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SECTION 1. Trips

Dialogue TL9 1-1

Mathematician: We are going to start our first mathematical topic with a trip. You will make
stops, see things, watgburselves and pay attention to what happens.

Student 1: What are we going to see on this trip?

Mat hemati cian: Good question. Why dono6t each
on this trip in the space below and we can read some of them.

Student 2: What are we going to do on this trip?

Mat hemati ci an: Letds do the same with that one.

Student 3: Why are we taking this trip?

Mathematician: Another good question. Write down anything you think might be a reason for
a trip.

Student 1: Are we going to make any visits on this trip?



Mathematician: Possibly. Write down any visits you can think of.

Student 2: So when are we going?

Mathematician: Any ideas about that?

TCHR: Have students read some of théhings they wrote and discuss them.



Worksheet TL9 1-1. Individual/Group. Planning a Trip. Imagine taking a trip with the class
and write a story about such a trip. I n your
Dialogue TL9 11.

TCHR:Int hi s and al | wor ksheet s, whenever it i's de
means that you should decide how to handle it. You can have each group work together

to write the story and read it to the class; you can have each individual write a story and

share it with the group which may modi fy it and
to read to the class, or you can have the students write their stories individually and have

individuals read their story to the class.

If you come up with otherstrat egi es to organize Al ndividual / Gr
encourage you to share them with the A.P. network of teachers, educators and
mathematicians.




Dialogue TL9 1-2

Mathematician: Anything you do is a lot nedfun if you pay careful attention to what you are
doing and what is going on. It is even better if you make a record of your experience.

Student 1: How could we make a record?

Student 2: We can keep a giand write down everything that we see.

Student 1: And what we do.

Student 3: We could bring tapecorders along.

Student 2: And maybe a video camera.

Student 1: We could make drawings of what we see and do.

Mathematician: All of those things are very good.

Student 2: We are going to be likeporters preparing an article for the school newspaper.

Student 3: So we should be sure to tell about the who, what, where, when and why questions
that we talked about before.

(@}

Mat hematician: Okay, | etds go!

TCHR: Give the students an opportunity to adl anything they want to the above.



Worksheet TL9 1-2. Individual/Group. Trip notes. Use this sheet to make a record of your

class trip

Who andWhat we noticed

Why we noticed thespeople
and/or objects

Where andWhen did
we notice it




Worksheet TL9 1-3. Individual/Group. Story about the trip. Write a story about the class
trip. I n your story, odwatd\Mhy WhemrmgdMhenbbfaghet al k a b o
trip.

TCHR: Have students read their trip essays to the class.



Worksheet TL9 1-4. Individual/Group. List of features. Make a list of the most important
feaures in the story in Worksheet TL93labout the Trip.

TCHR Have students write their lists on chart paper and post them.



Worksheet TL9 1-5. Class. Categories of featuresSort the list of featres into categories
that the students think of.

TCHR: You may want to help the students get started on this. For example, you might

mention a category, e.g., a AWhoo and fAWhato c:
features that fit in it. As soon as pasible you should remain quiet and let the students

take charge of selecting categories.

Category Features in category

TCHR Have students copy this worksheet on chaipaper and post them.
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SECTION 2. Features

Dialogue TL9 21

Mathematician: There are three types of features that are important in everyday experiences and
follow broad categories as well.

Student: What are they?

Mathematician: They are

Types of features
People and objects
Actions

Relationships

Student: Okay.

Mathematician: We will focus on these three types of features.

Student: Why?

Mathematician: Because, as you \8#le, they are the features that will lead us to the
mathematical ideas we wish to study.

11



Worksheet TL9 2-1. Individual/Group. Everyday Examples. Write examples from

everyday experiences of each type of feature below and copy them onto the possedf sheet
chart paper.

TCHR: One way of doing this would be to post 3 sheets of chart paper, one for each
category with the name of the category at the top of the sheet. The students can then
write their examples on the appropriate chart paper.

Examples forpeople or objects:

Examples for actions:

Examples for relationships:

12



Worksheet TL9 2-2. Individual/Group. Examples with Posted Features.Using the posted
features, write two sentencigem everyday expeencesabout people or objects; two sentences
about actions; two sentences about relationships.

Sentences about people or objects:

Sentences about actions:

Sentences about relationships:

13



Worksheet TL9 2-3. Individual/Group. Features in sentences from everyday lifeSelect
three sentences from Worksheet TL-2 and write them in the boxes below.

One sentence about people or objects:

One sentence about actions:

One sentence about relationsips:

Fill in the following table, using any information in the sentences.

People or Objects Actions Relationships

14



Dialogue TL9 2-2

Mathematician: Now we are going to repeat what we did in the last thrésheets except
this time we will take our features and sentences just from your stories about the Trip. Can
you recall the three types of features we will concentrate on?

Student 1: They are:

Types of features
People andlgects
Actions

Relationships

Mat hemati ci an: Right . So |l etds do it.

15



Worksheet TL9 2-4. Individual/Group. Examples of Features from Stories.Look at the
stories you wrote about the trip in Worksheet TES in Section 1 and write below examples

of each type of feature that you can find in these stories. Copy the features onto the posted
sheets of chart paper.

TCHR: As before, one way of doing this would be post 3 sheets of chart paper, one for
each categoy with the name of the category at the top of the sheet. The students can then
write their examples on the appropriate chart paper.

Examples for people or objects:

Examples for actions:

Examples for relationships:

16



Worksheet TL9 2-5. Individual/Group. Features in Sentences about the Trip.Using the
posted features about the Trip frokforksheet TL®-4, write two sentenceasbout people or
objects; two sentences about actions; two sentences about réliggons

Sentences about people or objects:

Sentences about actions:

Sentences about relationships:

17



Worksheet TL9 2-6. Individual/Group. Features inSelected 8ntencesabout the Trip.
Select three sentencigem Worksheet TL9 -5 and write them in the boxes belowhen fll in
the table belowusing any information in the sentences you just selected.

One sentence about people or objects:

One sentence about actions:

One sentence about relatinships:

People or Objects Actions Relationships

18



SECTION 3. Representations
Dialogue TL9 31
Mathematician: One of the most powerful tools used in mathematics is making representations
of events and idsa A representation often provides a convenient way of thinking about a
situation and makes operations much easier.

Student 1: What are some examples?

Mathematician: Numbers may be represented in many different ways. For example, here are
three way®f representing the number thirteen:

FREAK 13 Xl

* k k k%

* % %

Student 1: The first one just has that many stars, thirteen.

Mathematician: Right. It looks like thirteen. We call that@mic representation (Dictionary
term)

Student 2: The n etkitteencanal, bulllkowmi®t | ook | 1 ke
Mathematician: You may not remember, but when you were younger, it took you a while

before you knew it was thirteen. It is something mathematicians agreed on and you learned.
Mathematicians call it aymbolicrepresetation.

Student 3: In the | ast one, | see A30 in the tI
Mathematician: This one is calledkmaman numerabecause that is how the Romans wrote

number s. 't is a mixture of t heebyag®ament, (t he t
AX0 in Roman numerals stands for 10.

Student 1: And 10 plus 3 is thirteen! Neat.

Mathematician: Which of these representations do you think is most useful?

TCHR: At this point, you might want to have the students discuss the features these

different representations, which is the most useful and which they would like to use. You
might also review place values.

19



Worksheet TL9 3-1. Individual/Group. Iconic representatiors. Select icons from everyday
life and draw them in theeft-hand column in the table below. Then write what they represent
in the righthand column.

Icon Meaning
1.

20



Worksheet TL9 3-2. Individual/Group. Creating Icons.Use this shedb make up some
icons. In the first column, draw your icon; in the second column, put what your icon means;
and in the third column write a symbol for the meaning you wrote.

Icon Meaning of icon Symbol

21



Dialogue TL9 3-2

Mathematician: Now we are going to construct our class Trip Line that will be posted on the
wall for the rest of the time we are in this class.

Student 1: What are we going to use this Trip Line for?

Student 2: This is a math clagsit | have not seen much mathematics.

Mathematician: No, you may not have seen it, but the foundation is there.

Student 1: Vidat do you mean?

Mathematician: We will use locations on the Trip Line to understand positive and negative
integers and compatecations to study inequalities like less than, greater than, less than or
equals and greater than or equals.

Student 2: |l 6m not sure what you mean.

Mathematician: .| understand that, but | want you to trust what | said: that constructing the Trip
Line will be your foundation for a lot of important algebra concepts.

Student 3: Is that it with the mathematics?

Mathematician: Not by a long shot. Moving from one location to another on the Trip Line will
help you learn to add positive and negative integéisding the position of one integer

relative to another will be our tool for subtraction. The distance between two locations will
serve for distance and absolute value. Taking the same trip along the Trip Line will get us
multiplication with positiveand negative integers.

Student 1: That s a | ot .

Mathematician: Yes, and we will be always referring to the Trip Line to understand concepts in
mathematics and to make calculations.

Student 2: So if the Trip Line is always in the class, we can refertbatcto help us remember
anything we forgot.

Student 3: And if webre not in class and doing
Trip Lines and use them.

Mathematician: You got it. This Trip Line will be the focus for your study of mathespatic
|l etds construct it really carefully.

TCHR: A this point, you and the class construct the Trip Line. More details on the

construction are given in the Teachers6é Resour
next page.
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SECTION 4. Observation Sentences
Dialogue TL9 41

Mathematician: In this section we are going to create, discuss and revise observation sentences
about your class Trip Line.

Student 1: What 6s an observation sentence?

Mathemati¢an: An observation sentence is a sentence that is true or false and if you make the
observation, you can tell which it is. Like the sentence:

A person is sitting on the bench.
Student 2: Yes. | see the person there sitting on the bench.
Mathematician And t hat s another i mportant feature of
Student 1: Whatos that?
Mathematician: Anyone looking at the situation who understands the language will agree.
Student 1: | get it!
Student 3: Here is one! Jackie just sat down oibéneh.
Mat hemati ci an: Not so fast! That 0s not an obs:¢
Student 3: Why not? | just saw her sit down and so did you!
Mathematician: True enough but ask that guy there if he saw Jackie just sit down on the bench.
Student 2: Did you se#ackie just sit on the bench?
Guy: Jackie? Whoodos Jacki e?
Studen 2t: That lady. Over there who was just sitting down.
Guy: That lady? Oh, yeah | was standing here watching her take a seat.
Mat hematician: You get my @eoulndndét Hebosbdsee viedr f

Student 1: Okay, but suppose he said that the lady is standing on her head. Would that be an
observation sentence?

Mathematician: Yes, because you can look at her and decide if she is standing on her head.

Student 1: Butsh i snodt .

24



Mathematician: That makes it a false observation sentence. It is still an observation sentence,
but not a true observation sentence.

Student 1: | see.
Mathematician: We are going to practice making observations and writing sentences.
Studentl: Okay.

Mathematician: Do you remember the three types of features we identified in everyday
experiences and in our Trip Line stories?

Student 2: Yes we had people and objects. And we had actions. We also described
relationships.

Mathematician: Welwe 6 r e goi ng to make observationsé
Student 3: Donét tell me! About people and
Mathematician: Yes and also about actions and relationships,

Studen 2t: Then we will writebservation sentenced®out our observations!

Mathematician: Exactly. We will write about what we observe in the classroom.

Student 3: Okay.

Mathematician: As you are making up sentences, keep in mind what we have agreed on what
an observation sentence is. Finding examples that satisfy a defisiiarimportant thing to

learn to do-- in mathematics and in life. It is a part of what is called critical thinking.

Cl ass: Wedl |l try.

25

t

hi



Worksheet TL9 4-1. Individual/Group. Observation sentences about the classroom
Make observations about the classm and write observation sentences. (Be sure to include
both true and false observation sentences.)

TCHR: Post these sentences and discuss them with the class. Make sure each sentence is
an obseavation sentence and decide whether it is true or false.

26



Worksheet TL9 4-2. Individual/Group. Observation sentences about the Trip LineWrite
observation sentences about observations of the class Trip Line.

One observation sentence that includes pple or objects:

One observation sentence that includes actions:

One observation sentence that includes relationships:

Fill in the following table, using any information in the sentences.

People or Objects Actions Relationships

TCHR: Students post the sentences written here and the class agrees on a list of
observation sentences.

27



Dialogue TL9 42. Benchmarks, Landmarks and Location Numbers

Mathematician: Now we are going to construct a clss®t observation sentences about the
class Trip Line.

Student 1: Observations about the trip?

Mathematician: No! Not about the trip. We are going to make observations about our class
Trip Line!

Student 2: Just like we did about the classroom?
Mathematician: Yes.
Student 3: Observation sentences about our class Trip Line?

Mathematician: Yes. Observation sentences similar to the classroom observation sentences,
but constructed by observing our Trip Line.

Student 1: | donodtplLeete any people on our Tr
Mathematician: Well, there are landmark names on our Trip Line.

Student 2: So we make sentences just about what we can observe about the Trip Line itself.
Mat hematician: Thatds right!

Student 3: But how can we observe actions?

Mathematician:Well, if you like, you can ask student to go to the Trip
Line, pick any |l andmark and place a stick with

Student 3: Okay.

TCHR: The Trip Line has Velcro strips on it and it is possible to make little sticks with
flags that can be labeled. The students can place these sticks on the Velcro and move
them from one location to another to perform actions. Later, these sticks will be used
extensively.

Mat hematician: We wil|l call theepmintjoark | abel ed i
ground zero.

Student 2: Then will we use zero to represent the benchmark?

Mathematician: Good thinking. Zero will always be the location lmemof our reference
point, thelandmark we choose as our benchmark.

Student 3: Can we move the lbamark around, put it under any landmark we like?

28



Mathematician: Yes.
Student 1: Letds use Landmark .~~~

Mat hemati ci an: Now choose any other | andmar k ai

Student 2: What about an action?

Mathemat i ci an: Hereds an action.
A person starts at Benchmark , moves landmarks to the
and arrives at Landmark and assigns Landmark a

location number.

Student 3: What does the location rhentell us?

Mathematician: It tells us how many landmarks away from the benchmark we have moved and
whether we have moved to the left or the right of the benchmark.

Student 3: So location numbers are like positive and negative numbers.
Mathematician: ¥ s, but we will talk a | ot more about t

benchmarks, landmarks and location numbers. Then we will write some observation sentences
about the Trip Line.

29



Worksheet TL9 4-3. Individual/Group. Benchmarks, Landmarks, Location Numbers.
Select four different benchmarks and relative to each of them, select landmarks and determine
their location numbers. Then fill in the blanks in the following sentences.

Benchmark Landmark

1. is the location number for Landmark when

is the benchmark.

2. The location number for Landmark is , if the benchmark is

3. If sithe benchmark, then Landmark has the

location number )

4. When the benchmark is , the location number for Landmark

is

TCHR: Make 4 copies of this list.

