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SECTION 1.  Trips 

 

Dialogue TL9 1-1 

 

Mathematician: We are going to start our first mathematical topic with a trip.  You will make 

stops, see things, watch yourselves and pay attention to what happens.   

 

Student 1: What are we going to see on this trip? 

 

Mathematician: Good question.  Why donôt each of you write down 2 or 3 things you might see 

on this trip in the space below and we can read some of them. 

 

 

 

 

 

 

 

 

Student 2: What are we going to do on this trip? 

 

Mathematician: Letôs do the same with that one. 

 

 

 

 

 

 

 

 

Student 3: Why are we taking this trip? 

 

Mathematician: Another good question.  Write down anything you think might be a reason for 

a trip. 

 

 

 

 

 

 

 

 

 

 

 

Student 1: Are we going to make any visits on this trip? 



 4 

 

Mathematician:  Possibly.  Write down any visits you can think of. 

 

 

 

 

 

 

 

 

Student 2: So when are we going? 

 

Mathematician: Any ideas about that? 

 

 

 

 

 

 

 

 

TCHR: Have students read some of the things they wrote and discuss them. 
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 Worksheet TL9 1-1. Individual/Group.  Planning a Trip.   Imagine taking a trip with the class 

and write a story about such a trip.  In your story, donôt forget to talk about the questions in 

Dialogue TL9 1-1. 

 

TCHR: In  this and all worksheets, whenever it is designated ñIndividual/Groupò that 

means that you should decide how to handle it.  You can have each group work together 

to write the story and read it to the class; you can have each individual write a story and 

share it with the group which may modify it and select one of the group membersô stories 

to read to the class, or you can have the students write their stories individually and have  

individuals read their story to the class.   

 

If you come up with other strategies to organize ñIndividual/Group worksheets, we 

encourage you to share them with the A.P. network of teachers, educators and 

mathematicians. 
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Dialogue TL9 1-2 

 

Mathematician: Anything you do is a lot more fun if you pay careful attention to what you are 

doing and what is going on.   It is even better if you make a record of your experience. 

 

Student 1: How could we make a record? 

 

Student 2: We can keep a diary and write down everything that we see. 

 

Student 1: And what we do. 

 

Student 3: We could bring tape-recorders along. 

 

Student 2: And maybe a video camera. 

 

Student 1: We could make drawings of what we see and do. 

 

Mathematician:  All of those things are very good. 

 

Student 2: We are going to be like reporters preparing an article for the school newspaper. 

 

Student 3: So we should be sure to tell about the who, what, where, when and why questions 

that we talked about before. 

 

Mathematician: Okay, letôs go! 

 

TCHR: Give the students an opportunity to add anything they want to the above.
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Worksheet TL9 1-2. Individual/Group.  Trip notes.  Use this sheet to make a record of your 

class trip 

 

        

     Who and What we noticed 

 

       

     Why we noticed these people  

             and/or objects 

 

        

     Where and When did  

             we notice it 
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Worksheet TL9 1-3. Individual/Group.  Story about the trip.    Write a story about the class 

trip.  In your story, donôt forget to talk about the: Who, What, Why, Where, and When of the 

trip. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

TCHR:  Have students read their trip essays to the class. 
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Worksheet TL9 1-4. Individual/Group.  List of features.  Make a list of the most important 

features in the story in Worksheet TL9 1-3 about the Trip. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

TCHR Have students write their lists on chart paper and post them. 
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Worksheet TL9 1-5. Class.  Categories of features.  Sort the list of features into categories 

that the students think of. 

 

TCHR: You may want to help the students get started on this.  For example, you might 

mention a category, e.g., a ñWhoò and ñWhatò category, and help them decide some 

features that fit in it.  As soon as possible you should remain quiet and let the students 

take charge of selecting categories. 

 

 

 

      Category 

 

 

                                     Features in category 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

TCHR Have students copy this worksheet on chart paper and post them. 
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SECTION 2.  Features 

 

Dialogue TL9 2-1 

 

Mathematician: There are three types of features that are important in everyday experiences and 

follow broad categories as well. 

 

Student: What are they? 

