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* Manuscript

CONVOLUTION PRODUCTS OF PROBABILITY MEASURES ON
COMPLETELY SIMPLE SEMIGROUPS

GREGORY BUDZBAN

ABSTRACT. Convolution products of probability measures are considered in the
context of completely simple semigroups. Given a sequence of measures (p,) C
Prob(S), where S is a finite completely simple semigroup, results are proven which
(1) relate the supports of the measures in the sequence to the supports of the tail
limit measures, and (2) determine necessary and sufficient conditions for conver-
gence of the convolution products in the case of rectangular groups. An example
showing how the theory can be used to analyze the convergence behavior of non-
homogeneous Markov chains is included.

1. INTRODUCTION

This paper continues an ongoing program of analyzing the convergence of con-
volution products of probability measures on groups and semigroups. The conver-
gence theory for powers, u”, of a single probability measure is largely complete, even
in structures as general as locally compact semigroups, (for details, see [5]). The
situation changes completely for products of non-identical measures. The specifics
concerning recent progress will be given below.

Let (i) be a sequence of probability measures on a topological semigroup, S. For

a Borel set, B C S, define

o a(B) = [ m(Ba sl (1)
where Bx™! = {y € S|yxz € B}. We seek to determine under what conditions the
convolution product

Hkn = Hi+1 % 42 %« 0 % Ly
will converge weakly, as n — oo, for all £ > 0.
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Center and Mukherjea initiated the study of convolution products in semigroups
in [4]. Mukherjea continued the analysis in [7] where he analyzed their behavior in
compact Abelian semigroups, finding certain necessary conditions for weak conver-
gence. The program was expanded to compact semigroups in [2] where, among other
things, verifiable sufficient conditions for convergence were found.

Ruzsa continued the work in [8] where he found an extremely useful sufficient
condition for discrete Abelian semigroups, which was extended to certain discrete
non-Abelian semigroups in [3].

Complete verifiable necessary and sufficient conditions in this area are rare. This
was accomplished for finite Abelian semigroups in [1]. The main result of this cur-
rent paper completes the problem for a class of non-Abelian semigroups known as
rectangular groups.

The organization of this paper will be as follows. After this introduction, there
will be a section that provides background information concerning notation and some
semigroup theory. The section that includes the main results will follow and the
paper will conclude with an application to non-homogeneous Markov chains and a

discussion of possible future directions for the program.

2. SOME PREREQUISITES

All of the definitions and results of this section can be stated in greater generality
but since the main results of this paper are for finite semigroups, we will work in this
context.

Suppose S is a finite simple semigroup. Let E(S) be the set of idempotents in S.
A partial order on E(S) can be defined by saying that for ey, e5 € E(5), e; < eg if

and only if ejes = ese; = ;. Choose an idempotent, e, minimal with respect to this
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order. Let X = E(Se), G = eSe, Y = E(eS). It can be shown that the mapping
Pe S — X X G xY defined by

de(s) = (s(ese)™, ese, (ese)™'s)

is an isomorphism when X x G X Y is given the product

($1,g1,y1)(902792,y2) = (951,91(91902)92,y2)~

Notice that y;zy € (eS)(Se) = eSe = G. This mapping from Y x X into G, (y, z)
yx, plays an important role in the structure theory of these semigroups and is called
the “sandwich function”.

The product structure X x G x Y is called a Rees product and one of the earliest
results in the field of semigroup theory was by Suskevitch (later generalized by Rees)
showing that for finite semigroups, the existence of this isomorphic product structure
was equivalent to being simple. Since this theory was extended to an infinite setting
where the existence of a minimal idempotent is not guaranteed, those semigroups
that are simple and have a minimal idempotent are called completely simple.

An important special class of completely simple semigroups are those where the
set of idempotents form a subsemigroup. In this case, the sandwich function is said
to be trivial since yz = ¢ = € € G for all (y,z) € Y x X. This class of completely
simple semigroups are called “rectangular groups”.

