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ABSTRACT. Given a sequence of measures (,un) on a topological semigroup
S, a measure A on S is called a tail limit of (,un) if for some subsequence of
integers (nz), Mkmn; = Mk+1 % -+ % Uy, converges weakly to Vg for all k
and A is a weak limit point of the sequence (I/k) . The main theorem of this
paper characterizes the supports of the tail limits on compact completely simple
semigroups. Some applications of the theorem and various open problems are
discussed.

1. Introduction

Let (X,,) be a sequence of independent random variables taking values in
a topological semigroup S. Let (u,) C Prob (S) be the sequence of associated
probability distributions. That is, for any Borel set B C S

P(X, € B) = un(B).

We wish to address the following question: Under what conditions will the
associated random walk

X = Xpg1 - Xgyo... - Xy

converge in distribution for all £ > 07
Since the X;’s are assumed independent, this becomes a question con-
cerning the (weak) convergence of the convolution product

Mk = HE41 % k42 % -0 % [n

where for p,v €Prob(S5),

prv(B) = [ (B (ds) = [ (e B)u(da),

Bz ™! = {y

For € Prob(S), we define the support of p to be

Sy = {af;

Part of the interest stems from an application of the theory to discrete
dynamical systems. One of the main problems in dynamical systems is the
characterization of the attractor of the system.

yaceB}, and xlB:{y

:l;yeB}

w(N(z)) > 0 for all open N(x) containing x}
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Example . Asabove, let (X,,) be a sequence of independent random variables
taking values in the semigroup of nonnegative n x n matrices. Let W,, =
Xp ... X1, and for x € (R™)*", consider the random orbit (W, (x)). Then
the attractor A(z) of x is defined as

Alr) = {y e R

P(Wy(z) € N(y) infinitely often ) > 0}

where N(y) is an arbitrary open neighborhood of y. If (X,,) is identically
distributed with distribution g, then Mukherjea has shown [4] that under very
general condions, there is a beautiful relationship between the attractor of =z
and the minimal ideal I of the closed semigroup generated by S, . Namely, the
attractor is the image of = under . That is,

A(z) = { Mz

MGI}.

Thus a careful analysis of random walks on topological semigroups should shed
a great deal of light on the theory of discrete stochastic dynamical systems.

The techniques used in this paper are those of algebraic probability the-
ory. When S is a compact semigroup, then (Prob(S), ) is a compact semigroup,
and its algebraic structure can be exploited to prove the desired convergence the-
orems.

The organization of this paper will be as follows. After this introduction,
Section 2 will collect certain preliminary results and specify our notation. Section
3 will contain the main theorems concerning the structure of the supports of the
limit measures, and in Section 4 new convergence results will be proven using
these structure theorems. Finally in Section 5, we will discuss some related open
problems.

2. Preliminaries

Throughout we will assume that S is a compact, second countable,
Hausdorff semigroup. We write E(S) to denote the set of idempotents in S.
Since Prob(S) is compact, given any sequence of integers (p;) there exists a
subsequence (n;) C (p;) such that

Mkn, — Vi forall k
oy — Vo = V2, 1)

Vi = VL * Vo

The arrow denotes weak convergence. In the following, when vi(= vi(n;)) is
written, it will mean that (1) holds. The measure vo, will be referred to as a
tail limat.
Now consider an arbitrary limit point A of (v). Then for some sequence
(mi), Vm; — A. Consider (m;) in the original products. Let v, = v, (m;) and
/

v, — vh, = (V,)?. Now let X be such that v, — X'. The following semigroup

equations in Prob (S) were demonstrated in [1].

Vi = V), % A v, = v * N
A= A% Vs N =N xvl @)
N = Voo x X A=vl *x A
Voo = N % A vio=Ax XN

These equations indicate an algebraic structure on the tail limits. Indeed,
the following result was proved in [2].



BEINTEMA AND BUDZBAN 3

Theorem 1.  Let (u,) CProb(S), where S is a compact semigroup. Suppose
() has a unique tail idempotent. Let

V= {(Vk)

Let F be the set of tail limits of (pn). That is,

Wkn; — Vi for some (nz)}

F = {)\ ' A is a weak limit point for some (vy) € V}
Finally, let G =< F >, the semigroup generated by F. Then G is a group. ™

Remark . If S is abelian, then from the convolution equations,
Voo =N * A= Ax X = v
and thus (u,) has a unique tail idempotent.
Since p* v(B) = [ u(Bx~)v (dx) it can easily be shown that S, =

S, - Sy. Thus the convolution equations (2) imply the following identities on the
supports:

S)\:S)\‘SVOO SA/ZS}‘/.SV{)O
Sy =S, - Sy Sx =Sy, - Sx (3)
SVOO :S)\/~S)\ SV{)O :SA‘SA’

In the current context, S, is a completely simple semigroup whenever p
is idempotent [5, Theorem 3.17]; these semigroups will play a central role in our
development.