Students post their work

30



Workshed TL9 4-4. Individual/Group. Benchmarks, Landmarks, Location Numbers.

Select four landmarks and assign a location number to each. Use both positive and negative
location numbers. For each landmark, figure out what benchmark will give the location
numker you assigned to the landmark and fill in the blank of Sentence 1 below. Then write
three more correct sentences following the format in Worksheet 3.9 4

Landmark Location Number

1. is thedcation number for Landmark when

is the benchmark.

TCHR: Make 4 copies of this list.

Students post their work
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SECTION 5. Mathematizing Type A Sentences
Dialogue TL9 51
Student 1: Whiaare we going to do with all our observation sentences about the Trip Line?
Mathematician: We are going to mathematize them.
Student 2: How do we do that? Is there a special way that we do that?

Mathematician: There are many ways to mathematizerehison sentences. We are going to
learn a way that uses the representations we have made.

Types of features
1 people and objects
1 actions

1 relationships

Student 3: | remember this.

Mathematician: Right! First we will just do observatsmntences that show how two things
are related. We will call these sentences Type A observation sentences.

Student 1: What kind of reians will we have?

Mathematician: For now, our relations will be that one landmark is to the left or to the right of
another | andmar k. They are qualitative relati

Student 2: And they only involve the first and third features. What about actions?

Mathematician: Yes, that is so for Type A sentences. Type B sentences, which we will
mahematize next involve both actions and numbers so they are quantitative relations.

Student 3: So how does this mathematizing work?

Mat hemati ci an: Letds work through an exampl e.

32



Worksheet TL9 5-1. Individual/Group. Mathematizing Type A sentenes about the Trip
Line. Students place two sticks labeled S &wh the Trip Line under any two landmarks and

the class makes the following observations.

Student placed under Landmark

Student placed demrandmark

True Observation Sentence({ Us e At o

Landmark is

N

the | eft of 0 or it o

of Landmark

Landmark is

of Landmark

False Observation Sentence( Us e At o

Landmark is

the | eft of 6 or ito

of Landmark

Landmark is

of Landmark

TCHR: Make copies of Worksheet TL9 51 and generate a number of true and false Type
A observation sentences about the Trip Line. Post chart paper faach of these:

True Observation Sentences about the Trip Line

False Observation Sentences about the Trip Ling

33



Dialogue TL9 52

Mathematician: Now | would like the class to select a true observation sentence of type
Afromthe chartpapey si ng Ato the | eft ofo or Ato the

Student 3: Here is one.

True Observation Sentence:

Landmark is of Landmark

Mat hemat i ci an teploBaurerathematizifigpracess.s s

Mathematizing Type A Observation Sentences

1: Identify the observation sentence

Mathematician: What are the Trip Line nhames you used?

Studentl: Landmar k i 0 and Landmar k n
are my two names.

Mat hemati ci an: Exactl y! That s step 2 of our

Mathematizing Type A Observation Sentences
Step 1: Identify the olesvation sentence

Step 2: Identify the names

Student 2: Dondét tell me a lredationshipdnéhe Trip xt st ep!
Line.
Mathematician: Exactly! is the relationship on the Trip tvnece

the two names.

34



Mathematizing Type A Observation Sentences
Step 1 : Identify the observation sentence
Step 2: Identify the names

Step 3: Idetify the relationship

Student 1: What comes next?

Mathematician: In step 4 we construct icons for the names as well as an icon for the
relationship.

Mathematizing Type A Observation Sentences
Step 1 : Identify the observation sentence
Step 2: Identify the names
Step 3: Identify the relationship

Step 4: Construct icons for names and relationships

TCHR: Have the students construct the icons and post them.

Mat hemati ci an: To get the next step, 1 6m going
Student 2: What do you mean?

Mathematician: Usually, we ask students questions and they give answers to the questions.

Student 3: At least we try to answer the questions.

Mathematician: Well, this time | want you to take the answer you gave and tell me what the
guestion is that it answers.

Student 1: What answer? The one for the observation?
Mathematician: Exactly! A question to which your observation sentence iswagarans

Student 2: O.K. My observation sentence is:

35



Landmark is of Landmark

Student 1: So here is a question for which your sentence is an answer:

Is Landmark located to the or to the
Landmark ?
Mat hematician: Thatodos the type of question; it

Student 1: How so?

Mathematician:tt 6 s a question about the |l ocation of one
guestion for you. Did you name the landmarks in the correct order? Should we switch them

around?

Student 1: I think I did.

Student 2: 1snodot the question:

Where is Landm&r located relative to Landmark

?

Mathematician: The way you and Student 1 put your questions illustrates an important
difference between the way people talk and the way mathematicians write mathematics.

Studen t 2 : Real |l y? What 6s that? All we did was

Mat hemati ci an: Thatdés true! But you answered
mathematicians write.

Student 3: So how do mathematici d®s write that
Mat hemati ci an: Mat hemati ci ans donot write: Lar
located to the of Landmark Theysayghat but they

donot write that.

Student 1: What do they write?

36



Mathematician: They write whateacall Feature Talk. (Dictionary term)

FEATURE TALK

The location of Landmark is to the

location of Landmark

of the

Mathematician: There is a subtle but important distinction between the way mathematicians
and scientists talk which we call Feature Talk and the way you talk which we call People Talk.

(Dictionary term)

PEOPLE TALK

Landmark is located to the of

Landmark
Mathematician: Are we talking about the popularity of

relative to ?

Student 2: No!
Mathematician: Are we talking about the number of letters in relative
to ?
Student 3: No. Bu has more letters than
Mathematician: Are we talking about the location of
Landmark relative to the location of Landmark ?
Student 1: Sure! Like | said: Landmark is located to the of
Landmark

Mathematician: Which brings us to Steps 5.

37



Student 2:

Mathematizing Type A Observation Sentences

Step 1: Identify the adervation sentence

Step 2: Identify the names

Step 3: Identify the relationship

Step 4: Construct icons for names and relationships.
Step 5: Construct Feature Talk.

Step 6: Construct an iconic representation of Feature Talk.

Student 3: What alut Step 6.

Mathematician: We will do that in the following Worksheet.

38



Worksheet TL9 5-2. Individual/Group. Iconic Representation of a Type A Sentence.

Choose icons for Landmarks and , the
feature fl ddhet ireda@atdmnship fito the | eft ofo.
Feature Talk sentence:

The location of Landmark is to the

of the location of Landmark

TCHR: Post this sentence on seval chart papers and have students put up their iconic
representations of it.

39



Dialogue TL9 53

Mathematician: We have constructed an iconic mathematical representation for our observation
sentence.

Student 1: I't doesndét | ook very mat hemati cal
Mathematt i a n : True it doesndét have the convention
some more work to do to complete this mathematization of Type A observation sentences.

What is a Type A sentence?

Student 2: A sentence with a relation that is sandwichedeleet two names.

Mathematician: Right. The next section will prepare us for mathematizing our second type of
observation sentence.

40



SECTION 6. Pronounsof Mathematics
Dialogue TL9 61

Mathematician: To complete this effort at mathematizing we teedscuss the
fpronounsd of mat hemati cs.

Student 1: Theronouns of mathematics? Do mathematicians neans?

Mathematician: They sure do. Nouns are nhames and mathematicians usaadotg ®f
l i ke A70, 3a0n.d A20 and i
Student 2: So what are tpeonouns (Dictionary term)?

Mat hemati ci an: Look at the sentence: AThe:\
sure do. o

Student 3: I think ATheyo is a pronoun.
Student 1: How do Mathematicians use pronouns?

Mathematician: Mathematicians uetters to replacenames

Student 2: Why do they do that?

Mat hemati ci an: I n the sent enackstalk@dbory sur e
:)nb?(takéznaticians. ¥ use letters to track talk about numbers and other mathamatic

Student 3: Like Landmarks and Benchmarks?

Mathematician: Right! Do you remember the letter we use to keep track of the
Benchmark?

Student 1. We use the |l etter oo .

Student 2: We al s uoe ttrlae kl aatled]l &kr s bfo®d drad
Mat hemati ci an: Letds practice using these |
Student 2: Herebs a sentence:

ALandmar k is the Benchmar ko

Student 3: Does that become: O is the Benchmark?
Mathematician: Precisely.

Student 1: | have another:
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Landmark is to the right of Landmark
Student 2: 1think that becomek:is to the right of S

Mathematician: Good. What about this one:

Landmark is to the left of Landmark so
Landmark IS to the right of Landmark
Student 3: Il think | 6ve got it:

Eis to the left of S, so S is to the rightof
Student 1: Wow! These letters make it easier to track talk about Landmarks.

Student3: What about location numbers? Do mathematicians use letters to track talk
about location numbers?

Mat hemati ci an: | 6m gl ad you asked. We wi | |
Letbs practice some mor e.

Student 3: | have a sentence abouftcation number:

The location number for Landmark is , if the Benchmark is

Student 1: That will become:
The location number for Landmark S is x, if the Benchmark is O.
Student 2 Herebds one | wrote down:

If Landmark has location number , then
is the Benchmark.

Student 3: That could be:
If LandmarkE has location number y, then O is the Benchmark.

Mat hemati ci an: Suppose 0 x 0sthedocdtidnéettet ocat i on
f oEO,A how will we rewrite:

Eis to the left of S, so S is to the rightof
Student 2 O. K. Herebds the transl ation aft

y is to the left of x so x is to the right of y.
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Mathematician: Doyoureemmb er your i cons for fAis to the
of 07?

Student 3: I sure do. Hereds my iconic rept

Student 3: Should we use our icons again f
complete the mathematization?

Mathena t i ci an: Letds use conventional mat he ma
and write amAbstract Symbolic Representation(ASR)..

Student 1: I Om ready.

Mat hemati ci an: Mat hematicians use fA<o0o for i
right of f:

Student 3: Then, instead of Ay is to the I

y <X SO X>Yy

Student 2: So we can say Ay is to the | eft
Student 1: And fAx ios. to the right of yo f ot
Student 3: Il thought that #dfy < X0 meant f
you.

Student 2: Right. And AXx > yo meant fAx i
you.

Mat hemati ci an: Yes, but iasorefértpebr a, we exp:

comparisons of locations.
Student 3: This seems really important. Is it?

Mathematician: It izery important.

43



Student 1: |l 6m going to work hard to incre:

Mathematizing Type A Observation Sertes

Step 1: Identify the Observation Sentence

Step 2: Identify the names

Step 3: Identify the relationship

Step 4: Construct icons for names and relationships
Step 5: Construct Feature Talk

Step 6: Construct an iconic representation of Fedtalie

Step 7: Identify the conventional mathematical symbols and construct a
conventional mathematical representation.

TCHR: The teacher may wish to assign a special project for everyone or for extra
credit. This would consist of generating by thedacher and the students sentences
of the form:

If (sentence), then (sentence)
The sentences could be from everyday life or from science and the arts. Some of

them can be from mathematics replacing A<o |
Ais a mul2dbj pienefmor & thano, etc.
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Worksheet TL9 6-1. Individual/Group Three types of Sentences: Variable, True,

False

Bel ow you are given a |list of 9E0s émnytences.
names of Landmaokbby mame $ixof alnadc dityi on number
Line. The resulting sentence, an Observation Sentence about the Trip Line, will be

eitherTrue or False dependingonthealuesgi ven f orEOROG X O0ABO, AKO.
We will call sentences witletters used inthis way,Variable Sentences A Variable

Sentencas neither true nor false. Your task is to use eactable sentenceao

generate on@&rue and ond-alseObservation Sentence about the Trip Line. A

template to organize your work is at the end of iste |

1. LandmarkE is located to the left of Landmark S.

2. LandmarkE is to the right of Landmark S.

3. O is to the right oE.

4. Oisto the left of S.

5. When the Benchmark is O, the location number for Landmark S is x.

6. If LandmarkkE haslocation number y, then O is the Benchmark.

7. When Landmark S6s | ocation number i s x,

8. Sis to the left of O.

©

.Eis to the right of O.
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Use this Template to generate one True and one False Observation Sentence from each
variable sentence.

Variable Sentence #

To generate a True observation sentence put:

= and =

and,if used, location variable % ory=

True observation sentence:

To generate a False observation sentence put:

= and =

and,if used, locatia variable x= ory=

False observation sentence:

TCHR: Students will need at least 9 copies of this Template.
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Worksheet TL9 6-2. Individual/Group . Sentences abounequalities. Below we use

the | etters fxnequatied Fdrsight nawpthealueswe ese t

replace the |l etters fAix0 and Ayo vaiable | ocati or
sentencesnequalitiesin such letters areeither true nor false. Your task is to use

eachinequality to generate two True and two Fatsemerical expressionsbout the

location numbers of the Trip Line. A template to organize your work is at the end of

the list of 4 sentences.

1. y<x
2.y >X
3. x<0
4. y >0
It will help doing Trip Line exercises with variable sentences to construct an abstraction

of the Trip Line. We will draw a straight line segment with equally spaced points on it,
one for each landmark.

We will call this amabstraction of the Trip Line

Your class will work with your teacher takesuch a line segmeand add labels that
correspond to locations on your trig/e will call that yourTrip Line Diagram
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Template for Worksheet TL9 6-2. Use a segment of the Trihine Diagram for

your Trip Line and choose a benchmark. For each problem construct two true

and two false examples on your Trip Line Di:
l eft of 0 or saywhy your exampleganettrueif faise.

ASR # : Benchmark:

Numericalexpression (True or False?)

Sentence:

Numericalexpression (True or False?)

Sentence:

Numericalexpression (True or False?)

Sentence:
Numericalexpression Tiue or False?)

Sentence:

48



Dialogue TL9 6-2. Variable Sentences, Benchmarks and Configurations
Student 3: What shall we call thdesderswe use t o replace names?

Mat hemati ci an: | 6m gl ad y®BOu aansdk eid0.0, Let 6s ¢
fiLandmark variableso .

Student 1:Because we wilieplace them with Landmark names?
Student 2: Then whatocdada iwen cnallnlb efrx ov aan da bl yec

Mathematician: We can. We need to remember that, for right nowalieswe use
to replacel x 0 a radenafegsaf location numbers from the Trip Line.

Student 3: C aatatidn vgriablesd  dNanhbér vatridblean ? i

Mat hemati ci an: | f you wa eanfigirationso Bwt now |
generatevariablesentences and inequalities

St udent Iconfigurstibr?t 6 s a

Mathematician: Ararrangement of some objects. Our configurations will be
arrangementsof two Landmarks S anfl plus a Benchmark.