In what follows, if no confusion will result, we will write for s € S, s = (s1, 9, $3)
when ¢.(s) = (s1,52,53). In addition, when ¢.(S) = X x G x Y we will write

S = X x G xY. Note, in this finite setting,

pir * po(B) = Zﬂl(Bfl)m(l’)-

TE€S
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3. MAIN RESULTS

We begin our analysis of the problem by finding conditions necessary for conver-
gence, which also characterize the relationship between the supports of the limit
points of the sequence (u,) and supports of the “tail limits” of (u,). A measure \ is
called a tail limit of (u,,) if A is a limit point of (1), where for each k, ug,, — vi as
n; — 00. In a paper fundamental to this area, Csiszar [5] showed that in compact
semigroups, given any sequence (n;), there is a subsequence (m;) C (n;) such that
fhm; — Vi and also v, — Ve = v2 . Thus, not only tail limits, but tail idempotents

are easy to produce.

Theorem 1. Let S = X X G XY be a finite, completely simple semigroup. Let

(n) C P(S). Suppose pin — vi for all k >0, as n — oo. Define S; = | supp(N),
Y

A a limit point of (vg). Then,

1) S1 = X1 x Hy x Yy where supp(\) = X x Hy x Y}

(1)
(2) X1 = {2z € X|limsup u,(xS) > 0}
(3) lim u, (Sy) exists for ally € Y

(4)

4) Y, ={y € Y|lim u,,(S,) > 0}.

Proof. Statement (1) is well known and stated here only for convenience. For a proof,
see [2]

For (2), notice the following:
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Thus
(@) =D psrn |27 (@9)] s (2)

— Z fir1n |27 (@S) ] g (2)

zexS

= fi+1(2S).
Thus, since pu,, — Vg

vi(2S) = pr (25).
Now let 1 € X;. Then for some limit point A of (1), A({x1} x H; x Y;) > 0.
If v, — A, then g, 1(2S) = v, (xS) — A({z1} x H; x Y1) and from this it is clear
that
lim sup g, (z15) > 0.

n

Now if lim sup pi,,(21.5) > 0, there exists a subsequence (n;) such that, eventually with

respect to i, for some § > 0
Vn; (1S) = pin,,, (1.5) > 6 > 0.
Then, clearly, there exists a limit point A of (v,,) such that
{z1} x H; x Y1 Csupp(\) C X; x Hy x Y1,

thus (2) is shown.

For (3), notice that
(Sy)e~! = {S z € Sy

0 z¢ Sy
Thus,
e (SY) =Y fin—1[(Sy)z ] pa(d2)
2€Sy
= pn(SY)-

Then lim p,(Sy) = Hm pue,(Sy) = vi(Sy).
As for (4), note that for any k, v (Sy) = lim p,(Sy). Thus, if X is any limit point

of (), A(Sy) = lim_ 11, (Sy). O
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The next result continues investigating the relationship between the limit points of
(i1,) and the union of the support of the tail limits. It finds that the support of any
limit point of (u,) must be contained in the subsemigroup S, constructed from the

supports of the tail limits of ().

Theorem 2. Let S = X X G XY be a finite, completely simple semigroup. Let (j1,,) C

P(S). Suppose pig, — vk, for all k >0, as n — oo. Then lim p1,,(X; x H; x Y;) = 1.