 

Mathematician:  They are  

 

 

        Types of features 

  

                 People and objects 

  

                 Actions 

      

                 Relationships 

 

 

 

 

Student: Okay. 

 

Mathematician: We will focus on these three types of features. 

 

Student: Why? 

 

Mathematician: Because, as you will see, they are the features that will lead us to the 

mathematical ideas we wish to study. 
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Worksheet TL9 2-1. Individual/Group.   Everyday Examples.  Write examples from 

everyday experiences of each type of feature below and copy them onto the posted sheets of 

chart paper. 

 

TCHR: One way of doing this would be to post 3 sheets of chart paper, one for each 

category with the name of the category at the top of the sheet.  The students can then 

write their examples on the appropriate chart paper. 

 

 

Examples for people or objects: 

 

 

 

 

 

 

 

 

 

 

 

 

Examples for actions: 

 

 

 

 

 

 

 

 

 

 

 

 

Examples for relationships: 
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Worksheet TL9 2-2. Individual/Group.   Examples with Posted Features.   Using the posted 

features, write two sentences from everyday experiences about people or objects; two sentences 

about actions; two sentences about relationships. 

 

 

Sentences about people or objects: 

 

 

 

 

 

 

 

 

 

 

 

 

Sentences about actions: 

 

 

 

 

 

 

 

 

 

 

 

 

Sentences about relationships: 
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Worksheet TL9 2-3. Individual/Group.    Features in sentences from everyday life . Select 

three sentences from Worksheet TL9 2-2 and write them in the boxes below. 

 

One sentence about people or objects: 

 

 

 

 

 

One sentence about actions: 

 

 

 

 

 

One sentence about relationships: 

 

 

 

 

 

Fill in the following table, using any information in the sentences. 

 

 

 People or Objects 

 

 

         Actions 

 

     Relationships 
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Dialogue TL9 2-2 

 

Mathematician: Now we are going to repeat what we did in the last three worksheets except 

this time we will take our features and sentences just from your stories about the Trip.   Can 

you recall the three types of features we will concentrate on? 

 

Student 1: They are:  

 

 

        Types of features 

  

                 People and objects 

  

                 Actions 

      

                 Relationships 

 

 

 

 

Mathematician: Right.  So letôs do it. 
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Worksheet TL9 2-4. Individual/Group.   Examples of Features from Stories.  Look at the 

stories you wrote about the trip in Worksheet TL9 1-3 in Section 1 and write below examples 

of each type of feature that you can find in these stories. Copy the features  onto the posted 

sheets of chart paper. 

 

TCHR: As before, one way of doing this would be post 3 sheets of chart paper, one for 

each category with the name of the category at the top of the sheet.  The students can then 

write their examples on the appropriate chart paper. 

 

 

Examples for people or objects: 

 

 

 

 

 

 

 

 

 

 

 

 

Examples for actions: 

 

 

 

 

 

 

 

 

 

 

 

 

Examples for relationships: 
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Worksheet TL9 2-5. Individual/Group.   Features in Sentences about the Trip.   Using the 

posted features about the Trip from Worksheet TL9 2-4, write two sentences about people or 

objects; two sentences about actions; two sentences about relationships. 

 

 

Sentences about people or objects: 

 

 

 

 

 

 

 

 

 

 

 

 

Sentences about actions: 

 

 

 

 

 

 

 

 

 

 

 

 

Sentences about relationships: 
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Worksheet TL9 2-6. Individual/Group.    Features in Selected Sentences about the Trip. 

Select three sentences from Worksheet TL9 2-5 and write them in the boxes below.  Then fill in 

the table below,  using any information in the sentences you just selected. 

 

 

One sentence about people or objects: 

 

 

 

 

 

One sentence about actions: 

 

 

 

 

 

One sentence about relationships: 

 

 

 

 

 

 

 

 People or Objects 

 

 

         Actions 

 

     Relationships 
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SECTION 3. Representations 

 

Dialogue TL9 3-1 

 

Mathematician: One of the most powerful tools used in mathematics is making representations 

of events and ideas.  A representation often provides a convenient way of thinking about a 

situation and makes operations much easier.    

 

Student 1: What are some examples? 

