % fio % <+ * fin,

v(g192---Gn) > clo(v)—3

Corollary 3.2. Suppose S is a finite completely simple semigroup. Let e = e® € S.
Suppose for () C Prob(S), liminf p,(e) > 0. Let vy, = vi(n;). Then e € supp(\), where

A is an arbitrary limit point of (vg).

Proof. Since liminf yi,,(e) > 0, there is a ¢ > 0 such that pux(e) > ¢ for all k > ky. But

by Theorem 3.4, pxn(e) > 8173 = ¢ > 0 for all n > k > ko. Thus if vp = vi(ny),

vi(e) > linrriigf tk.n(€) > ¢. But then likrggf vi(e) > ¢ > 0 and the corollary follows. W

Theorem 3.5.  Let S be a finite completely simple semigroup and (p,) C P(S). Suppose

that lim p,(Sx) exists for all x € S, and that for some idempotent e € S,

n—oo

lim inf p,, (€) > 0.

n—oo

Then pg.n — Vi as n— oo for all k > 0.

Proof. Suppose that liminf y,,(e) > 0 for some e = ¢* € S. Then if X is an arbitrary
n—oo
tail limit measure of (u,), by Corollary 3.2, e € supp(A).
Let v = v(n;) and vj, = v}, (m;) with v,, — veo = 2 and Uy, — Vi = I/;g. Now for

some subsequence of (m;) (still refering to it as (m;) for convenience), v,,, — A. Also, as

indicated earlier,

Now, we can use e to find the Rees factorization of S and define ¢. as in (2) above.

Since e is in the support of every tail idempotent of (u,,), by Corollary 7 in [1],
de [sUPP(voao)] = X1 x H1 x V1
(4) pe[supp(vl)] = Xo x Hy x Y
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and

de [supp(N)] = Xo x hHy x Y1 = X3 x Hoh x Y3

for some h € e - supp()) - e.

Now since

,Uk,ni - ,Uk,nifl * ,U/TLZ

then vy, = By * ' where p/ is some limit point of (pn,).
Notice for any z € S, Sx is a left ideal of S. Thus, since S is completely simple, for all

k>0,

vp(Sx) = Zﬁk l(S:z;)yl]u'(y)
yeS
= i/ (Sz).

But since lim p,(Sz) exists for each z € S, then for arbitrary limit points p’, uof (tn)
o

W (Sw) =y’ (Sx).
Thus, similarly, ptk m; = ftk,m;—1 * tm, implies that for all £ > 0,
v, (Sw) = p” (Sz) = ' (Sx) = vi(Sx),
But this shows that
(5) Voo (Sx) = N(Sw) = v/ (Sx).
Now ¢, is an isomorphism, which shows that for z € .S,
Pe(Sz) =X x G x {y; }

where x = (x;,9:,v;). But (5) above indicates that each minimal left ideal with non-
zero mass for one tail limit measure, has non-zero mass for every tail limit measure. In

particular, Y1 = Y> =Y in (4) above.
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Notice that e is the identity for the group G = eSe and e = (e, e, €).

However, since e € supp(A),
(e,e,€) € ¢pe[supp(N)] = X2 x hHy x Y = Xo X Hoh X Y3

which easily shows that H; = hH; = Hoh = Hy = H. Therefore the supports of the limit

measures Voo, Vo, and A are as follows.

Pe [Supp(l/oo)} =X; x Hx f/, YXl CH
e [supp(vl)] = Xo x H XY, YXoCH

de [supp(N)] = X2 x H X Y

Now in [3] it was shown that the idempotent measures v, v. themselves have a product

structure. In fact,

A

Voo = Ak wp * A2;  supp(A1) = X1, supp(A2) =Y

A
o =

v A xwpg * Ag; supp(\)) = Xo

where the third factors of vo., V. are equal from (4) above.

Then

Vi % Ak Voo = Nk wm % (A2 % Xk A\) xwp * Ao

N/ o
= A\] *WH * Ay = Vg

since supp(A2 * Ax A1) C H.
We use this fact along with Proposition 1.1 to deduce that g, — vy for all £ > 0 as

n — o0. [ ]
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4. An application to non-homogeneous Markov chains.

One of the most important applications of this theory is to the convergence of non-
homogeneous Markov chains. Let (Xj) be a non-homogeneous Markov chain with state
space {1,...,n} and n x n transition matrices (7). Then (T}) is often referred to as a non-
homogeneous stochastic chain. No assumptions will be made concerning the irreducibility

of the transition matrices. One question concerns conditions under which the products
Tk = Tpi1Thy2. .. Ty

will converge for all k. Clearly, conditions which are sufficient for convergence of the
products will ensure, independent of initial distribution, convergence in distribution of
(Xk). The most useful conditions are those based only on the individual matrices, not
on products of unspecified length. To get conditions of this type we will exploit the
relationship between probability measures on binary stochastic matrices and stochastic

matrices [see Section 3 of Ref. §].

Example 4.1.
Let (7)) be a sequence of 3 x 3 stochastic matrices such that for each k,

py o5 Pk +pk

Tw = | oY o5 Pk +pf

py pf pb+ph
Then
4
Tw =) piBi
=1
where
(1 0 O] [0 1 0]
Bi=1[1 0 0| By,=1]0 1 0
(0 0 1] 0 0 1]
[0 0 1] [0 0 1]
Bs=10 0 1| Bs=1|0 0 1
(1 0 0] 0 1 0]
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Notice that S = {B1, Ba, B3, B4} is a completely simple semigroup of matrices and that

B; and Bs; are its idempotents. Also,

SBy = §Bs = {By, B3}

SBy = SBy = {Ba, B4}.

Now define y(B;) = p¥. Then by Theorem 3.5, yuy, ,, will converge (and therefore T}, ,,) if

either lir%infpf >0 or lir%infpg > 0, and if both

lim p]f +p§ and lim pg +p§
k—o0 k—o0

exist.
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