Student 2: Sometimes we put the Benchmark between BE.and

Student 3: But sometimes itodos to the right
Student 1: And sometimes itds to the | eft ¢
Mathematician: Goodthik i ng everybody, | etbds practice w

TCHR: There are several ways you can do this: have students take turns placing
the sticke &pnd nOG6,o0A the class Trip Line, ¢
board with Velcro strips, or have aposter board for each student.
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Worksheet TL9 6-3. Individual/Group. Configuration Tables. Complete the

configuration table Then, fill in the next table with landmark names and location

numbersFinally, fill in the third table.

Configurdion Table

S

Configuration:

Benchmark O =

Landmark S =

LandmarkE =

Abstract Diagram of this configuratiomi t h

A CED ,

adl8e, f

Configuration Sentence Configuration ASRs | Numerical expression True
Axo for X = or
Ay 0 Eoor y = False

S is to the left of O

E is to the right of O

O is tothe left ofE

O is to the right of S

S is to the left oE

Eis to the right of S

TCHR: Make copies of the above as needed. Provide template of the Trip Line

Diagram for diagrams of the numericalexpressions
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SECTION 7. Mathemat i zi ng sentences of Type B: | nt
Dialogue TL9 7-1
Mathematician: Now we are going to mathematize sentences of Type B.
Student 1: What are they?
Mathematician: Do you remember what Type A sentences are?
Student 2: Sure. Theare sentences that relate two names.
Student 3: Names of objects or people.
Mathematician: Right. So here is a Type&diable sentencan two Landmark

vari abl e® i 9@ ed rhASR ihequalttyu siitng | ocati on variahb
Ay o:

Variable Sentence E s to the left of S

ASR inequality: y < x (yisto the left of x)

Student 1: Dondét tell uBO0 wiWeh alraen dgnoa rnkg ntaomn
make alrue Observation Sentence of Type A.

Student2: Andthe r epl ace Ax0 and fAyo IEyowtithae | ocat i c
True inequality.

Student 3 Put S = E=,
and

O=

True Observation Sertence, Type A

True inequality:
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Mat hemati ci an: OK, that is a good review. I
mathematize Type A observation sentences.

Students fill in the seven steps.

Mathematizing Type A Observation Sentences
Step 1:
Step 2
Step 3:
Step 4.
Step 5

Step 6:

Step 7:

Mathematician: Here is a TypevBriable sentence

LandmarkE is a number of landmarksto the of Landmark S.

Student 3: |  hav e nanbeyvakableédi danumbé&r@fan we use
landmarkso ?

Mat hemati ci an: Excell ent question. What 6s
Student 2: | think we can.
Mat hemat i ci an: no Gom dpdnanthee dfdafgsiméuksoe A

St udent ahumberdf lmr@mmarkdt o t he ntothe becomes 0

Mathematician: Yes. Then a TypevBriable sentencas.

LandmarkE is n to the of Landmark S.
Student 3: PutS = Bnd
Student 1: In that caseto the = to the
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Student 2: | see that Type B has more information in it than Type A.

Student 3: In Type A, movingfromSEBoy ou know which way to go,
know how far.

Student 1: And Eyouopuwdwo right dast@@.t r ecogni ze

Mathematician: Precisely. In this Type B we quantify the movement. The person at S
moves exactly n landmarks to the left or right.

Student 2: So now t meveseléndmaeksin aacertain o n . The |
direction.

Student 3: Yes. A person stangliat Landmark Snovesn to the to end up

at Landmarke.

Mat hemati ci an: Good. Letdos write a ver si
who stands at S moves n landmarks to the , and arftves at

Student 1: We can say:

Type B variablmevedss:ient ence wusing

Start at Landmark Snoven to the , arrive at Landmark

Mathematician: We will need an icon fmove Letds have a class <co
the best two or three entries for an iconrfamve

TCHR: Prepare a handout for the contest.
Do you remember ouypes offeatures?

Student 1: | can remember.

Types of features
People and Objects
Actions
Relations

Mathematician: Remember, Type A sentences are relations betwaen.na
Student 2: And | also remember there was nothing about actions.

Mathematician: Right. Actions are here now. What is the person doing?
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Student 3: Moving n landmarks to the

Mathematician: Right. So Type B sentences have two nantesome kind of action.

Student 2: So, are the steps of our mathematization procedure different for Type B
sentences?

Mathematician: We did the first 6 steps and all we had to do was revise Step 3 to
include identifi cat thenmoutahd do doree peaatitei o n . Let O:

Mathematizing Type B Observation Sentences
Step 1:

Step 2

Step 3: Identify the action

Step 4:

Step 5

Step 6:
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Worksheet TL9 7-1. Vari abl e Sent &Vnte@sthesisi ng Amoveo.
configurations. Then @mplete thenext thredables for each configuration.

Configuration Table
S O E

Configuration:
Benchmark O =
Landmark S =
LandmarkE =

Abstract Diagram of this configurationi t h A CEd, all8@d @and arrow

Configuration Configuration ASRs Numerical expression
Sentencs ixo for i g X =
Ayo Eoor i y =
S is to the &
S is to the of O
Eis to the of O

Vari able Sentence using fAimoveo

Start at Landmark Snoven landmarks to the , arrive at Landmark

ASR Iconic: us e BGSO,, fin = cons of, oranfdmowad an

TCHR: Make six copies of the three tables.
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Dialogue TL9 7-2

Mathematician: Now | have an important mathematical question abouioementfrom
S toE.

Student 3: So danoded a S meest metaicuwsvwed Au s el si
there a difference?

Mat hemati ci an: That was my maveenst i on. Excel

landmarks to the o . Mat hemati ci ans see two thi.
1. They removedsenhefnacti on, as astartat hemat i cal
location.

2. They represent thmovementas a mathematical object that they manipulate and
transform.

Student 1: And how domoveda?t hemati ci ans symbol

Mat hemati ci anmoveoTlhhey atnhiamh i @fn, i an operation
the addi t+tibon si gn i

Student 2: And the movement? How do mathematiciane@ayar andwhich way
the person moves?

Mat hemati ci an: Wel | , t hamdveamerdalomgahe Trip t he r i |
Line, has airection feature as well as &dow many landmarks feature.

Student 3: Then the arrows we draw can represent both of those features.

Mat hematician: Exactly. frto the ldéfthh e tb thBme bei ng
right0 and use arrows to show the movement.
Student1: Weneal sy mb o | diteationd e | | us A

Student 2: Thatds easy. We can draw arr ow:
Student 3: Sure. Like 3 to the right = and 3 to the left =

Mathematician If you like you can do that, but you can also justevriti 3 t o t he r i gt
or A3 to the | efto. Il n any case we think al

or movement numbers.
Student Btothel&fto @ todha rightdi
Mathematician: Yes. Like | said, we will return to the representafiomovements

|l at er . ltds a very i mpor t aontentiomatdh e mati cal |
drawing arrows will serve us well.
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Student 1: Wh a t about farrives ato?
Student 2 We could use A=0 for farrives at
Mathematician: Good.

Student3: Welll dondét know i f anyone noticed, but
mathematizing a Type B Observation Sentence:

Type B using fAimoveo

Start at the location of Landmark @pve n landmarks to the , arrive at
the location of Landmark.

ASR equation

X + ntothe =y

y = X + ntothe
Student 1: I see! Just put AxokEcCfdrofit he | «
for fimovedo and fA=0 for Aarrive ato
Student22Do mat hemati cians really use fAn to the
ASRs?
Mat hemati ci an: Good point. They donét, but

serve us well until we introduce integers.
Student 3: Wait! There is somethinghddt under st and.
Mat hemati ci an: What 6s that?

Student 1: Well, mathematicians call this a movement, but no one is moving in this
sentence.

Mathematician: Right. That is one thing abstraction (Dictionary term) is about. You
make an abstraction byimaghi ng a person moving. You donbo
observe it. It can all take place in your mind.

Student 2: Like daydreaming?

Mathematician: Yes, but next time | see you staring into space when you are supposed
to be wor ki nygu,are doing antabstraetibnl me

Student 3: Yeah.

Mat hemati ci an: Il think youManaklesenteacdsy f or s ol
ASR inequalities andASR equations
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Worksheet TL9 7-2 . Mat hemati zi ng SenWrdeoatéhesixt hat us
configurations. Then complete the next three tables for each configuration. Use the
location numbers on your Trip Line Diagrams for the numeggplessions

Configuration Table

Configuration:
Benchmark O =
Landmark S =
LandmarkE =

Abstract Diagram of thiE@ addédgandtaopnowi

Configuration Configuration ASRs Numerical expression
Sentences Axfoor ASO X =
iy o Eoor i y =
Sisto the &f
Sisto the of O
Eis to the of O

Type B variable sentence using fAimoveo:

Start at the location of lmimark Smoven landmarks to the , arrive at the
location of LandmarlE.

ASR using A+0

=]
S
—

o the o X0 an(

Numerical expression: x = VY

fothe

TCHR: Make six copies of the three tables.
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Dialogue TL9 7-3

Mathematician: Below is @ariable sentencen Landmark varia | es Ao andd A s
also avariable sentencda n fin 0.

Variable Sentence LandmarkE is more thann to the left of Landmark S.

Student 1: N o w Eav e w ir ieltiparkimames tdintake asrued A

Observation Sentence.

Student 2: What about fAno?

Student 3: We al s ocolméngnembero r epl ace Ano wit!l

Mat hemati ci an: So far so gaASRantlwetalet 6s hol d

this over some more. O.K

Student 3: Ok ay! Let 6s pumarkEkandmar k S = )
thenn =

True Observation Sentence: Type B usin

Mat hemati ci an: EdG ovwohdi.mone thaas it ladin&ls toohe N
| efto?

Student 2: It 60s n_ A which i s more
A _ A .

Mat hemati ci an: G o o dnore thaNobo.w | Véht abts dt i lidin nvke asbaoyu t
l andmarks to the | efto?

Student 3: tltds a movemen
Mathematician: So if you made this movement, would you have satisfied the sentence?

Student 3: No. n | andmar ks t omorehoghel e f t i s
left than n landmarks to the it .

Mathematician: So, thinking about it$hi way , meretdnd i tsaliki ng about ?
Student 1: ltdés talking about the movement:

Mat hemati ci an: That 6s it. I think it wi ||
actually act it out.
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One or more students go to the Tkipe and make the movement for the True
Observation Sentence constructed above by starting at S and carrying a skackifor
them

Mathematician: What did you have to do or at least think of in making this movement?

Student 1: Well first you have start at Landmark S and move landmarks to the left
of S.

Student 2: But then you realize that is not enough and you havavi® moreto the
left than that.

Student 3: But you havendét been told how mi
Mathema t i ci an: That s the crucial point. | n
thinking:

F r o mmore than to the left of &

T o : more tofiheleft than n to the left of &
Student 2: Isedimorethand i s t a | knmowegentn baodoarks to theeleft.
Student 3So this movement of n landmarks to the left is not only thought of as an

action, but becomes an object that vy
|l andmarks to the |l efto to Almofrtedo.t o t

ou
he | eft
Mathematician: Verygod. Go ahead and write tASR.
Student 3: Okay. We know how to mathematize:
E is n landmarks to the left of S

Student 1: We can write: y = X + nto the left.
Student 2: It says: yis n the left of x.
Mathematician: Good. Now think:

y is more to the left thann to the left of x
Student3: S6 or A mor ewd ou & dncewelhavd, t 0

y < X +ntothe left

Mathematician: Can you summarize that?

Stuwdent 2: ltis,

60



Type B observation sentence: Case I
more than n to the left

Variable Sentence
E is more than n landmarks to the left of S.
Movement

To get toE, start at S and first move n landmarks to the left of S. Ween
have to move moreo the left.

Feature Talk
E is more to the left thann landmarks to the left of S
ASR inequality

y < X + nto the left

St udent mdethaoh @te ofpl e Tal k is tricky.

Mat hemati ci an: moréthann t or & e $ Inardotdthegeii i nt o A
thann t o lietfrti cokfy .x o0Bur we f oucase a way. Her e 6s

LandmarkE is more thann to the right of Landmark S.

Student 2: Put Landmark S = , LandmarkE =
andn =

Student 3: From theariablesentence, using those substitutions we get this true
observation sentence:

True Observation Sentence: Type B

One or more studés go to the Trip Line and make the movement for the True
Observation Sentence constructed above by starting at S and carrying a skackifor
them

Student 1: This time we have to move some more to the right to locate a landnfark for

Student 2: ¥¢s. But again there are many possible landmarks on which tofplace
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Student 3: Thistmé or fAmore to fihaw, righto, we
y is more to the right thann to the right of x
becomes
y > X + n to the right

Student 1: So we have,

Type B inequaty: Case II:
more than n to the right

Variable Sentence
E is more than n landmarkdo the rightof S.
Movement

To get toE, start at S and first move n landmarks to the right of S. Ween
have to move more tdhe right.

Feature Talk
E is more to the right thann landmarkdo the right of S
ASR inequality

y > X + nto the right

Mathematician: Now here is a tough one: How altlmistType B variablesentence:

Landmak E is less thann to the left of Landmark S.

Student 1. Let 6s use:
S = E = n=__
True Observation Sentence: Type B
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One or more students go to the Trip Limelanake the movement for the True
Observation Sentence constructed above by starting at S and carrying a skackifor
them

Student 2 This time when we mowve to the left of Swe overshoot the possible landmarks
for E.

Student 1: Save have tayo back somebecause ¥s less to the left tham to the left
of X.

Student 3: So wwuldtadlusdt wuse fAi<o which
y is more to the left thann to the left of x
becomes
y < X+ ntothe left
Student 1: How about:
y is less to the left tham to the left of x
becomes
y > X+ ntothe left

Mat hemat i ci Blessthan iGto thedeft of ¥ felis us that the movement that
startedat x and went to y did not go as many as n landmarks.

Student 3: 1 getit. Then y is to the rightvdfiere you would come to if you did go n
landmarks to the left

Student 2: So we have,

Type B observation sentence: Case lll:
less than n to the left
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Variable Sentence
E is less thann landmarks to the left of S.
Movement

To get toE, start at S and move n landmarks to the left of S. Goen
back some

Feature Talk
E is less to the left tham landmarks to the left of S
ASR inequality

y > X + ntothe left

Mathemaitcian: Good. Now here is\ariable sentencdor the last case of these Type
B inequalities:

LandmarkE is less than n landmarks to the rightof Landmark S.

Student 1: Landmark S =

LandmarkeE = n =

True Observation Sentence: Type B

One or more students go to the Trip Line and make the movement for the True
Observation Sentence constructed above by starting at S and carrying a skakifor
them

Student 1. This is like the last time, when we mote the right of S we overshoot
the possible landmarks f&:

Student 2: Now we have g back soméecause ¥s less to the rightthan n to the
right of x.