Let S be completely simple. For each e € E(S), we define an isomor-
phism ®. by

O (s) = (E(sSe), ese, E(eSs)).
By Rees’ theorem we have a representation ®.(S) = X xG xY =2 XGY = S5,
where X = E(Se), G = eSe, and Y = F(eS). Given s = (z,g9,y) € ®.(5),
define IIx(s) =z, lIg(s) = g, and Iy (s) = y.
Though quite routine, the following result is included for convenience.

Proposition 2. Let S =2 X xG XY be a compact completely simple semigroup,
ec E(S), X=E(Se), G=eSe, Y =E(eS).
(1) If H is a subgroup of S, then H is contained in a mazimal subgroup
G of S of the form
G {z} x G x {y} = fSf, where f € E(S).
Moreover, there exists a subgroup H of G such that
H = {z} x H(y)™" x {y}

(i1) If S’ is any subsemigroup of S, then S’ is completely simple. Thus
S’ is a disjoint union of isomorphic subgroups H, of S’ :

S =|JHa = l{xa} x H(yswa) ™" x {ys}

o a,B

(11i) Let S/¢m be the quotient semigroup generated by the H -classes of

S and let i :+ S — S/ be the canonical homomorphism. Then ¥ (S’) is a
subsemigroup of S/¢n and Y(S') = U v(Ho,)-

n
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3. Structure Theorems

The objects of investigation in this section are the supports of tail limit

measures. In an earlier paper [6], Mukherjea made the observation that when S
is a finite group, the supports of the tail idempotents were conjugate subgroups of
S. Our next theorem shows that this observation can be generalized considerably.
For the following, v, V., are asin (3) above.
Theorem 3. Let S, _ be a subsemigroup of the completely simple semigroup
S. Let e € E(S,_) be a primitive idempotent, and set & = ®.. Write
O(S) = X xG XY and (S, ) = X1 x Hi xYy. Then Hy is a subgroup
of G, and if Hy is the subgroup of G such that

2(5,.) = J [{xa} < Ha(ysa) ™" x {yﬁ}], (4)

a,B

then Hy and Ha are conjugate.

Proof. Note that (Y X) C G and (Y1X1) C Hy. Also, H; =eS,_e C eSe =
G, so H; is a subgroup of G.

Next we show that

B(Sy) = U[{x} x gHp X Yl] (5)

where the union is taken over all triples (z,g,y) € ®(Sx). Since ® is an
isomorphism, the equations (3) imply

2(5,) =35 3G = | [<x,g,y>~<X1xH1xY1>
(Cb,g,y)eq)(Sx)

Let s € Sy, and write ®(s) = (a,b,c). For some triple (x,g,y) € ®(Sy),

(CL, b7 C) € (xvgvy) ' (Xl X Hl X Yl)

Since (z,g,y) - (X1 x H1 x Y1) = {z} x g(yX1)H; x Y1, we deduce that a = x,
c € Y7, and thus also y € Y7. It then follows that yX; C Hy. Thus

B(Sy) = U[{x} x g(yX1)Hy x Yl] = U[{x} x gHy x Yl]

A similar argument proves that

0(5y) = [ X x Hig' x () )

where the union is taken over all triples (z/,¢,y') € ®(Sx/). From (5) and (6)
it immediately follows that

oS, ) =2y 2= U [{x}xngg’x{y’}} (7)

(z,9,y) (z'.9",y")
Let XQ = HX [Q)(SV{)O)], YQ = HY [Q)(SV{)O)] . Then we claim that
Ty [®(Sh)] = X = TTx[®(S,, )] and Ty [®(Sy)] = Y = Ty [B(S,. ).
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To see this, note that as a consequence of Proposition 2, part (iii),
(S,t) € XoxYy— {8} X Hg(ts)il X {t} C @(SV{)O)

The assertion then follows from (5), (6) and (7) above.

