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ABSTRACT. Let G be a strongly connected, aperiodic, two-out digraph with adja-
cency matrix A. Suppose A = R+ B are coloring matrices: that is, matrices that
represent the functions induced by an edge-coloring of G. We introduce a matrix
A = 1(R — B) and investigate its properties. A number of useful conditions in-
volving A which either are equivalent to or imply a solution to the road coloring
problem are derived.

1. INTRODUCTION

Adler, Goodwyn, and Weiss [AGW] asked the following question: Suppose you are
given a strongly connected directed graph. Is there a way to label the edges so that a
synchronizing instruction exists? A precise definition of synchronizing instruction will
be provided below. In their paper, Adler and his colleagues showed that aperiodicity
of the graph was necessary for such an instruction to exist. The road coloring problem
conjectures that aperiodicity is a sufficient condition as well.

The relationship between edge-colored directed graphs and finite automata is well
known. (For the details, see [CKK] or [BF]). For this paper, all graphs are assumed
to be two-out. Thus, an edge-coloring will induce two transformations on the set of
vertices, which we will denote R and B. The semigroup S = (R, B), generated by R
and B under composition is referred to as a coloring semigroup.

We will work almost exclusively in this paper with the standard matrix represen-
tation for finite transformations. That is, the matrix representing R will have a 1 in
the 7,7th component if R maps ¢ to j. Since no confusion will result, we will denote
these matrices as R and B as well. Similarly, the matrix semigroup generated by R
and B will also be S. A knowledge of elementary semigroup theory is assumed of the
reader, all of which can be found in [CP].

Definition 1.1. Let S = (R, B) be a coloring semigroup of a digraph G = (V, E).
Any finite transformation semigroup S has a minimal ideal or kernel K| which consists
of the elements of minimal rank (see [H]). This common minimal rank is called the
rank of the kernel. A synchronizing instruction for an edge-labeled digraph is any
transformation of rank one.

Now unsolved for more than thirty years, there have been a number of recent pa-
pers on various aspects of the problem. Both Carbone [C] and Jonoska and Suen [JS]
generalize a classic result of O’Brien [O]. In [BM] many earlier results, in particular
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some interesting results of Friedman [F], were translated into the language of semi-
group theory and the problem was generalized to periodic graphs. Additional work on
the generalized problem can be found in [B] and [HJ]. An interesting subcase when
the adjacency matrix has both constant row and column sums was solved by Kari in
[K]. In [CKK], Kari and his colleagues extended these techniques and showed that
the problem reduced to finding a labeling whose coloring semigroup has a structure
known as a right group as its kernel, though they did not use this semigroup termi-
nology in the paper. Continuing the analysis of the important role that right groups
play in the problem, [BF] found a sufficient condition for such a structure to exist
based on the Lie algebra generated by the matrices induced by the edge labeling.

The structure of this paper will be as follows. After this introduction, we will
define a difference matrix in section 2, and show how recolorings of the edges have a
simple characterization in terms of this matrix. In section 3, we will show how this
difference matrix can be used to characterize the existence of synchronizing instruc-
tions. Because of the asymptotic properties of the (normalized) adjacency matrix,
the vector space spanned by certain rank one matrices play an important role in the
theory. This role is explored in section 4. Finally, in section 5, a condition based on
a vector space generated in part by powers of A is shown to be sufficient to imply a
solution to the problem.

2. THE MATRIX A

We will use the following notation. All matrices are n x n, where n is the number
of vertices in the graph. The normalized adjacency matrix T = 1(R + B),
while the coloring difference matrix A = %(R — B). Since the graph is strongly
connected and aperiodic, lim 7™ = (2 exists, where (2 is a positive stochastic matrix

n—oo

with identical rows. Each row of €1 is a probability vector which we will refer to as
7. In what follows, important structures will be the real vector space spanned by S,
denoted vec(S), and the span of the kernel K, denoted vec(K).