Studen 3 : I n tthiws & a0 wehicaméwoul d t el
y is more to the right thann to the right of x

becomes
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y > X + n to the right

Student 1: How about:
y is less to the right thann to the right of x
becomes

y < X+ ntothe right

Mat hemat i ci BIlsthaniGto thedright of ditglls us that the movement
that started at x and wetat y did not go as many landmarks as n to the right of x

Student 3: 1 getitThen yis to the left of where you would come if you did go n
landmarks to the right of k.

Student 1: Here is a summary.

Type B observation sentence: Case IV:
less than n landmarks to the right

Variable Sentence
E is less tham landmarkgo the right of S
Movement

To get toE, start at S and move n landmarkshe right of S. Thego
back some.

Feature Talk
E is less to the right thann to the right of S
ASR inequality

y < X + nto the right
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Worksheet TL9 7-3 Mat hemati zing Sentkeace@sandtdat use
Al ef t Fareachloftour six configurations, choose values for n that will allow you

to write four true observation sentences about moving from the location of S to the

location ofE using all four combinations of more/less than and leftirigfhen fill in

the tables.

Configuration:
Benchmark O =
Landmark S =
LandmarkE =

Abstract Diagram of t hiES a dd érmbvgshawend naovementy i

Configuration Configuration ASRs Numerical expression
Sentences Axo for A9 X =
iyo Eoor i y =
Sisto the &f
Sisto the of O
Eis to the of O

Type B inequality:
Variable Sentence:

Eis than to the of S

Feature Talk:

Eis to the than to the of S
ASR
Numerical expression: x = VY= fothe =

TCHR: Make 24 copies of this worksheet.
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SECTION8. Mat hemati zi ng Sentences of Type B: I
Dialogue TL9 81

Mathematician: You did a great job at mathematizing those Type B sentences.

Student 1: Thanks. So do we have mwogk to do with Type B sentences?

Mathematicians: Yes, we do.

Student 2: | 6m proud of my work, so | etds |
Mat hemati ci an: Al right! Letdbs review Type |

Student 1: A Type Bariable sentencas.

LandmarkE is n to the of Landmark S.
Student 2: We might put S = Enrd in which
casen = )

Student 3: Then we write an Observation Sentence.

Type B Observation Sentence:

Student 1: Trhoeedvarialek sentencet e o ur i

Type Bvariables e nt encneovedisi ng A

Start at Landmark Snoven landmarks to the , arrive at Landrigark

Student 2 Then we intrEOdanod hmoafbonidn®ar i
the operation fAi+0 for MAmoveo.

Student 3: Then we write th&SRs (sort of}

X + ntothe = yand y = X + ntothe

Mat hemati ci an: Thatds a great revi ew. But
your example. We could think of everything staying putwadire making a

comparison.
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Student 1: What are we comparing?

Mat hemati ci an: What ar e wHowdaoangiavhatng i f I é
directionisef r om S? 0

Student 2: In this exampkeis landmarks to the of S.
Student3: Or, using their location variables:
yis to the of x.

Mathematician: Good as far as it goes. That istissver to the questionbut what
are we comparing?

Student 1: Two locations: The locationofo that of S.
Student 2: Yes. Werepres&it s | ocati on with fAyo and the |

Mat hemati ci an: So this fAcomparisono versi ol

Type B Feature Talk using Aicompared too:

The location oE compared tothe location ofS is n landmarks to the

ASR: Ay A f &, AfAxa@ aftdaroniilodcati on of So, 7
y compared tox = nto the . (our convention)
Student 3: So whinohed t ¢ pcempBreditd tppe@ct: the

Mathematician: Both interpretations are correct!
Student 1: But theyore different!

Mathematician: Right, different interpretations, but they are both interpretations of the
same observation sentence.

Student 1: So theyodére@& different, but theyodl

Mathematician: Right. A lot of mathematics comes from making sense out of two
things that are different interpretations, but still the same thing.

Student 2: Then weomparetltto , n eveodh 6a swembol f or i

Student 3: Can we have anothentest with some prizes?
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Mathematician: Good thinking! We need an iconffac o mp ar.e d Lted @ s
and vote on

cl ass

contest

have

t h eompaedttd .t wo or

TCHR: These icons and the contest are for those who want to them. They
should be done outside of class for extra creditPrepare a handout for the contest.

Do you remember our types of feature?

Student 1: | can remember.

People and Objects
Actions
Relations

Types of features

Student 2: | also remember th@ype A sentences are relations between names.

Student 3. What about this comparison business? Is making a comparison an action?

Mathematician. Yes. Just like making a move is an action.

Student 1.

Mat hemat i ci
compari son,

Student 2

Scompared top u B .

We lelpr ewe nd s éidnoive®d .

That 6s an

excel
mat hemati ci ansin.use

fepl ace

=]

y compared to x

ASR: yi X = ntothe

n to the

(our convention)

Mat hemati ci

a
t

l

| guessASRs odindoveiet aind But | et
ficompared t@d T y ypagabl&entences.

69



Type B variable sentee:

LandmarkE is n to the of Landmark S.
Us i mgvedfi

Start at Snoven to the andarrive atE.
ASR:

y = X + ntothe (our convention)
Il nt er p rcanpased io:.n

The location o compared tothe location of S is n to the

ASR:
y 1T X = ntothe (our convention)
Student 3: Are you saying thaty = x + nto the is the same ASR as vy
= ntohe ?

Mathematician: No, they are different. They come from the same observation
sentence, but there are two different interpretations, one basedvementfrom one
location to another, and the other based one location compared to another Each
interpretation leads to its own ASR.

Student 3: Wow!

Student 1: I  haivxed .a qWheesncompaneddasbyp ufity € yw e
saying where y is in relation to x?

Student 2: We k n o w novemdnt Doas ittelb usmhdreey is
in relation to x?

Student 3: | think it does, because when we start at x and make that movement, we
arrive at y.

Student 1: Wow! That means thatth® mp a r i is 8 pansivgrs the question
fiWhere is y in relation to x

Student 2ii yi X @s themovement that goes from x to y

Mat hematician: Thatodos exactly right! Now
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Worksheet TL981.A m@ew Vv s . A ¢ olmthesfirstepdrt ot thisaworksheet,
repeat the work you did for each of the six configurations in WesdsTLO 72. Then
fill in the | ast table using the Acompared

Configuration Table

Configuration:
Benchmark O =
Landmark S =
LandmarkE =

Abstract Diagram of this configuratiomi t h A CEd, al8e@d @&and arrow

Sentences ASR Numerical Expressions
Axo for AS X =
Ay o Eoor y =

Sisto the of E

Sisto the of O

Eis to the of O

Type B variable sentence using fAimoveo:

Start at the location of Landmark@pven landmarks to the , arrive at the
location of LandmarlE.

ASR using A+0 , AnAyo the 0 , AXO0 anq(

Numerical expression x = Y= ,n=
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Type B Sentences using Acompared too

Type B variable sentence using Acompar

The location oE compared tothe location of S is n landmarks to the

Abstract Diagram of thi sEoc oandfdiegdu raantd oanr rwoiw h

ASR.using A An to the 0 , Ax0 and fAyo

Numerical expression: x = Y = lothe

People Talk wsing landmark names:

Explain how the movement from x to y compares the place where y is located to the place
where X is located

TCHR: Make six copies of the above tables.
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Dialogue TL9 82

Mat hemati ci an: Now we wdnficompanedst ogaFealt
Talk for Type B sentences usiegpressions likémore thann | andmar ks é
Student 1: I know. Li ke fimore than or | es:

Student 2: Right. We constructed four different cases of sergences.
Student 3: | want to look at them all, they were tricky.

Mat hemati ci an: Okay. Letbs practice:
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Worksheet TL9 82. Individual/Group In Worksheet TL9 73 you constructed 24
sentences usimitEtg adhfisgur &tSiop i Oamair e | tt ha&an @,a s

thano, fAto the I efto and Ato the righto. Y
interpretation. In this worksheet, you are to analyze the same sentences using the
Acompared too interpret alowingtable. Therewitea d your

paragraph in People Talk using the landmark names to interpret the Trip Line Diagram
as a movement that starts at S as well as a comparison that shows the location of
different landmarks foE in relation to S.

Variable Senterce:

Il nterpretationficompared too:

The location o compared to the location of S is than n landmarks to
the of S.

Trip Line Diagram with arrow showing the movement

Feature Talk:

y compared to X is to the than landmarks to the
of x.

ASR:

Numerical expression: x = , Yy = , ntothe =

Paragraph on movement and comparison:
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SECTION 9. Variable sentences and sentences about sets.
Dialogue TL9 91
Mathematician: Choose a Benchmark O near the middle of the Trip Line:

Student 1: Okay. O =

Mathematician: Now generate one True and one False observation sentence from this
variablesentence:

Landmark S is to the left of O.

Student 2: Put S =

observation sentence:

Student 3: Put S =

observation sentence:

Mathematician: Can you generate othbet tare true or false?

Student 1: We sure can. We can makegets of Landmarks from this Variable
Sentence.

Student 2: Yes. Landmarks that make it true.

Student 3: And Landmarks that make it false:
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Landmarks that make thariable
sentence trel

Landmarks that make thariable
sentence false.
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Mathematician: Mathematicians call the Landmarks in eaches®ient®r memberof
the set.

Student 1: That seems pretty simple.
that all the time.

Mathematician: What is demanded by mathematicians is precise set membership.

Student 2: So if someone brings me a dish | have to be able to tell if it belongs to my set
of dishesor not?

Mathematician: Exactly. Scientists talk aball kinds of sets of things some of which
are quite tricky.

Student 3: Right. Birds are the only animals that have flight feathers, but a penguin is a
bird and it has #Aflipperso.

Student 1: What about fish and whales? All fish live in waterwbales are mammals
living in oceans.

Student 3: And all Dolphins are Whales, but not all Whales are Dolphins.

Mathematician: Your thinking is right on. For mathematicians if we know precisely
the members of a group then we can group them all togatbea set.
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Worksheet TL9 91 Individual/Group. Constructing sets. Use theexamples you
generated in Worksheet TI32 to constructhe followingsets.

9 The set of Landmarks that make the variable sentences descrivedkisheet

8-2 true.

M The set blocation numbers for these landmarks

1 The set of location numbers for the ASRs of the variable sentences.

1 Check that the location numbers that make an ASR true are the ones given to the
Landmarks of the variable sentence which generated the ASR.

Variable sentence described irn?8

S = , h =
Type of variable sentence:
T Ay is _______ to the
1 ASR:

Set of landmarks that make
the variable sentence true.

Set of location numbers
for these landmarks

Set of location numbers
that make the ASR true

TCHER: Make 24 copies of this worksheet.

78




Dialogue TL9 92

Mat hemati ci an: L et Owariableosenkencesmomthelast o s el y at
Dialogue and Worksheet.

Student 1: First we chose a Benchmark O near the middle of the map Li

O =

Student 2: Then we worked with the variable sentence:
Landmark S is to the left of O.

Mathematician: Now we use the variable sentence to generate one true and one false
observation sgence.

Student 3: PutS =

observation sentence:

Student 1: PutS =

observation sentence:

Mathematician: Good. This time we want to focus on the Lardnibat generate true
observation sentences.
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Student 2: We put them in a set.

Landmarks that make the variable sentence true.

Student 3: You told us that the Landmarks in the set are eddlatent®r memberof
the set.

Mathematician: Yes. All the members in the set are Landmarks that make the variable
sentence true.

Student 1: How do variable sentences make sets?

Mathematician: Do you remember how we talked about sentences lika n d mar k S
is to th2e |l eft of OO

Student 2: | remember. We said it is a Type A sentence with two Landmarks and a
relation.

Student 3: Yes. The relations in our Type
to the right ofo.

80



Mathematician: Excellent. To maksatwithi Landka S i s t owd he | eft
dondédt think of it as a Type A sentence.

Student 1: How shall we think of it?

Mat hemati ci an: Think that the sentence has
of a Landmark.

Student 2: That 0selefiopCht. Any Landmark to tl
Mat hemati ci an: Good. i i $eatdreor ptopeety of e f t of L
S.

Student 3: And any Landmark to the left of O has that property.

Student 1. That ds right. We can have a whi
Mathematician.-That 6 s t he i dea. That 6s how vari abl
Student 1: So this time we split the sentence in two.

Student 2: One part of this variable sentei
Student 3: So I could say fAa P is a bird wi

Mathemaician: Yes. Penquins are members of the set of birds that have flippers
instead of flight feathers

Student1l: TheA i s a bi r di swiptdpetyfdl ipmpder 0 t he sente

Mat hemati ci an: That 6s it . rulewhats part of t he
requirement, whatroperty has to be satisfied for a bird to be in the set.

Student 2 But a variable sentence | ike fda
know which one to make the set with?

Mathematician: Are you thinking about Whalesldtammals? Mathematicians
identify (bind) the pronoun they build the set with like this:

The set of M such thatWhales are M
fiThesetofMsuchthab i s call ed a set f or mer .
Student 3: That sounds like Feature Talk to me. We need anfcanthe st former

notationo . L e tclass cohtestind se@awho wins.

TCHR: Prepare a handout for the contest.
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Student 1: Letds do it but does it have ai

Mathematician: Since you ggkathematiciane se a pair of esetrl y brac
of o and a colon or a |line for Asuch thato:

{M: Mis amammal M is aWhale}

Student 2 So | cwhereMrissaandmntallsuclsth i§id he s et of
Whaled ?

Student 3: So this tells us the set of mammals includes Whales.

Mathematic a n : Exactl y. | 't 6s c al Identfiestbimds) set bui |
the pronoun in the variable sentence around which the set is built.

Student 3: But you know we made many sets for variable sentences that were Type B.
Can we construct seuilders for all of those as well?

Mat hemati ci an: No probl em. Letbs practice.
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Worksheet TL9 9-2. Using Set FormersRevisit each of the setenerated in
Worksheet TL9 9l and e theASR notation to write aproperty (rule, requirement)
for the locaion numbers in each list aadtach a set formerto this ASR.

Sentence

ASR for Property Rule

Set Former

TCHR: Make 12 copies of this table.
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Dialogue TL9 93
Mathematician: We have construc&8Rsabout the Trip Line like this x <0

Student 1: Over and over again. It just says that some location numbers are to the left
of the zero.

Mathematician: Right. Now suppose | say that those are locations nuhbers3.

Student 3: Then oour trip line the Benchmark is:

O =
Student 1: And the Landmarks to the left of O are:
Landmark has locatimnber-1
Landmark has locatimnber-2
Landmark has locatiomber-3

Mat hemat i ci a nsetformeréotthépsopeatyt it xa cihs al eft of zer oo

Student 1: We just sayThe set of xwherex is a landmark location variable such that
X is left of O.