Proof. We must analyze the structure of the sets (X; x H; x Y1)z™! in order to
understand the behavior of the convolution products.
Let 2z = (21, 22, 23) € X1 x Hy xY). Clearly, X; x H; xY; C (X1 x H; xY1)z"! in this
case. Suppose y € (X; x H; x Y1)z~!. Under what conditions will y ¢ X; x H; x Y;?
Let y = (y1,y2,y3). If y3 € Y7, then y32; € Hy, which implies that yo € H;. Thus

if y3 € Y1, then y € X; x Hy X Y;. Therefore, suppose y3 ¢ Y;. Then,

y2 € Hi(ysz)™ € |J Hih™
heYEX1

We have shown, for z € X7 x H; x Y7,

(Xix Hyx Y1)z  C Xy x Hyx ViU ()Xo x Hih™h x Yy
REYF X1

Since X7 x H; x Y; = [Jsupp(A) where this union is over the limit points, A, of
(1), then for e > 0
z/k(Xlelel)>1—Z
for all k > K (¢).
Now
ke = Hk+1 * Mk+1,n,

thus

Vi = Mi+1 * V1.
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Hence for k > K (¢)
1—Z<uk(X1><H1><Y1)

= ZMkH[(Xl x Hy x Y1) 2] vy (2)

= > e [(X x Hy x Y1)z v (2)

zeX1xHi1 xY1

+ Z Mk+1[(X1 x Hy x Yl)z_l}l/kﬂ(z).

ZE(Xl X Hq ><Y1)c

Thus -
1- 5 < Z per [(X1 x Hy x Y7) 2™ v (2)
X1 xH1xY1
< pir (Xy x Hy x Y1)va (Xh x Hy x Yq)
e (X x Hib ™ x Y9 ue(Xy x Hy x V)
heY Xy
but by (3) of Theorem 1, lim Mk+1( U Xix Hhtx Yf) =0.
k=00 heYEX,

Thus for k > Ks(e) > Ki(¢e)

mn(J X< Hiht xn) <

hEYEX,

g
5"
So that, for k > Ks(e)
l—e< /,Lk+1(X1 x Hy x K)Vk+1(X1 x Hy % )/1)

< Hk:—f—l(Xl x Hy x )/1)
We have thus shown that

hm,un(Xl X Hl X }/1) =1.
U

Our final result determines necessary and sufficient conditions for the convergence

of the convolution products i, for the case of rectangular groups.
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Theorem 3. Let S =2 X x G XY be a finite completely simple semigroup with
Y X = {e}, e the identity of G. Suppose (u,) C P(S). Then ., — v weakly for all
k>0 iff

(1) There exists a subgroup H C G such that

Zl—pn(XxHxY)<oo;
(2) For all sequences (hy,) C G and subgroups Hy C H
D 1= (X X hyHihyty X Y) = 003

(3) For each x € S, lim p,(Sx) exists.

n—oo

Proof. Suppose py, — vi for k> 0. Part (1) holds trivially and part (3) follows from
Theorem 1 of this paper. To prove (2), assume > 1 — (X x h,Hih 1, X Y) < 00
for some sequence of elements (h,) C G and some subgroup H; of H, where H is the

smallest subgroup of G to satisfy (1).

Notice that
(Xl X thlhgl X Y)(X X thlhgl X Y)

:Xl X thlhgl xY.

Since (hy) has only a finite number of distinct elements, hj, = h for infinitely many

k. Choosing a subsequence (n;) of these n such that for some limit point A of (1),

uniyni+l - )\
we have that A(X x hHih™' x Y) =1 due to the fact that

lim [inf k(X X b Hyhy 't x Y)] = 1.

k—oo 1

But this implies that H C hH;h™!, which is a contradiction to the minimality of H.
Now suppose (1), (2), (3) hold. Specifically, assume there is an idempotent e € S,
such that

6:(S) = X x G x Y,
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and for which the three mentioned properties hold.
Consider 7, = 0, * i, * J¢.

Then supp(m,) C G and for H C G

Zl—wn(H)221—6e*un*6e[{e}XHX{@}}.

Notice that
n % 0 (X X H x {e})

= i [(X x H x {e})y]o.(y)
= pin [ (X x H x {e})e ]

= (X x HXY).
Similarly, 7,(H) = pu,(X x H xY).