Any eventual solution to the conjecture must find a systematic method for analyzing
the possible recolorings of the graph. To this end, let ¢; be the diagonal matrix with
—1 in the 7th diagonal position, and 1s along the rest of the diagonal. We refer to
¢; as the ith elementary recoloring matrix, where an elementary recoloring of vertex
1 is a recoloring that switches the red and blue labels for the edges leading from i,
and leaves all other labels in the graph unchanged. Notice that given the coloring
difference matrix A = 1(R—B), then ¢;A is the coloring difference matrix induced by
an elementary recoloring of 7. It is clear any possible difference matrix A’ is of the form
A= g iy - QSZ-],A where ¢, ¢;, ... ¢, are elementary recoloring matrices. Because
all possible coloring differences matrices are of this form, the following proposition is
immediate.

Proposition 2.1. All coloring difference matrices have the same rank.
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3. THE MATRIX A ANNIHILATES ONLY RANK ONE KERNELS

Denote the all 1’s (column) vector by u. We say that a word in S has “length n”
if it can be written as a product of n R’s and B’s.

Lemma 3.1. Let the vector y satisfy Awy = 0 for all words w € S. Then 'y is a
constant vector, i.e., a multiple of u.

Proof. Notice that Ay = 0, implies that Ry = By. Thus, Ty = %(R + B)y = Ry =
By. Inductively, assume that any word w, of length n satisfies w,y = T"y. Now
Rw,y = Bw,y = Tw,y = T""'y implies that any word w,_1 of length n + 1 satisfies
Wn1y = Tn+1Y'
Now let e be an idempotent in the kernel, of length [. Then
ey = Tly = ey = T?y — ... = T"y

for all positive integers n. Letting n — oo we get (Qy = cu, where the constant
¢ =m-y. In other words, for every 7 in the range of e, y; = ¢. Since every ¢ occurs in
the range of some idempotent in the kernel (this follows from strong connectivity),
we get y = cu. O

Corollary 3.2. Let the vector y satisfy AT™y = 0 for all integer n > 0. Then'y 1is
a constant vector, i.e., a multiple of u.

Proof. As above, from Ay = 0, we get Ry = By = Ty. Proceeding inductively as in

the above proof w,y = T"y for all words of length n implies that Aw,y =0 or
Rw,y = Bw,y = Tw,y = T"y.

Hence, Awy = 0 for all words w and by the preceding Lemma, y is constant. O

Corollary 3.3. Ak =0 for all k € K if and only if K is rank one.

Proof. Suppose Ak = 0 for all k € K. Let e be an idempotent in K. Then for all
words w, we € K, so that Awe = 0, for all w. By the Lemma, the columns of e are
constant vectors. Since any row has exactly one nonzero entry, one column is all ones
and the rest are all zeros. The converse is immediate. O

Corollary 3.4. Ae =0 for all idempotents in K if and only if K is rank one.

Proof. For any k € K, there is an idempotent such that k = ek. Hence Ak = Aek =0
and by the previous Corollary, K is rank one. O

4. SPECIAL RANK ONE MATRICES IN VEC(S)

In this section we will focus on the vector spaces generated by either the matrix
semigroup or its kernel. Any rank-one matrix with identical rows in vec(S) will be
referred to as rank-one special, or ROSP. A ROSP in vec(K) will be a KROSP. Note,
that the ROSPs form a vector space of dimension at most n. In general, we will
identify a ROSP with its first row. Observe that if M is any ROSP, then M N is a
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ROSP for any matrix N in vec(S). In addition, if w is any word in S, wM = M.
That is, M is a right zero for elements in S.

A range vector is a vector consisting of 0’s and 1’s with 1’s corresponding to the
range of an idempotent e in K, that is, a vector whose components indicate the non-
zero columns of e. A range matrix is a KROSP whose rows equal some range vector.

If there is no chance of confusion, for simplicity, we identify the range vector with its
corresponding KROSP.

Proposition 4.1. The vector space spanned by the KROSPs equals:

1. Span of {Quw : w € S}.
2. Span of {Mk : k € K}, where M is any ROSP in vec(S) satisfying Mu # 0.
3. Span of the range matrices.