Student 2: So then thetdmiilderASR is:
{x : xis a landmark location variable | x < 0 }
Student 3: And you said this set has just three memiigrg, -3.

Student 1: Which meant that zero was assigned to Benchmark

Mathematician: Good. Thes -1,-Zi{8} 0, i s Sotuoh Sedfad: t h e
{x: x is a landmark location variable | x < 0 }
and commas separate its members.
Student 1: Then
{x: x is a landmark location variable |[x < 0} <1{-2,-3}

Mathematician: Yes. The two sqirovide a mathematical model fowvariable
sentence about a set of landmarksyouar Trip Line.
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Student 1: Is there something else we need to know about variable sentences and
making sets?

Mathematician: There is something you already know butave e n 6t t al ked abou
importance in mathematics.

Student 2 What 6s that ? | t mu st be somet hi

Mat hemati ci an: Letds take anot her |l ook at t
X <0

Student 3: Tha location numbers on the Trip Line to the left of the Benchmark?

A

Mat hemati ci an: Thatds my point. You alreac
numbers to repl aTcigLind.x 0 come from the

Student 1: The Trip Line is our world in this class.

Mathematician: Yes, and mathematicians would call it our Universe and say:

The set of possible Trip Line location numbers is tr@versal set

Student 3: Sounds like Feature Talk to me. Here goes my representation of it:
{Trip Line location numbers}= the Universal set.

Mat hemati ci an: Great . tHe niversal sed .we Lneetedds i s ¢
have aclass conteshnd see who wins.

TCHR: Prepare a handout for the contest

Student 1: | 6m goi ng t o thisUmvkrseaBotavayt r epr e s ¢
is it so important to mathematicians.

Mathematician: A very famous mathematician and philosopher, Bertram Russell,

discovered a mind troubling paradox in this simple idea of making sets/&atle

sentences.

Student2: Hedid®Wh at 6 s t he paradox?

Student 3: We havenodot seen anything that ¢t

Mathematician: Neither did other mathematicians until Russell produced it. If you
want to know more about it look it up on the internet.

Student 1: tthah goi ng to do | us

Mathematician: But | warn you in advance, its mind troubling.
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Student 2: So. Like | said. Why is tbiaiversal Setsuch a big deal.

Mathematician: When we say exactly which objects in our world we are talking about
we escape Rmuomngdadados Somathematiciarsiallydo that when

they make sets from equations.

Student 3: So the objects that make up a set must always come frordsiosrsal
setthat we are talking about.

Mathematician: Yes. Mathematicians write thagltkis:

X is a member of {location numbers on the Trip Line}

Student 1: Ok avy. Mor e F e atisiarmembérab k . Now \
Let 0 s classoordestad see who wins.

Student 2: Il s there an ASR for Ai s a membet
Mathemat i ci an: Youbre getting pretty sophisti
symbol fiefi .

Student 3: Here goes my representation:
x e {location numbers on the Trip Line}

Mathematician: There is another feature of sets that you also alreasigtand that
has a mathematical ASR.

Student 1: What 6s that?

Mat hemati ci an: Herebs the question. Are t|
{x:xis alocation numbdrx < 0}={1-2-3}

all the location numbers on your Trip Line?

Student 2: No. {Trip ine location numbers} has many other location numbers.

Student 3: Yes and many mammals are not whales.

Mathematician: Yes the set of Whales is a subset of the set of Mammals and also:

{-1,-2,-3 } is a subset of Trip Line location numbers} The symbbthat
mathematicians use for subset is,

Student 2: So we would write,
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{-1,-2,-3} E {Trip Line location numbers}

Mathematician: Right We need t aosasaubsktal nt discdaome ffor
memberofd cont est .

TCHR: Prepare a handout for the contest.
Student 2: Okay. That was a great prize for the Universal Set icon.

Mathematician: Plus we got some great icons for the Universal set.
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Dialogue TL9 94
Mathematician:Sometimes nthematiciansise capital letters farames of sets.
Student 1: You mean like

T = {Landmarks on the Trip Line}

Student 2: Or,

Let Al be the name for {AA is a landmark | As to the left of O}. We can write a set
former:

Al = {A: Ais alandmark | As to the left of O}.
Student 3: SoAlis a subset of Tbecauseall the members of Aare members of T.

Mat hematician: Very good. Letds tie that di
subsets.
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Worksheet TL9 9-3. Individual/G roup. Sets of Landmarks. Use the following
description to onstruct two sets ofandmarks, A1 and B such thaB1l is a subset of
A1l. Fill'in the table with the elements and location numbers of the two sets. Then
color-code these sets on a Trip LineBram. Next write a paragraph in People Talk
using landmark names to interpret how the colmted TripLine Diagram illustrates

that B1 is a subset oflA

1 Benchmark: O =

1 Al ={A:Aisalandmark | As to the left of O}.

1 Bl ={B:Bisalandmark | B more to the left than n to the left@f. n =

Set ofLandmarks that
are members of A

Location
Numbersof
members oAl

Set ofLandmarks that
are members of B

Location
Numbersof
members oB1

TCHR: Print out copies of the Trip Line and have students work individually, in
groups or as a class, to illustrate the s&1 and its subset B using colored tags. For
example they canuse two colors, one for A and one forB1. The illustration is that
elements ofB1 will have tags with two colors and he elements that are in A1 but not
B1 will only have one color.

Paragraph
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Worksheet TL9 9-4 Individual/Group: Setsof location numbers. Use the sets Al
and BL and the benchmark from Worksh&éi9 9-3 with stops indicated by location
numbers. Then color code this diagram as you did in Worksheet-BL%tally write
a paragraph in People Talk using location numtmensterpret how theolor-coded
Trip Line Diagram illustrates thatlis a subset oiX1.

Write a paragraph in People Talk using location numbers to interpret haolthe
codedTrip Line Diagram illustrates thatlyis a subset ofX1.

X1 ={x :xis aTrip Line location variable | x is a laton number for a landmark in1A

={ }
Y1 ={y :yis a Trip Line location variable | y is a location numioera landmark in B}
={ }

Trip Line Diagram:

Paragraph

TCHR: Provide pencils of two different colors.
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Worksheet TL9 9-5 Individual/Group . Review Cae I. Choose one of the three possible
configurations folE to the left of S and then choose a landmark S and a value Wsenthem to

fill in the imovemend sentence Next, construct a Trip line Diagraffior your configuration and
then fill in the blaks in the Feature Talbentences Finally, construct
and Acompare tod versions and use them to

Configuration:

Variable Sentence:
E is more than n landmarks to thleft of S.

S = n =

Movement

To get toE, start at and first move landmarks to the of S.

Trip Line Diagram:

Feature Talk
Eis more to the leftthan _ landmarks tdhe left of S
Ayo BDomand Axo for ASO. X =
y is more to the left than____to the left of x
y compared tox is more to the left than __ to the left of x.

ASRs andSet Formers

i Mo vASRE:

Set former, movement ASR:

A = {y: yis aTrip Line location variable| }

= { }

ACompared tod ASR:

Set former, compared to ASR:

A = {y: yisaTrip Line location variable| }

={ }
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Worksheet TL9 9-6 Individual/Group . Review Case Il. Choose one of the three possible
configurations folE to the left of S and then choose a landmark S and a value for n. Use them to
fill in the Amovement 0O sentence. Nextand con:
t hen fil!/ in the blanks in the Feature Tal Kk
and Acompare todo versions and use them to c

Configuration:

Variable Sentence:
E islessthan n landmarks to thieft of S.

S = n =

Movement

To get toE, start at and first move landmarks to the of S.

Trip Line Diagram:

Feature Talk

E is lessto the left than landmarks to the left of S
Ayo BDomand Axo for ASO. X =
y is lessto the left than to the left of x

y compared tox is lessto the left than to the left of x.
ASRs andSet Formers

i Mo vASRE:

Set former, movement ASR:

A = {y: yis aTrip Line location variable| }

= { }

ACompared tod ASR:

Set former, compared to ASR:

A = {y: yisaTrip Line location variable| }

={ }
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Worksheet TL9 9-7 Individual/Group . Review Case Ill. Choose one of the three possible

configurations folE to the right of S and then choose a landmark S and a value for n. Use them to
fill in the Amovement 0 s e ngramrocydur confiueaiion and ¢ 0 n
then fill in the blanks in the Feature Tal Kk
and Acompare todo versions and use them to c

Configuration:

Variable Sentence:
E is more than n landmarks to theght of S.

S = n =

Movement

To get toE, start at and first move landmarks to the of S.

Trip Line Diagram:

Feature Talk

E is more to theright than __ landmarks to theght of S

Ayo BDomand Axo for ASO. X =
y is more to theright than _____to theleft of x

y compared tox is more to theightthan___ to theight of x.

ASRs andSet Formers

i Mo vASRE:

Set former, movement ASR:

A = {y: yis aTrip Line location variable| }

= { }

ACompared tod ASR:

Set former, compared to ASR:

A = {y: yisaTrip Line location variable| }

={ }
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Worksheet TL9 9-8 Individual/Group . Review Case IV.Choose one of the three possible
configurations folE to the right of S and then choose a landmark S and a value for n. Use them to
fill i n the @Amove meaiaat Brip Ise Diagranmforgaur configaration,andc o n
then fill in the blanks in the Feature Tal Kk
and Acompare todo versions and use them to c

Configuration:

Variable Sentence:
E is lessthan n landmarks to thaght of S.

S = n =

Movement

To get toE, start at and first move landmarks to the of S.

Trip Line Diag ram:

Feature Talk
Eislessto theright than _ landmarks to theghtof S
Ayo BDomand Axo for ASO. X =
y is lessto theright than ____ to theleft of x
y compared tox islessto therightthan___ to theight of x.

ASRs andSet Formers

i Mo vASRE:

Set former, movement ASR:

A = {y: yis aTrip Line location variable| }

= { }

ACompared tod ASR:

Set former, compared to ASR:

A = {y: yisaTrip Line location variable| }

={ }
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TCHR: The remainder of Section 9 is optional.
Dialogue TL9 94

Student 1: I have a question. l'tds about
Landmarks on the Trip Line.

Student 2: Yes. | have aigstion about that too.

T = {Landmarks on the Trip Line}
What was the reason for calling Tiaite set?

Student 3: Right. Why bother?

Mat hemati ci an: |l 0m gl ad you asked. Mat h e m:
not finite.

Student 1:They do? What are they looking for?

Student 2: What kind of sets are those?

Mathematician: Well when we teach little children to count what numbers do we use?

Student 3: We use the numbers 1,2,3,4 and so on.

Mathematician: You hitthe nailonah head wi th fAand so ono.

Student 1: It means than we can keep on going.

Student 2: |l tell them that thereds no end

Student 3: Right. No matter where you land in the list there is always a next number to
count with.

Mathematician: Well mathematicians call those numbers the counting numbers or the
natural numbers and this is what they say:

The set N of natural numbers isiafinite set.
N = {1,2,3,4,5,6,7, e }
Student 1: What are the three sldr?
Mat hemati ci an: T h saymbBoszefihaonwd nsaot hoennba.t i ci ans
Student 2: | have a question. We split those numbers into Odd and Even.

Student 3: | get where youdre going. Il s t|
also go on andro
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Student 1: If it is then the set of Odd numbers must also be infinite.

Mat hemati ci an: That 6s a oubsewmatf |IN naendo fl 6tni o u
going to ask you to think about them and another subset of N in the next Worksheet.

Student 2:1f all these numbers go on and on how can we be sure that one set is a subset
of the other?

Student 3: | agree. How can we know?

Student 1: | Oistheotbet sutsetr e, but what
Mat hemati ci an: I 't 6s a s gtime), theadet oPameh e mat i ci
numbers and, guess what? ltds time to Pract
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Worksheet TL9 9-9 Individual/Group. Infinite subsets of infinite sets.The students
have raised an important question. We can see that all the members of one set are
members of @econd set when both sets are finite. But is the following true or false?
Indicate your response below

{Even Numbers)s a subset ofNatural Numbers} True False

{Odd Numbers}is a subset ofNatural Number} True False

Discussyour ideas in your groups and write your reasons for your answer. Be prepared
to report out.
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Worksheet TL9 9-10 Individual/Group. Sets of Prime NumbersAnswer the
following questions. Note thabeére are 25 prime numbers less than 100:

LetP1= {p:pisaprime number|p < 100}

LetP = {p|pis a prime number}

1. List the members of P1: (Note we will take 2 as the first prime number.)
P1 = {2,

2. True or False:

1 P1 = {p:pisaprime number | p < 100} is a subset of Prue
False

T P = {p:pisaprime number}is an infinite set. True
False

Discuss your ideas in your groups and write your reasons for your answer. Be prepared
to report out.
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SECTION 10. Trip Line Diagrams and Distance

Worksheet TL9 10-1 Individual/Group . Sentences about DistancdJse bndmark
namego write one sentence or one question about landmarks on the Trip Line using
each of the following phrases. lllustrate each sentence Witip &ine Diagram In

each setence, replace anghdmark names and any numerals by variables to pr@educe
Variable SentenceUse the template to enter your responses.

1. Ahow cl oseo

2. Ahow far o

3. Aihow near o

4. Aiaway from each othero
5. Aishort distancebo

6. Afaway fr omo

7. Aishort distance awayo
8. il ong distancebo

9. "t he distance betweeno

10.Ahow far aparto
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Template for Worksheet TL9 10-1
Phraset

Sentence or question:

Trip Line Diagram:

Variable Sentence:

Phraset

Sentence oguestion:

Trip Line Diagram:

Variable Sentence:

Phraset

Sentence or question:

Trip Line Diagram:

Variable Sentence:

TCHR: Make 10 copies of this template
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DialogueTL9 10-1
Student 1: Are we going to apply our sentertoesur Trip Line?

Student 2: We compare the locatior&db S.

Student 3: Yes. We sd&yis n to the of S.

Mat hemati ci an: Il 1 i ke t hoafarweihaveeto moetd hought .
go from S tcE.

Student 1: And @&t whehwagto godeft or right, the

direction of the move.

Mat hemati ci an: Good. N oBws os theplgit ordhe righte don o't
of S. Suppose we hoptasEis fronaS. &/haarhightmwe say?h e A n o,
Student2 We couldwriteav ar i abl e s enEckenard atfbroau.t ASO, i
Student 3: We could just sa¥ is n landmarksaway from S.

Student 1: Or, S is n landmarkway from E.

Student 2: Ork and S are n landmarksvay from each other.

Mathematician: Grda. Let 6s make Boubasntdi tAuntoi otnos gfeonre riiaS

types of true distance Observation sentences about the Trip Line Diagram.

True distance observation sentences:

S = E = n =

Student 1: | think those observation sentences are making distance comparisons
betweerE and S.