Since ®(5,. ) = ©(Sx) - ®(Sy), we have for all (z,g,y) € ®(Sy) and all
(xlvglvy,) € q)(S)\’)a

X1 X ng/ X {y/}:| . [{x} X ng X Y1:| C X1 x Hy xY.

Thus
Hyg'(y'x)gHy = Hi. (8)
It immediately follows that Yo X> C | l(g’)lngl} , where g € Tl [®(S))] and

g9' € Ug[®(S\)].
Now fix € X5. Then by (8),

(xvgvy)v and (-777,/9\737) S q)(SA) — ng == /g\Hl == ¢1(x)H17
where 7 : Xo — G. Similarly,
(',9',y') € ®(Sx) = ¢’ € Hia(y'),

where ¢2 : YQ — G.
By (4) and (6), we may write

J U l{f’f’} X gH1g" X {y’}] -J l{wa} X Ha(ygaa) " ¥ {yﬁ}}

(z,9,9) (z',9",y") o,B

We may also use Sy = S,/ - Sx to deduce that

[t ot | = U x Btz )] - [ Uci@) < < v

a,B

Since IIx[®(S\)] = Hx[®(S,,_ )] = X2, there exists s € Xy such that for some
teYs,
Ho(ts) 'g(ts)H = gH,, and g,g € Ig[®(Sy)].
Thus HogH; = gH; and in particular Hog C gHy, whence Ho C gH1(g)7t.
Observing that g € ¢gH;, and writing g = gh for some h € Hj, so that
@)t =h"tg7t we get
Hy C gHig™ " (9)

Now since SVéo = S, - Sy we can write

| tabxtatisra) )] = |Uttab x ot x w0 | [ Ut < g

a,B

If (x4,yp) is chosen appropriately, we deduce that gHy1g’ C Ha(y'xz)~!. Thus
gH1¢'(y'x) C Hy. By (8) this is equivalent to

gH1g™' C Ha (10)

Combining (9) and (10), we have that H; and Hs are conjugate, as required.
]
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Note that we have also proved the following.

Theorem 6. Let S be a compact completely simple semigroup and let A,
N, Voo, V., be as above. Let e € E(S,. ) and let ® = ®.. Set ®(S,_ ) =

oo

X1 X Hy xY7 and let

0(5.1,) = U |}  Falura) ™ x (1)

a,B

Then the following are true:

() (52 = U, {0} x vr(a) 1 x V1] = U, [0} x Havn (o) x
where Py 1 X1 — G.

(i) 9(Sx) = U, [Xl X Hytbs(ys) % {yﬁ}}
where Py 1 Yo — G
(i) T [®(S3)] = Tx [8(S,. )] Ty [(Sx)] = Ty [&(S, )] .

In the case where S, and S, , share a common idempotent, the
theorem takes the following simpler form:

Corollary 7. Let S= X x G XY be a compact completely simple semigroup
and let X\, N, voo, V., be as above. Let e = €?> € S,__ N Sy, and ® = .. Set

@(SVOO) = X1 X H1 X Yl
@(SVOO,) = XQ X HQ X YQ

Then the following are true:
(i) Hi, Hy are conjugate subgroups of G.
(’&Z) q)[S)\] = XQ X hHl X Yl = XQ X th X Yl
for some h € g[P(Sy)].
(’&’&’&) q)[S)\/] = X1 X th/ X YQ = X1 X h/HQ X YQ
for some h' € g [P(S\)]. u
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4. Applications

In this section, the structure of the support of tail limits will figure
prominently. The conditions in the theorems allow the semigroup properties of
the probability measures to be used to full advantage in proving the convergence
theorems. The first result is a simple, but extremely useful lemma.

Lemma 8. Let S be a completely simple semigroup. Let u,v € Prob (S).
Suppose L C S is a left ideal and R C S is a right ideal. Then the following are

true.
(i) pxv(L) =v(L).
(i) pxv(R) = p(R).
Proof. Notice that

-1 S ifze L
A =
%) otherwise

Thus p+*v(L) = [, p(Lz")v(dz) = v(L). Similarly,

. S ifze R
z "R= )
] otherwise
and so pxv(R) = [, v( wu(dz) = pu(R). m

When a sequence (,un) has a unique tail idempotent, then from Theorem
1, the tail limits generate a group of measures. As indicated earlier, if S is
abelian, the existence of a unique tail limit is immediate. However, as the next
theorem shows, this uniqueness property can occur in the non-abelian case as
well.