Proof. For #1, first note that 2 is an element of vec(K), and therefore a KROSP (for
a proof, see [BM]). Since K is an ideal, kw € K, for any w € S. So Qu € vec(K)
and hence a KROSP. Equality will follow from #2.

For #2, for k € K, Mk € vec(K) and so is a KROSP. If the set {Mk : k € K}
does not span the KROSPs, then there is a KROSP, X, with first row x such that

Mkx' =0, forall k€ K.

Let Mu = cu, with ¢ # 0. Since X itself is a KROSP, cX X' = TX X' = 0. So
X =0 and the result follows.

For #3, by the proof of Theorem 7 in [BM], 7k is a multiple of a range vector for
every k € K. So the result follows from #2, taking M = Q). O

The constant functions play a special role in any investigation of the road coloring
problem. Let C; denote the matrix of the constant function i; that is for C}, the
1th column is all ones. If S contains the constants C;, they must be in K due to
minimality of the rank of the kernel. Clearly, any element in the linear span of the
constants Cj, i = 1,...,n is a KROSP. So the KROSPs have dimension n if and only
if vec(K) contains the constants C;. In fact, we can say more.

Proposition 4.2. The KROSPs have dimension n if and only if the rank of the kernel
1S one.

Proof. One direction is immediate. For the other, assume that the KROSPs have
dimension n. By the above, vec(K') contains the constants C;.

Now C; = > agk. Choose an idempotent ¢ € K. Then eCie = > ageke. Since
kEK k=K

K is a completely simple semigroup (see [CP]), then eCie = C; is in vec(G) where
G = eKe is the subgroup for which e is the local identity element (again [CP]), and
e =3j.

Suppose the rank of K is r. Then G is a group of block permutation matrices of
rank 7. In particular, the matrices of G have r nonzero columns. Notice QC; = Cj.

On the other hand, QC; = > a,Qeke = C;. But, as stated above, the proof of
k=K
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Theorem 7 in [BM] shows that, for each k € K, Qeke is a fixed ROSP whose rows are

multiples of the range vector for the group G. Thus C; = Qeke > «j where Qeke is
k=K
a ROSP with r non-zero rows. But this is only possible if r = 1. 0J

5. THE RANK CONDITION

Recall that m denotes the invariant distribution, the row vector satisfying 7" = 7,
with 7-u=1.

Definition 5.1. Let d denote the rank of A. The rank condition holds for A if the
span of {mA,wA? ..., 7A%} is a d-dimensional space, in other words, these vectors
span the range (row space) of A.

As a consequence of the rank condition, any vector y satisfying QAly =0, 1 <i <
d, satisfies Ay = 0 as well.

Once again, the proof of Theorem 7 in [BM] shows that 7wk is a multiple of a range
vector for every k € K. Specifically, if k£ is in K, then 7wk is a multiple of the range
vector corresponding to the nonzero columns of k, and that multiple depends only
on the collection of non-zero columns, that is, the range of k. Observe that for any
k € K, Rk and Bk are elements of K with the same range. Hence, QRk = QBEk, or
QAk =0 for all k € K.

Assume the rank condition. Let e be any idempotent in K. Let w be any word in S.
Then Rwe and Bwe are elements of K with the same range. Hence, Q2 Rwe = QQBwe
is a multiple of the range matrix corresponding to e. In other words, Q2Awe = 0 for
any w in S. But then QA’e = 0, for all i > 0, since powers of A are in vec(S). From
the rank condition, we have Ae = 0, for all idempotents e € K. By Corollary 3.4, K
is rank one.

We thus have the following

Theorem 5.2. The rank condition implies that the kernel is rank one.
The following Corollary is immediate, and is stated here only for completeness.

Corollary 5.3. Let G be a strongly connected, aperiodic graph. Suppose G admits a
coloring semigroup S = (R, B) such that the rank condition holds for the difference
matriz A = %(R — B) associated with the coloring. Then S contains a synchronizing
instruction.
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