Student 2:nAnButto itthbes not a 0 compari son.

Student 3: nikn gihes . hdw 6fsajascompari son.

Mathematician: | like that line of tught. We mightcallitmi n f ar apart o comp
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Student 1: He r e GEsandéSrare nlandmagkbdpat. sent enc e
Mat hemati ci an: Good start. Now work nAdi st
Student 2: How aboufThe distance between S an# is n landmarks.

Mathematician: We are getting there, but we need to put in the feature oESvand
have emphasized in all our discussions.

Student 3: You mean their locations?

Student 1: Okay. How about:

The distance between the location of S and the locatioh B is n landmarks.
Student 2: Or we can switch it around:

The distance between the location d& and the location of S is n landmarks.

Mathematician: You make an important point. The comparison can take place in any
direction. So how willyouwork c o mp ar e d Vvacdablesentehce? your

Student 3: I't doesndét Eomampmared htto t®0 scdoe S
Student 1: You know what, Il think the comp:

Student2: Yefit he di st anceédhlbbewt Waenapias tloi k

Mat hemati ci an: I like this Iine of thought.
compari son expression for distance. What d
Student 3: It |l eaves out Ato the 0 .

Student 1: Rht. When we compareto S, we say, for examplg,compared to S is n
to the

Student 2: And that means that S compardgliton to the . The opposite
direction.

Mat hemat i ci anno fhBxwa dstée game Bothrees. A

Student 3: So we can say the distance betwesmmd S is the same as the distance between S
andE.

Student 2 ltos | i ke Andi stance betweeno i s

Student 1: And that distance will be just n landmarks, nabhdmarkso the
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Mathematician: | think we are ready to put it all together. We can &@ktance
Feature Talk: utkeidistgncerbetweea :

Student 2: Herebdbs my variable sentence:

Distance Feature Talk

The distance between the location dE and the location of S eqals
the distance between the location of S and the location Bfwhich is
n landmarks.

Student 3: We need a class contest for an icon for distance.

Mathematician: | agree, plus &onic representation of Distance Feature Talk. |
propose a class ntest with prizes again to see who can create it.

TCHR: Prepare a handout for the contest

Student 1: | agree. But how do mathematicians representtiablesentence in an
ASR?

Student 2: Well we know thabnAixaramadth!| @g0 of -
a n do .n

Student 3: And we compare where y is with regard to x using the subtraction symbol
between them like this:

A Ty A.

Mathematician: Again. I like your line of thought. To complete it mathematicians

e nc | oisxe ffvebyawo vertical lines: |[yx | and read it Athe di.
and Tyhd.s symbol denotes the transition from

Student 1: So we can readi| ¥ | as the distance between y and x.

Student 2: | NnASRhat @Gthabe icam&saenybet ween
| andmar ks o:

ASR: [ X y| = ]yi x| =n

Student 3: Cool. It says the distance between x and y is the same as the distance
between y and x which is n.

Student 1: Sothetwoverticalhes t ak e into the _ 0 aw
_______ 0 and we are |l eft with just n.
Mat hemati ci an: Thatds right. The two vert.i

Distance comparison Later we will talk more about naming the comparison we make
withi Tw A ainyd ii x But now we need to Practice:
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Worksheet TL9 10-2. Individual/Group . Interpretation of a Distance ASR.Use the
Trip Line Diagram Abstract given in the box below and the following ASR to write the

paragraph described below thaexb

ASR: |Xiy]| =|yix|=n

PutS = nd& = andite a
paragraph in People Talk using landmark names to make an interpretation of the

Trip Line Diagram Abstract .

Paragraph:

104



Worksheet TL9 10-3. Individual/Group. Distance Sentences.Select SE and O for
each of the six configurations and fillintha D | e
vari abl es Ed ome fisedc tainvde Iy .

bel ow. Use nx

0

and

Configuration:

Benchmark O =

Landmark S =

LandmarkE =

Abstract Diagrano f

t his

conf i guEGa ta dodne dwianhd AaCor, 0o wi S

Configuration Configuration ASRs Numerical expression

Sentences Axo for A9 X =
inyo Eoor i y =

Sisto the ofE

Sisto the of O

Eis to the of O

Variable Sentence:

S andE are n landmarks apart.

Di stance Feature Talk wusing fAdistance

ASR using x- y

ASR usingy- x

Numerical expression: x =

TCHR: Make six copies of ths page
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SECTION 11: A Grammar for school Algebra
Dialogue TL9 11
Student 1: Is math a language?
Student 2: Are we going to do grammar, diagram seet?
Student 3: | understand about ubjectof a sent enpredicatebut what 6s

Mathematician: We have beasingl anguage to | ear n gramngdobr a, |
the sentences we have been using.

Student 1: Which ones? Observatiomi8aces?
Student 2: Variable Sentences?
Student 3: Do these hapeedicates? Is that dypeof feature of such sentences.

Mathematician: They do and it is. We can construct a grammar in which Variable Sentences
have just two types of grammaticaataresvariablesandpredicates

Student 1: AS is a |l andmarko i s a Variable
Student 2: So is fix is a location numbero.
Student 3: The variables are AS0 and Axo0o wl
Mat hemati ci an: Aii s a nhbaenrdomaarrked tahned pfriesd iac al te
Student 1: That 6s e asyvasablesamgipredicattar i abl e Se

Student 2: Then Observation Sentences havess andpredicates

Student 3: So what about names, variables and predicates; are they olgjettssror
relations?

Mathematician: Names, variables and predicates are all olgjesntsmaticalobjects. Variable
Sentences and Observation Sentences are also grammatical objects. Time to Practice.
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Worksheet TL9 11-1. Individual/Group . Your class enstructed a Trip Line to represent the

Trip it took. You then constructed Observation Sentences and Variable Sentences to represent
observations about your class Trip Line. The purpose of this worksheet is to generate a class list
of variable and obseation sentences.

1.

The class should reach agreement on a list of different Variable Sentences they have
constructed so far and the true and f@bservation Sentences generated from them by

replacing the variables with names.

Variable sentences can haveear more variables and can be found in:

Worksheets TL9 4, 6-2 and 63
Worksheets TL9 -4, 7-2 and 73
Worksheets TL9 4 and 82

Dialogue TL9 92 , Worksheet TL9 2 and Dialogue TL93

Worksheets TL9 %, 97 and 98
Worksheets TL9 11, 162 and 163

TCHR: Each student should go back through their work in the above list and develop a

Aportfoliod with exampl es
variable sentences and observation sentences.

of Observation Seil

Variable Sentences

Variables
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Observation Sentences Truth Value

TCHR: The class as a whole and the groups in the class should write some examples on
chart paper that illustrate these sentences ahpost them.
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Dialogue TL9 112
Student 1: Wow! Wedbve done a |l ot of work!
Student 2: So our Grammar for school Algebra starts with all those sentences.

Student 3: Variable Sentences that are neither true nor false, and Observation Sentences, some
true, some false?

Mathematicians: Yes. These Sentences are the building blocks for our school algebra.

Student 1: The Ty psothe leif@yroi ahbalse t Sweon tvearrd ea bl xe
what #lodhe leftoi ? Il s i1 ¢? the predicat

Student 2: I guess it is. That s all that
A isnlandmarkstothelefta A ? I't has three variabl es.

Student 3: Is everything else the predicate?

Mathematician: Yes. In this grammar a poadie is the parts of a Sentence that are not
variables or names.

Student 1: Is there akSR for variable sentences?

Student 2: We already ha®&Rs for these two variable sentences:

Variable sentences ASRs
X is to the left of y X <y
X is n landmarks to the left of a X = a + ntothe left

Student 3: And if we take away the variables and constants we have the predicates:

Predicates
AAAs to the |
A AidA Atdthe left of A A A

Mathematician: All that is gooand true. But the question is more general. Can the class

create icons to represeanty Variable or Observation Sentence? Unitil the class gets those

l cons, | etbés use the |l etters Apo and fAgo in
Time  Practice.

TCHR: After Type A sentences are introduced the creation of icons is voluntary;

however, we strongly encourage prizes for class contests to create them and the posting of
iconic representations in various fApublico

109



Worksheet TL9 11-2. Individual/Group. In this worksheet we introduce two words we use all
the time in many dif f eanddn taor@a yis . The two w

To begin andd| ho@bdiuodént s should create sent e
different ways.

1. Writesent encaensld uassi nsgugigest ed:
T Sentences using Aando between two words:

T Sentences using fAnandodo between two cl ause:

al so saltyo

T Sentencesndi hladt wesen At wo irds aeAnienalsand Bolphinse . g .
are mammals.

T Sentences where fAando tal ks about a sequc
Asmal |l er and small ero.

T Sentences where fiandd carries a warning:

T Sentences swhyesr et ifinmendpbasses on: e. g. iHe

T Sentences where Aando i mplies a great di :

T Sentences where fAandodo substitutes for dpl

ces whe Afandod i epdicatgs NAMbeeet A
t her i

o]
>
o S
~—+
> S
@
>
()

2. Write sentoeacaes s88gggsfied:

1T Sentences using Aoro between two words wlt
carpeto

1T Sentences using Aor o bet we e n raboptiors:reg.l wor (
AFl orida or California or Texaso.

T Sentences where fAorodo is used to clarify
T Sentences where Aoro introduces an after:H
maybe she didntrtalread the report af

T Sentences where fAoro substitutes for ot |

where Aotherwiseodo or fior el seo

110



T Sentencew®rot bat we sa inwboichsne arthe athereosboth
sentences mahwclubiveordar ue: The 0

She can reach you by cell phone
or
she can reach you by ladithe

T Sentenceworot hbat weasea fiwo sentences in whiocl
be true but not bothl h eexcliasiveoro :

A landmark S is to the left of the Benchmark

or

itdés to the right of the Benchmark
but not both
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Dialogue TL9 113

Student 1: Wo w. I neverantohought of al |l t ho
Student 2: Me neither. Nordicelver t hionok i abswot many ways.

Student 3: Amazing that two little everyday words are used in so many different ways.
Mathematicians: Yes. There is all tiRdople TalK o andoii aora. i

Student 1l:anddo amalwdisee fin Al gebra?

Student 2: Do we have to master all those ways?

Mathematician: No. The language of school Algebra is not like ordinary language, it is much
simpler.

Student 3: But more abstract?
Mathematician: Not necessarily, just méweusedn abstractions.
Student 1: Srwlo wdora hdiou swee osft uhidy i n school Al

Mat hemati ci an: | 6m gl ad Sgntencesahsakt enidos ea aviit t i e m:
to connect Variable and Observation Sentences.

Student 2: That 6do w | 1 and@ s eéhoedly eth ot oc omrmansetcetr ?S e n
That ds easy. We already know how to do t hat

Mathematicians: Yes. Next we makeuth Tablesf o &andoi aora. 0
Student 3: What do Truth Tables do?

Mat hemati cian: That 6ds raTimeucePsatticeon | want you
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Worksheet TL9 11-3. Individual/Group.

T I n ankdée Tir ut h inpuafbdre fighee i s a Truth Val ue:
goes for fAqgo.

T Because Trut h independentsf f Dmutitp oValreesur f or g
ways to assign AiTrueo or AFalsed to fApo
Truth Table.

1 For each of these four rows, tbetputf opandiqgo i s al so ATrueodo or
job is to decide which.

Truth Tabl e f or fando observation sent

p and q
P q p and ¢
True True
True False
True True
True False

1 Fillin the blanks to make sentencek 3 agree with your Truth Table.

1. Anandid0 observation sentence is only true

2. Wheneitherof t he component obseranddt obses et ¢ 0
sentence is

3. For amdo dbservation sentence to be true, i
have to be true.

Question: i §doatTrdwtels Tahbel e do ? 0
My response:

E

T I'f we use ATFOf drori TFrad este ,a nadedoc Bmu tdh a§a lalme

~

shown below. Fili n ATFd @ t®Hihe oandput for each 0

Inputfor: Tand T TandF Fand T FandF
Apo, AQgO
Output for:

Ap and qbo
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Worksheet TL9 11-4. Individual / Gr ou p . The Aoro of Ap or ¢

t he
1

T

==

= =4

most widely used fAoro.

Il n orbeThAut h inpuafbdre Athe i s a Truth Val ue:
goes for AQo.

Because Trut h inependentsf f Drmrutilp oV mlrtebser € oar é@o
ways to assign ATrueodo or fFalsedo to fApo
Truth Table.

For each of these four rows, tbetputf opord@ i s al so ATrueo or
is to decide which.

Truth Table for fiinclusive oro obse

porgqg
p q p or g
True True
True False
True True
True False

Fill in the blanks to make sentences 3 agree with your Truth Table.
Anindlusiveord0 observation sentence is only fal
. Wheneitherof t he component obseinglusiveio®mn senten

observation sentence is )
For inalusiveforo obser vati on s e nctompoeertolsavatiore f al
sentences have to be false.

Question: AwbalTrdokesTahkendndo?0
My response:

T I'f we use AT for ATrueod a fMinclusiveodd fTorrutFhal s
Table as shown bel ow. Filloroin ATO or AF«
Input for: TorT TorF ForT ForF
Apo, AQO
Output for:
Ap or qo
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Wo

rksheet TL9 11-5 . Il ndi vidual / Group. We adopt th

represent the i widelyusedinwsahoolalgebra.wan ihe dtherihand, we use
Ap or g but not bot ho,whichissedpnusedireschool dgebtac | u s i

T I n exblesivefoo Tr ut h inpuafbdre AApghée i s a Truth Val u
same goes for fAqo.

T Because Trut h iependentsf f DrutitpoValriees for #g
assimgwmed Tor AFalseo to Apo and fAgo; these

1 For each of these four rows, tbetput f op or@butnotbothd i s al so ATr uce
AFal seo. Your job is to decide which.

1

Truth Tableforiexcl usi ve oro observation se

p or g but not both
p q p or g but not both
True True
True False
False True
False False

1 Fillin the blanks to make sentencek 3 agree with your Truth Table.

1. When both of the componextisiveobser vati on
observation sentence is .

2. When both of the componeeRrclusiveddws er vati on
observation sentence is .

3. Fesctusive o0 fiobservation sentence to be trut
sentences has to be and the other has to be

Whlwsiveord o@ s ut heTabl e do?09d

1]

T Question,
1 My response:

T 1'f we use AT forF&MTs &g owa nedtdufivieadd AT watmh t h ¢
Tabl e as shown bel ow. Filloroin ATO or AF«
Input for: TorT TorF ForT ForF
Apo, AQO
Output for:
Ap or ¢ but not botho
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SECTION 12: Integer representations of Trip Line Diagrams
Dialogue TL9 121

Student 1: | think you promised us that when we got to indege would take another look at
An to the righto.