Theorem 9.  Let (f,) CProb(S), where S = XGY =2 X xGXY is a compact
completely simple semigroup and G is abelian. Suppose that for arbitrary closed
subsets C1 C X, Co CY, and weak limit points p', 1" of (pn), we have

w'(C1S) = p"(CLS) and ' (SC1) = p"(SCs)

Then () has a unique z'dempotent

Proof. Suppose vy = vi(n;), v, = v, (pi) and let py,, — ph, pp, — pf. Then
for some Bk = Br(ni — 1), vk = ve(pi — 1),

/

Vi = B * py

/ 1

Vi, = Uk * U]

/

Thus if v, v, are the respective tail idempotents associated with (v) and
(v1,), and B3, are limit points of (8;) and (), then

Voo = 3% i} (11)
bo =7 1Y
Similarly,
Voo = [l % Q (12)

"
VOO_IU/Q*W
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where p5 and p” are limit points of (). Using (11), (12), and Lemma 8, and
observing that C1.5 and SC5 are right and left ideals, respectively, we see that

Voo (ClS)
Voo (SCs)

= vl (C15) (13)
= V(;O(SCQ)
By Theorem 3,

@(SVOO) = X1 X H1 X Yl

and @(SV{)O) = U[{xa} X HQ(yﬂxa)il x {ys}

7

where H;, Hs are conjugate. Since G is abelian, H; = Hs. Using (13) it is easy
to see that

Ty (B(S,)) = Tx (®(S,
Ty ((S,

oo

)) = Ty (®(S,

8
I
oy

’
oo

Then (ysro) € Hy and ®(S,, ) = X1 x H; x Y1. Since each of v, ., are
idempotent,

Voo :)\1 * WH, *)\2
v =N *wp, * A
where A\, \] €Prob (X), A2, A, €Prob (Y), and wg, is the Haar measure on

H, [5, Theorem 3.17].
Also, if AC X, BCG,and C CY, then

Voo (A x B x C) = A (A)wp (B)A2(C) (14)

Similarly for v, (see [5] for details).
Now since ®(C1.5) =C1 x G xY and ®(SC3) = X x G x Ca, (13) and
(14) combine to yield A1(C1) = N(C1) and A2(C2) = A5(Cs). Thus ve = V..
]

The next theorem is a generalization of Theorem 3 in [7]. The assumption
of a unique tail idempotent takes the place of the abelian assumption in the
earlier work. It is relevant to note that the same theorem can be proven for
general compact groups without this additional assumption.

Theorem 10. Let S be a compact semigroup and (p,) C Prob(S). Suppose
() has a unique tail idempotent, voo. Then, pgn — vi for all k iff there
exists a closed subsemigroup S’ C S such that the following conditions hold:

(1) For all € > 0, there exists ko and a sequence ny such that for k > ko,
n > ng and any open set U D S’

pen(U) >1—¢

(i1) For all proper closed semigroups S” C S’ there exists § > 0, Ky,
(nk) and an open set V-2 5" such that for all k > Ko, n > ny

,ukm(V) <1-9§



BEINTEMA AND BUDZBAN 9

Proof. Suppose properties (i) and (ii) hold for some S’, and let v, = vk(n;).
Then for some (p;) C (1), pipis: — Voo-

Using a proof similar to that of Theorem 3 in [7], it can be shown that
Sy, =45

Now let A\ # vo be any tail limit of (v) and consider Sy. Suppose
there exists x € Sy such that x ¢ S’. Then there exists U(x), U(S’) such that
U(x)NU(S") = O. Also, since vy, — A, given € > 0, there exists I such that
i > I implies vy, (U(z)) > e. But pg, p, — Vg as p; — oco. Hence there exists P
such that p; > P = g, p,(U(x)) > €. Thus pg, ,», (U(S")) <1—¢. But thisis a
contradiction. Therefore, Sy C S, __ .

Again by [5, Theorem 3.17], since v is an idempotent probability
measure it has a completely simple support and can be factored as follows:

I/OO:)\l*wH*)\Q,
with Sy, =X; Sy, =Y
and S, =X xHxY.

Now consider Voo * A*1o. Note that Sy C S, and V'S, X = H, which
is a group. Moreover,

Voo ¥ Ak Voo = A1 % (WH * A2k Ak Ay xwpr) % g
:)\1*(,0]{*)\2

= Voo,

since Sy, - Sx-Sx\, C H.