This implies that
Z 1—m(H) < o0
and
> 1= (b Hihyty) = 00
for all subgroups Hy C H andnall sequences (h,) C G.
Thus, by the result for finite groups [4],
Tem — Pks Pk — WH-

Consider supp(p1 * 0 * o) and its relationship to supp(py * p2).

Let
s1 = (@1, g1,y1) € supp(1),

So = (X2, g2, Y2) € supp(fi2).
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Then
S1° 82 = ($1,917?J1)(I2,927?J2)

= ($1,91€g27y2)
= (xlglyl)(ea €, 6)(1‘2, 92, y2)

= 51€S9.
Since there is equality throughout we have shown that s;s5 = s iff s1es9 = s.

Thus
ek pa(s) = D pals1)de(s2)pa(ss)
= D mls)pa(ss)
= Z pia (1) pa(s3)
= 2183;;2(5)-

Now let v, be any tail idempotent of (yu,) with
Hin; — Vi, Vn; = Voo-

By the above,
Tkn,; :66*Mk+1*6e"'*5e*ﬂni *56

= J¢ * Hkn,; * de.
Letting n;, — oo,

Pk = 0 % U % 0.

Choose k = n; and letting n;, — oo
WEH = Op * Voo * Op.

Thus esupp(vs)e = H which shows that e € supp(vs ). Therefore,
Voo = Qk Wy * 3

where o € P(X), f € P(Y).
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Now let (m;) be such that

U, — A.
Then by convolution equations shown in [2, pg. 292], we have that

Hen; = Bkm * Umn;

Vi = Wk,m * Vm.

Thus,
Uk = U % A (listing m = m;)

= v * Vi % A x Uy
= .
Therefore, v, = v}, for all k, and from this it follows that py, — v for all k as

n — 00. O

4. AN EXAMPLE

Let S = {s1, s2,...,8,} be a finite semigroup and A(S) the real semigroup algebra
of S. Let A;(S) C A(S) be the subset

Ai(S) = {sz‘si | pi >0, Zpi = 1}.
i=1 i=1

Notice A;(S) is closed under multiplication. With each element a = > p;s; of A;(S)
i=1

associate the probability measure p € P(S) where u(s;) = p;. If a = Ay(5) and

i € P(S) have the above relationship, we will write @ ~ p. It is an elementary

exercise to show that if a; ~ p; and ay ~ o, then a; - as ~ py * pe. This notation

provides a simple way to write examples for small matrix semigroups.



12 GREGORY BUDZBAN

Now consider T}, = pys; + phsa + phss + phsy where

1000 00 1 0]
51:1000 w0010
0010 2 1 000
0010 1000
(0 1 0 0] (0 0 0 1]
33:0100 (0001
0001 4 0100
0001 0100

The four matrices S = {s1, s9, $3, 54} form a rectangular group. Choosing e = s; to

form the Rees product provides ¢.(S) = X x G X Y where

X = {51}, G = {51, 82}7 Y = {51, 83}7

the principal left ideals of S are Ss; = {s1,s2} and Ss3 = {s3,s4}, and the only
subgroup of G is H = {s1}. Thus the conditions of Theorem 3 are satisfied if
(1) Jim Pt + pb exists (this forces Jim Py + pk to exist),
1
(2) py +ph > T eventually,
1
(3) ps + pk > - eventually.
Under these conditions, i, converges for all £ > 0.
Notice that P
P1 P3s D2 Dy
bk ph b
v of pf Pl
p5 pi piops

is a sequence of stochastic matrices. It is hoped that this connection can be exploited

Ty =

in later work to find conditions for the convergence of non-homogeneous Markov

chains.
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5. FUTURE DIRECTIONS

A recent paper by Hognéds and Mukherjea [6] provides some hope that these results

can be extended to the case where the sandwich function is non-trivial.

If the general finite completely simple case can be solved, it will be straightforward

to extend it to all finite semigroups with some mild conditions to ensure the limit

measures have their support in the completely simple minimal ideal. Work on this

aspect of the problem continues.
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