Student 2 Yes, and An to the | efto as well
Student 3: Thatodéds right, you did. But fir:
numbers?

Mathematician: Absolutely!

Student 1: Can wese integers to represent movements, like n to the right and n to the left;
movements we did on our Trip Line Diagrams?

Mathematician: Absolutely! But, as we shall see later, Integer line Diagrams testaree

feature that is more rigid than the distarieature of Trip Line Diagrams. Still, we can use

Integer Line Diagrams tepresentTr i p Li ne Di agr ams. Letds | o
think?

ST ARAAAAARAAAARARAAAAARAARARAAAAARAAR A

Student 1: Why put arrowsieach side of the Diagram?

Mathematician: To show a feature of Integer Line Diagrams.

Student 2: So do integers go on and on in both directions?

Student 3: Is there always one more integer on the left and one more on the right, no matter
how far dong?

Mat hemati ci an: Thatdéds the picture we want
on an i nt e g e rnextintebee onetépso the rightaoryoasteato the left from
where you landed.

Student 1: Canwe look atanexample2t 6 s construct a represent
Trip Line Diagram.

Student 2: Good idea. Then we can picture it on an Integer Line Diagram.

Student 3: Ok ay. Let 6sE, dnradnp LiserDéhgrdma b el an
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Trip Line Diag ram 1:

S E

T T T T T TS T T T i
n to the right

Student 1. Wb cas warei & lsloa thenfdplime.l andmar ks
Student 2: Thatdéds right, what do we use as
Mat hemati ci an: We use Capital l etters 1ike

Student 3: Okay, then an Integer Line Diagram might represent Trip LineaDidglike this:

Integer Line Diagram 1.

Q P
ST AAAAAAARAAAARAAARAA KA A

n to the right

Student 3: Then can we write Integer Variable Sentences about the movement from Q to P?

Student 1: I think we can. But ,0.what did
Mat hemati ci an: We think of fAnod as astegsount it
we move, and fito the righto gives the direct

Student 2: O.K. Point P is n to the right of Point Q.

Student 3: Then I think the pictufeor fin t o the | efto just reve
to the left of point P.

Integer Line Diagram 2:

Q P
<SS BAAARAAARAARAAAARAAAAARAAS

<«

n to the left

Mat hemati ci an: That will servehowmanwel | f or
variable, itcountsthe number o$tepsin the movement.

Student 3: So are fi[n to the right] o and 0]
Mat hemati ci an: Yes: Aln to the rigbt]o and

Student 1: It looks like we can use Integer Line Diagrams to represent most concepts we
studied using Trip Line Diagrams.
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Student 2: Where would we put the Benchmark? On the Trip Line any landmark can be the
Benchmark.

Student 3: | bet the Integeine is like that. Is there a point that gets a special name like
ABenchmar ko?

Mat hemati ci an: Yes. AOrigino is the name |
Origin just like we locate landmarks on either side of the Benchmark.

CTAKARKKARKARKAARKARKARRARRARARAANRSY
'17 '16 '15 '14 '13'12'11'10'9 '8 '7'6 '5 '4 '3'2 '1 0 "1 "2'3 "4 '5 '6 *7 '8 "9 10711 "12

Student 1: They sure act like location numbers.

Student 2: But location numbers locate landmarks in relation to a Benchmark.

Student 3: So do integers locate points in relation to the Origin?

Mathematician:i Ri ght on PoadiB®! asWé3caneps to the |

steps to the | eft offi'3dbahse I isgti enpds atnad twhee craing
steps to the right of the origino.

Student 1: AA piece of cakeo ans thheyagayw.n
Mat hematici an: TRéy whilthiategesed tokkodat
Origin, fAcoordinateso, or Ainteger coordinat

Student 2: But on the Trip Line we use the same numbers in different ways.

Sttdent 3: We do. '3& otro elxmanptl e avel aurscenoadiiok r e |
descri be a movement i3 | andmar ks to the | ef't
Mat hemati ci an: That 6s correct and mat he mat

as movements.
Studen 1: What is the difference between a counting number and an integer?

Student 2: A counting number is positive, or maybe zero and an integer is positive, negative or

zero.
Student 3: So a counting number c atoribvwebe U S ¢
have said Ain to the | efto or An to the right

Student 1: Because n was always a counting number.

Mathematician: All that is absolutely correct and you have shown that you understand
something.
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Student 2: So I
Student 3: But
Mathematician: Right again.

Student 1: Time to Practice?

Mathematician: Time to Practice.

f

we

we
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TCHR Notes for all four worksheets in sectiorl?2:

1 In each worksheet students use Integer Line diagrams to represent Trip Line
distance concepts

1 Each worksheet has four parts labeled I, 1I, Il and V. Information and/or
instructions about each part is given below and should be handed out to each
student as they work each of the four worksheets.

Part I of all four worksheets shows Trip Line and Integer Line Diagrams; the following
information tells which letters are used as variables and which are used as constants:

Trip Line Diagram:
1. Landmak S (which is not a Benchmark) is fixed, therefd8® is aconstant not a variable.

2. LandmarkkE is not fixed, its location depends on the value of n and its orientation relative to
S, thereforéiEo is avariable.

Integer Line Diagram:

1. Point Q (viich is not the origin) is fixed, therefoii@d the nonzerocoordinate of point Q,
is aconstant not a variable.

2. Point P is not fixed, its location depends on the value of n and its orientation relative to Q,
thereforefixo, thecoordinate of point P is avariable.

Part Il of all four worksheets presents abstract diagrams of the possible configurations for that
worksheet.

Part Il of all four worksheets introduces Integer Variable Sentences to represent Trip Line
Variable Sentences. The PattWlorksheet below may be used to organize student responses to
Part Ill. The worksheet asks groups to do the following and mark everything on an Integer Line
Diagram.

1 Choose a configuration A, B, C or D from the list in Part Il and select a pointaagits
1 Choose a point Q and write down its coordinate a.

1 Find the values of and draw the arrows for (n to the left) and (n to the right)

1 Find points P and write down their coordinates.

(For example a group might agree on a configuration, the origin, angdoint Q, then
each member of the group might choose different values for n)

TCHR: At least one configuration other than A should be used.

In Part IV each group reports out. The part IV worksheet below may be used to organize group
report outs.
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Part |1l worksheet: TL9 12-

Name(s): Group name:

Configuration:

Integer Line Diagram: Use integer coordinates to label the Origin and the other points.

ST AAAARAAARAAAARAAAARAAAARAAAARA A

fad the coordinate of point Q =

Draw the two movements: n to the right = n to the left =

~

The values of i PO =

Part IV worksheet: TL9 12-

Name(s): Group name:

Each group: Explains one or morteger modelsof the Trip Line Diagram. To do this it:

1 assigns the origirota Benchmark =

9 assigns the fixed point Q to landmark S =

T assigns AP0 to | andmar k srelationbétweenth€sei p Li n
landmarks, the movements (n to the right) and (n to the left) and S.

Integer model:

ST AAAAARAAARAAAARAAAAARAAAAARAAAARAARAARAAR»

Trip Line Diagram:

ST AAAARAAAARAAAARAAARAAARAAAAARAAARAARAAARAAR»
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Worksheet TL9 12-1 Individual/Group: Your teacher will give you ingtictions to follow as
you work through this worksheet.

|. Equivalent Trip Line Variable Sentences
1. Eiseither (n to the left) of Sr (n to the right) of S.
2. ThedistancebetweenS andE is n landmarks.
3. Eis nlandmarkaway from S.

Trip Line Diagram :

E S E
YR 2o YoYo W Yo Yo Yo Vo Yoo Yo Yo e

n to the leftor n to the right of S

Integer Line Diagram:

P Q P

<V Ve TeYeYa Vo a Yo Yo Yo W Vo Yo Yo Yo Yo Yo >
X a X
A .I. .I. .I. .I. .I. .I. .I. .I. .I. .I. .I. A

(n to the left)or (n to the right) of a

Il. Possible Integer Line Diagram Configurations: Use the example in A to diagram the
instructions for B,C and D.

A: Poirts P and Q are both to the left of zero.

P Q P
<1212 Yo Yo e Yoo Yo o Yo Yo Yo Yo 2 Ve >
« X a X 0

(n to the left)or (n to the right) of a

B: Points P and Q are both to the right of zero.

YoV YoYoYo W Ye Yo Yo T2 Yo Yoo e

C: Point Q is to the left of zero while P is both right and left of zero.

YaYo oo Yo Yo 2 Ve W Yo WaYoYo Yo Yo Yo Ve

D: Point Q is to the right of zero while P is both right and left of zero

Yo Yo Yo oo e Yo 2 Ve Yoo T
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lll. Integer Line Variable Sentences to represent the Trip Line Variable Sentences.

Integer Line Variable Sentences Trip Line Variable Sentences
P iseither n steps to the left of Qr E is either n landmarks to the left of &r n
n steps to the right of Q landmarks to the right of S

ThedistancebetweenQ and P is n steps. | ThedistancebetweenQ and P is n landmarks

P is n stepaway from Q. E is n landmarksaway from S.

To model these Integer Representations€Complete the Part 11l worksheet and then
Substitute your coordinates for P into the equations to check thatatsfy the variable
sentences:

1. x = a+(ntotheleft)jor x = a + (nto theright)

2. Yx- a@%4=n

IV. Groups report out.
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Dialogue TL9 122

Student 1: You know some landmarks are much farther apart than others.

Student 2: That 0s uidistant frenuthee neighbdrdrey 6r e not al
Student 3: So whag the distance we are talking about?

Mat hemati ci an: You raise a re
that distance Iin miles is very

-3
® o
S5 o

~—~ -
- 35
P ——

Student 1: We have not talked at all about landmarks Ineileg apart.

Student 2: That 6s ri ght Eis3adnarksveethe sightottleen c e s
Benchmar kmilesd. no't n 3

Student 3: So on the Trip Line Diagram we are jugttan g about AHow may | :
That 6s the fAdistanced we are talking about?

Mat hemati ci an: Thatdos a really good questi
Student 1: I dm not sure what | think.
Student 2: One thing i s s utgeethesda piaturegs fione
saying Aone mile awayo

Student 3. True. Aone |l andmark awayo might

it is still adistanceaway.

Mat hemati ci an: | 6m going to | et wsaboutdripl st
Line Diagrams. The Integer Line Diagram is not as interesting on this question.

Student 1: So the Integer Line Diagram i s |

Student <sep fHEwew yonfe point to the nexnch;di s w
kilometer, a meter, or a centimeter?

Student 3: In other words, if two people travel at the same speed, they cover the same number
o fstefi® .

Mat hemati ci an Thatds the i dea! step@mouuoiur | nt
of distan c e . Dondt stop thinking about your conf¢
foll ow our di sto®nceviddXeracidd e tandvicreg i enrec it e p

124



Worksheet TL9 12-2 Individual/Group: Your teacher will give you instructis to follow as
you work through this worksheet.

|. Equivalent Trip Line Variable Sentences
1. Eisstrictly between(n to the left) of Sand (n to the right) of S.
2. Eisto the right of (n to the left of &nd E is to the left of (n to the right of S)
3. ThedistancebetweenS andE is less than n landmarks.
4. Eis less than n landmarksvay from S.

Trip Line Diagram:

E S E

YoYo WoYo Yo Yo Yo Yo Yo o Yo Yo Yo Yo Yo Ve
X a X
( ¥

strictly between (n to the left)and (n to the right)

Integer Line Diagram:

P Q P
<V TeYeYa Vo a Vo Yo Yo W Vo Yo Yo Yo Yo Yo >
X a X

L qr
1T

C
strictly between(n to the left) and (n to the right)

Il. Possible Integer Line Digram Configurations: Use the example in A to diagram the
instructions for B,C and D.

A: Points P and Q are both to the left of zero.

P Q P
<V Yo Yo lo Yo Lo o Yo Yo Yo o Yo Yo Yo Yo iy Yo >
« X a X 0o -

(Y222 Y2 2 Y2 Yo V)
strictly between (n to the left) and (n to the right)

B: Points P and Q are thoto the right of zero.
<L eV Yo Yo Yo 2 Yo Yo Yo W2 Yo Yo Yo T2 >
C: Point Q is to the left of zero while P is both right and left of zero.

<YVaYa2Ye YoYo Voo o Vo 2V Yo Yo Yo Yo Yo >

D: Point Q is to the right of zero while P is both right and left of zero

<YoY2Y2 Y2 Y2 Yo Yo 2 Yo WYoo'V Yoo T2 >
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II'l. Integer Line Variable Sentences that represent Trip Line Variable Sentences.

Integer Line Variable Sentences Trip Line Variable Sentences
P isstrictly betweenn to the left of Q E is strictly betweenn to the left of S
and n to the right of Q. and n to the right of S.

P is to the right of (n to the left of Q) E is to the right of (n to the left of $nd
and P is to the left of (n to the right of Q) | E is to the left of (n to the right of S)

ThedistancebetweenQ and P ThedistancebetweenS ande
is less than n steps. Is less than n landmarks.
P is less than n stepsvay from Q. E is less than n landmarksvay from S.

To model these Integer Representationg:ollow your instructions for Il and then
Substitute your coordinates for it the equations to check that tlssyisfy the variable
sentences:

1. a+(ntotheleft)< x < a + (nto the right)}
2. x > a+(ntotheleftland x < a + (n to the right)
3. Yx- a¥%< n

I\V. Groups report out.
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Worksheet TL9 12-3 Individual/Group: Your teacher will give you instructions to follow as
you work through this worksheet.

|. Equivalent Trip Line Variable Sentences
1. Eiseither to the left of (n to the left of )r E is to the right of (n to the right of S)
2. ThedistancebetweenS andE is more than n landmarks.
3. Eis more than n landmarlesvay from S.

Trip Line Diagram :
E S E
LYo 2 Yo Yo 2 Yo Yo Yo W Yo Yo Yo Yo Yo Yo
to the left of (n to the left of Sr to the right of (n to the right of S)

Integer Line Diagram

P Q P
<Y TeYeVaVaa Yo Yo Yo W Vo Yo Yo Yo lfo Yo >
X a X

(11110 ZRZEE7N (R R X ((1111111111111111))
to the left of (n to the leftor to the right of (n to the right)

Il. Possible Integer Line Diagram Configurations: Use the example in A to diagram the
instructions for B,C and D.

A: Points P and Q are both to the left of zero.

P Q P
<o Yo Yo lo Yo Lo o Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo >
« X a X 0o -

qq (
T

{
to the left of (n tahe left) of aor to the right of (n to the right) of a.

B: Points P and Q are both to the right of zero.

<Vo YoV Yo ooV oV Yo Yo T >

C: Point Q is to the left if zero while P is both right and left of zero.