Let v;, = v(g;) be arbitrary and let A be such that v, — A. Then
vy = v, * A by the convolution equations (2). By Theorem 1, since v is an
identity for \,

Vi = Uk * Vso
= (U}, * \) * Voo
= U} % (Voo ¥ X\ % Uso)
= U} * Voo

— .

Thus py ., converges for all k.

Now suppose that for all k& > 1, p, — vi, where (v;) has a unique
tail idempotent vo,. By [2, Theorem 1] this implies that vy — v .

Let 8" =S,_. Then if U D S’ is any open set, for all £ > 0, there
exists K.y such that vx(U) > 1—¢ for all k> K(.). Thus S’ clearly satisfies
property (i).

Now suppose S” C S’ is a proper closed subsemigroup. As before, we
can find U(z), V(S”) such that U(x)NV (S”) = @. Now there exists § > 0 such
that voo (U(z)) > 0. Also there exists Ky such that k > Ky = vi(U(z)) > 4.
Since fg,n — Vi, there exists Ny such that

prn(U(x)) >6 for n> Ngy = pra(V)<1-—e.

Thus property (ii) follows.
[

In the next result we assume that the supports of the tail idempotents
have at least one element in common.
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Theorem 11. Let S= X X G XY be a compact completely simple semigroup.
Let () C Prob(S). Suppose

M S #0.
VvEE(F)

Then pg.n — v for all k > 0 iff the following are true
(i) E(F)=F.
(ii) For any closed subset C' C'Y and any two weak limit points, i,
W’ of (pn)

W (SC) = p"(SC)

Proof. Suppose pg,, — v for all £ > 0. If A is any weak limit point of (),
then by [1, Theorem 1], A is idempotent. Now let ' be any weak limit point of
(ft). Then for some (p;), pp, — ', and consequently

Pk = Pkpi—1 % flp, = Vi = B

where (3, is some weak limit of py p,—1. Notice that SC is a left ideal of S and
thus by Lemma 8§,

v (SC) = / Bu(SCy~ 1) (dy) = ' (SC). (15)

But y/ was an arbitrary weak limit point of (i) and so
W(SC) = p"(SC) = vi(SC)

for all £ > 0, and for any two weak limits u’, u”.
To prove the converse, assume all tail limits are idempotent. Let

Let A be such that v,,, — A. Then by assumption A = \2. By Corollary 7,

S,\:ngthxlenghHlel

where S, = X3 x H; xY; and S,,éo = Xo X Hy x Y>. However, since A is
idempotent, there is a subgroup Hs C G such that Hoh = hHy; = Hs. Thus
h~'e HyNH,,and H = Hy, = H3 = H.

Now, since v, V., and A are all idempotents, they can be expressed as
follows:

Voo = U1 *WH * U7
/

Voo = M2 ¥ WH * V2
A= U3 * Wy * V3

Now 1o (SC) = v, (SC) by (11) and (12) in the proof of Theorem 9. Moreover,

w1 xwig * v1(SC) = py *wy x 15(SC) = 1v1(C) = 1.(C)
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where C is an arbitrary closed subset of Y = E(eS). It follows that 11 = vy = v
(say). Using the convolution identities (2)

Vi = U, % A
= v * (Vo % XA % Uso)
= vy (o xwp * V) * (U3 * wg * v3) * (U1 * wg * V)
= v}k (2 xwy * V)
= v}, kUL,
=v, (since S,-S,, and S,, -S,, aresubsets of H)

Thus py,n — v, weakly for all £ > 0.
[ ]

Notice that if S is a compact group, then e € ﬂyeE(]_-) S, , where e is

the identity of S. Also, SC = S for each closed C' C Y. Thus we have the
following corollary (which to the best of our knowledge was previously unknown).

Corollary 12. Let S be a compact group. Let (u,) CProb(S). Then
Wkn — Vi for all k>0 if and only if E(F) = F.
]

5. Some Open Problems

Many interesting problems in this area remain unsolved. Two that are
particularly relevant in this context are the following.

(1) Let S; = (F) where F is the set of tail limits of some sequence of
measures (u,) C Prob (S5), where S is not abelian. Then S; is a
compact subsemigroup of Prob (S). What is the minimal ideal of Sy 7

(2) Notice that, in general, for A, A" as before
Naxds N =XNxv =N
AN A= Askve =N

then all of the tail limits are regular elements. Is S; a regular semigroup?
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