<YVaYa2Ye YoYo Voo o Vo 2V Yo Yo Yo Yo Yo >

D: Point Q is to the right of zero while P is both right and left of zero

<YoY2Y2 Y2 Y2 Yo Yo 2 Yo WYoo'V Yoo T2 >

127



lll. Integer Line Variable Sentences that represent Trip Line Variable Sentences.

Integer Line Variable Sentences

Trip Line Variable Sentences

P iseither to the left of(n to the left of Q)
or P is to the right of (n to the right of Q)

E is either to the left of (n to the left of S)
or E is to the right of (n to the right of S)

ThedistancebetweenQ and P
is more than n steps.

ThedistancebetweenS andE
is more than n landmarks.

P is more than n stepsvay from Q.

E is more than n landmarlesvay from S.

To model these Integer Representationg:ollow your instructions for 11l and then
Substitute your coordinates for P into #wuations to check that thegtisfy the variable

sentences:

1. x < a+(ntotheleftor x > a + (nto the right)

2. Vx- a%> n

IV. Groups report out.
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Dialogue TL9 123

Student 1: |t | oamdos abral k dardeatwark behindtcdrt@n distanced s |
variable sentences.

Student 2: andog Mote.l/k -n&lx Mawe i
Student 3 . 0roA nbde h¥ikenatll» a vilen 0N

Mat hemati ci an: You have donandor eaantal. wit s | It a W«
a look at combining the two in the distance variable sentence:

Yx - a0 n
Student 1: Well our first integer line diagram was for the variable senténeeas= n
Student 2: And that had this diagram:

Integer Line Diagram for ¥x - a¥%= n:

P Q P
Yo TaYa Yo Yo Tele Yo Yo e Yo Yo Yo Yo Yo Vo >
X a X
A .I. .I. .I. .I. .I. .I. .I. .I. .I. .I. .I. A

(nto the left) or  (nto the right) of a

Student 3 Then watectlytbetwbend hei $it ance vxrad&amiwegh sent e
its diagram:

Integer Line Diagram for ¥x - a¥%< n:

P Q P
<Y TeYeYa Voo Vo Yo Yo W Vo Yo Yo Yo Yo Yo >
X a X

(Yo Ya Yo o Yoo a)
strictly between(n to the left) and (n to the right)

Mat hemat i ci asquare braaketsto shew vihat weiveet to deith:

Yx - a0 n
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Integer Line Diagram for ¥x - a%O n:

P Q P
<Y TaYe Vo Yo e Yo Yo Yo W Vo Yo Yo Yo Yo Yo >
X a X

[V Yo Yo 2 Yo Yo Y]
between(n to the left) of aand (n to the right) of a

Student 1: A variable inequality fetrictly betweenwas:
1. a+(ntotheleft)< x < a + (nto the right)

Student 2: Then a variable inequality batweenis:

2. a+(ntothd ef t ) O X O a +

Student 3: Time to Practice?

Mathematician: Time to Practice.
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Worksheet TL9 12-4 Individual/Group: Your teacher will give you instructions to follow as
you work through this worksheet.

I. Equivalent Trip Line V ariable Sentences
1. Eis betweenn to the left of Sand n to the right of S.
2 ThedistancebetweenS andE is less tharmr equal to n landmarks.
3 Eis less thamr equal to n landmarkaway from S.

Trip Line Diagram
E S E
LYo 2 Yo Yo 2 Yo Yo Yo W Yo Yo Yo Yo Yo Yo
[Y2Y2 Y2 Yo Yo Yo Vo]
betweenn to the leftand n to the right

Integer Line Diagram

P Q P
<Y TeYeVaVaa Yo Yo Yo W Vo Yo Yo Yo lfo Yo >
X a X

[Y2 Yo Yo Yo o Yo Yo Yo ]
between(n to the left) and (n to the right)

Il. Possible Ineger Line Diagram Configurations: Use the example in A to diagram the
instructions for B,C and D.

A: Points P and Q are both to the left of zero.

P Q P
<L LlalL o Yo Yo Yol ol Yo Yo Yo (o Vo >
X a X 0

[Y2Y%2 Y2 Y2 Y2 Y2 Y2 Y2]
between(n to the left) and (n to the right)

B: Points P and Q are both to the rightzefo.

<Vo oYYV Yo WoYoYo Yo T2V Yo Yo T >

C: Point Q is to the left of zero while P is both right and left of zero.

<VaYo2Ye Yo Yo Wo o Vo Vo 2 Ve Yo Yo Yo Yo Y >

D: Point Q is to the right of zero while P is both right and left of zero

<YoY2YoYoYo Yo Yo o2 Yo WYoo'V Yoo Yo >
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lll. Integer Line Variable Sentences that represent Trip Line Variable Sentences.

Integer Line Variable Sentences

Trip Line Variable Sentences

P isbetweenn to the left of Qand
n to the right of Q.

E is betweenn to the left of Sand n to the right of S.

Thedistance betweenQ and P
IS less tharor equal to n steps.

ThedistancebetweenS andE is less thamr equal to n
landmarks.

P is less thaor equal to
n stepsaway from Q.

E is less thamr equal to
n landmarksaway from S.

To model these Integer Repesentations:Follow your instructions for Il and then
Substitute your coordinates for P into the equations to check thatatsfy the variable

sentences:
1. a+6)
2. Yx - a0

I\V. Groups report out.

O
n

x'n) O a + (
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SECTION 13. Opposites, Negative Integers and Benchmark Movements

Dialogue TL9 131:

Student 1: Suppose we have two landmarks SEaarti some students are moving (n to the right) from
S toE while others are moving (n to the left) frdgto S:

Trip Line Diagram 1:

=0

E

Tt

» (n to the right)
(n to the left)

A

Student 2: The movements are different, but they cover the same distance.

Student 3: The students are movingppositedirections, so | think of (n to the right) and (n to the
left) asoppositemovements.

Mathematician: And a good thought that is.

Student 1: What ameppositemovements?

Student 2: And what might they look like on the Integer Line Diagram?
Student 3: ey might look like this; we just name points not landmarks.

Integer Line Diagram 1.

Q P
i f
» (n to the right)

< (n to the left)
Mat hemati ci an: That 6 s a- figotood rset paticets. e MM a tk kheemndntei ¢
opposite of i So-ldeiyn miglhnt il agreambo and A
Integer Line Diagram 2:

Q P

V _a
v

&
<«

o O
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Student 1: What about these two movements on the Trip Line, areghegitemovements?
Trip Line Diagram 2:

E S E
Yo Yo WeYoYo Yo oY Yo Yo o Yo Yo Yo Yo Yo Ve

(n to the left) or (n to the right) of S

Student 2: Il think they aeroeanteger LmeDiagrans:. what |

Integer Line Diagram 3:

P Q P
+ ff ff 1t >
X a X
< 1l —>
(-b) or (b)
Student 3: | agbPke, | bst meahsesokb thketkeohpdsitdioe f t o .

means? Could we have representations like these?

Integer Line Diagram 4:

P Q P
+ ff ff i >
X a X
«— 7 >
(b) or (-b)
Integer Line Diagram 5:
Q P
i T
> (-b)
< (b)
Mat hemati ci an: Y e s ment td the lefi, théthe oppgsite ®fH e-iitds a mo v e
represents a movement to the right covering the same distance.
Student 1: Sebd®dw do we read 0
Student 2: We are taking the opposite of b, sowedcout ead it At he opposite

Student 1: -GdhaursesymboksdAli ke a minus sign.

Student 2: For example, if b =3, represents a movement of 3 steps to the left, what does
A-bd represent?

134



Student 3: It would represent a movemef3 steps to the right 8. In other words, if b equals the
negative integer 3, then- b equals the positive intege.

Mathematician:That is exactly correct. Note, howevermmat hemat i cs, we donot &
sign for a positive integer.

Student 3: Here ian Integer Line Diagram that shows such movements:

« A A A A A A A A A—>
‘4 '3 2 "1 0 1 2 3 4
< (‘3) _, 3)¢ >
< (‘2 A @—

Student 1: So the opposite of negative 3 (a movement to the left) is positive three (a movement to the
right):
the opposite of negative three ipositive three: - ((3) = "3=3

Student 2: But also the opposite of positive 3 (a movement to the right) is negative three (a movement
to the left):

the opposite of positive three is negative three: - (*3) = '3
Studentll t houg-lot styhmboe si |l ooked | i ke negative sign

Student 3: They are ver-pog!l d e 0shneth ods Iiit tatklee t chi
of b, 'Idyt tihe 'ostnedd!Bofuiss tdanedgiati ve integer.

Mathematician:So far so good. Now suppose b is an integer movemenh ssmovement to the left
or to the right?

Student 1: To the left
Student 2: Not so quick. We need to know more about b.

Student 3: That 6s right. S ft, ke @s e Alh@ nr ipr es en
the opposite movemeni, a movement to the right.

Student 1: So what do we know abebtas an integer movement?

Mat hemati ci an: Just that much, t hiamovingtodh® an i 1
left or to the right.

Student 2: 1 just noticed something. A movement that starts at the Origin and ends at a point P, tells us
the location coordinate of P.

Student 3: Like in the above diagram, we have a movement that starts at 0 and goes twthsteps to
right to end at the location of 2.
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Student 1 0. K. I see it t oo. ltos | i ke AOf cour s
until you said it.

Mathematician: Good thinking. A location coordinate for a point P tells us the reavémmm the
Origin to point P.

Student 1: So those are special movements.
Student 2: Yes. Movements that start at a special point, the Origin. Can we give them a special name?

Student 3: We can name them what we want. But | think we shoultheallBenchmark movements,
because the Origin represents some Benchmark.

Mathematician: That sounds like a good name to me. Time to Practice
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Notes for the worksheets in Section 13.
Worksheets TL9 131, 132 organize the work of Worksheets TL9 133, 4,5 and 6 as follows.

1. In 13-1 we ask you to construct integer models of thgiven equations and/or inequalities
2. In 13-2 we ask you to construct Trip Line People Tallkversions of the equations and/or
inequalitiesin 13-1.

Use copies of Worksheets 1B and 13-2, provided by your teacher to make your responses for
Worksheets 133, 4, 5 and 6.

The four Worksheets13-3, 4,5 and 6revisit the distance sentences of section 12 for the special
case in which S is the Benchmark. They all begin with the identdation of Benchmark
movements, movements that start at the Origin Each of them has two parts.

Part I of all four worksheets displayinteger Line Diagrams. hE following information tells which
letters (in all four worksheets) are used as variablesvinth are used as constants.

Integer Line Diagram:

1. Point O, the or i gonstantnotasvarfabllex ed, t herefore
2. Point P isiot fixed, its location depends on the Benchmark movement{b)ahat ends at P.
Thereforefixo, thecoadinate of point P is avariable. Pay careful attention when you assign integers
to the Benchmark movements: in some diagg b points to the left and sb points to the right; in
otherdiagams b points to the right and sb points to théeft.

Part Il of all four workdieets contains Integer Variat3entences antieir ASRswhich areequations
and/or inequalities.

TCHR: Copies of these notes should be available for and read by studsrés they do the
worksheets in ®ction 13.
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Worksheet : TL9 13-1 Integer models of Trip Line movements that start at the Benchmark :

Name(s):

Group name:

Benchmark movement, b = Benchmark movement, -b =

Integer model: Use integer coordinates to label the Origin and the other points. Then draw and
label the two Benchmark movements:

[
»

R R R R K] K] ] R R R R R R
I [ [ [ [ [ N I I I I I I

&
<

Substitute t haedivbadl u endSesahdcempute thevalu¢gs) f or thex 6 and
coordinates of P.

Y'Yl Yoo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo
Yoo Yoo Yo to Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Vo
Yoo Yoo Yo to Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Vo
YoVl Yol o Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Vo
YoV Yo Yoo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo
Discuss how eacMSRencodes the i nfor-natiacmre BlReatc hfinfdd ka ma
Yoo Yoo Yo lo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Vo
YoV Yo Yoo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo
YoV Yo Yoo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo
Yoo Yo Yo Yoo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Vo
Yol Yo Yo Yoo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo B

Y2121 Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo e
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Worksheet: TL9 132 Groupsreport out:

Use People Talk about Benchmark and Landmark locations as well as People Talk about Trip
line movements to interpret Worksheet TL9 131:

YoYolo Yoo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo
Yol Yoo Yoo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Vo
Yol Yoo Yoo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Vo
YoVl Yoo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo
Y'Yl Yoo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo
Yol Yoo Yoo Yoo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Vo
Yoo Yoo Yo lo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Vo
YoVl Yoo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo
Y'Yl Yoo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo
Yoo Yo lo Yo lo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Vo
Yoo Yoo Yoo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Vo
YoVl Yoo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo
Yo Yo Yo Yoo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo
Yoo Yo Lo Yo lo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Vo
Yol Yo Lo Yo lo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Vo
YoYoYo Yoo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo
YoV Yo Yoo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo
Yol Yo Yo Yo lo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Vo
Yol Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Vo
Yo Y2 Yo Yoo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo Yo

TCHR: Make four copies each of Worksheets 13 and 132 for each student.
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Worksheet TL9 13-3 Individual/Group:

l. Integer Line Diagram:

P O P
« i i i >
X 0 X
< f >
b or -b

Il. Integer Variable Sentences and theilASRs

Integer Variable Sentence ASR

X is either - b from 0 or b from O 1. x =0+ bor x =0 + (-b)

Thedistancebetweenx and O is- b. 2. Yx-0%= -Db
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Worksheet TL9 134 Individual/Group:

Integer Line Diagram:

P @) P

< i i 1 >
-b X 0 X b
( % )

X is strictly betweend b and b

Il. Integer Variable Sentences and theilASRs

Integer Variable Sentence

ASR

X is strictly between - band b from O 1. 0H-b)<x<O0+ b
X is to the right of- b and to the left of b. 2. x>0 +H-b)andx <0 + b
Thedistancebetween0 and x is less than.b 3. Yx- 0%< b
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Worksheet TL9 135

Integer Line Diagram:

P o) P

< 1 1 1 >
X b 0 -b X
............. . (G

X is to the left of b or to the right ofd b

Integer Variable Sentencesnd their ASRs

Integer Variable Sentence

ASR

X is either to the right of - b or to the left of b

1.

X >0+borx<0+b

ThedistancebetweenO and x is more thanb.

2.

Yx- 02> b
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Worksheet TL9 136:

Integer Line Diagram

" T
@)

A

1
o =
X

| o =M
X

— T = T

v

—

X is between- b and b

Il. Integer Variable Sentences and theilASRs

Integer Variable Sentence ASR
x is between - bandb 1. 0+(-b) O X O
X is greater thanr equal to- b and less tharor equal to b 2. x -Madd + x(

Thedistancebetween0 and x is less thaor equal b

3.¥x - 040

b
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