 

Mathematician: Numbers may be represented in many different ways.  For example, here are 

three ways of representing the number thirteen: 

 

 

  

 

 

 

 

Student 1:  The first one just has that many stars, thirteen. 

 

Mathematician: Right.  It looks like thirteen.  We call that an iconic representation (Dictionary 

term) 

 

Student 2: The next one doesnôt look like thirteen at all, but I know it is. 

 

Mathematician: You may not remember, but when you were younger, it took you a while 

before you knew it was thirteen.  It is something mathematicians agreed on and you learned.  

Mathematicians call it a symbolic representation. 

 

Student 3: In the last one, I see ñ3ò in the three ñIò, but where is thirteen? 

 

Mathematician: This one is called a Roman numeral because that is how the Romans wrote 

numbers.  It is a mixture of the iconic  (the three ñIò) and the symbolic, because by agreement, 

ñXò in Roman numerals stands for 10. 

 

Student 1: And 10 plus 3 is thirteen!  Neat. 

 

Mathematician: Which of these representations do you think is most useful?   

 

TCHR: At this point, you might want to have the students discuss the features of these 

different representations, which is the most useful and which they would like to use.   You 

might also review place values. 

 

 

 

 

                         

* * * * *     13  XIII 
* * * * * 
* * * 
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Worksheet TL9 3-1. Individual/Group.    Iconic representations. Select icons from everyday 

life and draw them in the left-hand column in the table below.  Then write what they represent 

in the right-hand column. 

 

Icon    Meaning 

1. 

 

 

 

 

 

2. 

 

 

 

 

 

3. 

 

 

 

 

 

4. 

 

 

 

 

 

5. 

 

 

 

 

 

6. 

 

 

 

 

 

7. 

 

 

 

 

 

8. 
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Worksheet TL9 3-2. Individual/Group.    Creating Icons. Use this sheet to make up some 

icons.  In the first column, draw your icon; in the second column, put what your icon means; 

and in the third column write a symbol for the meaning you wrote. 

 

 

Icon  

 

 

Meaning of icon 

 

  Symbol 
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Dialogue TL9 3-2 

 

Mathematician:  Now we are going to construct our class Trip Line that will be posted on the 

wall for the rest of the time we are in this class. 

 

Student 1: What are we going to use this Trip Line for? 

 

Student 2: This is a math class, but I have not seen much mathematics. 

 

Mathematician: No, you may not have seen it, but the foundation is there. 

 

Student 1: What do you mean? 

 

Mathematician: We will use locations on the Trip Line to understand positive and negative 

integers and compare locations to study inequalities like less than, greater than, less than or 

equals and greater than or equals. 

 

Student 2: Iôm not sure what you mean. 

 

Mathematician: .I understand that, but I want you to trust what I said: that constructing the Trip 

Line will be your foundation for a lot of important algebra concepts. 

 

Student 3: Is that it with the mathematics? 

 

Mathematician: Not by a long shot.  Moving from one location to another on the Trip Line will 

help you learn to add positive and negative integers.  Finding the position of one integer 

relative to another will be our tool for subtraction.  The distance between two locations will 

serve for distance and absolute value.  Taking the same trip along the Trip Line will get us 

multiplication with positive and negative integers. 

 

Student 1: Thatôs a lot. 

 

Mathematician: Yes, and we will be always referring to the Trip Line to understand concepts in 

mathematics and to make calculations. 

 

Student 2: So if the Trip Line is always in the class, we can refer back to it to help us remember 

anything we forgot. 

 

Student 3: And if weôre not in class and doing our homework or something, we can draw little 

Trip Lines and use them. 

 

Mathematician: You got it.  This Trip Line will be the focus for your study of mathematics, so 

letôs construct it really carefully. 

 

TCHR: A this point, you and the class construct the Trip Line.  More details on the 

construction are given in the Teachersô Resource Manual and a sample is shown on the 

next page. 
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TCHR: REMOVE THIS PAGE FOR THE  STUDENT VERSION 
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SECTION 4. Observation Sentences 

 

Dialogue TL9 4-1 

 

Mathematician: In this section we are going to create, discuss and revise observation sentences 

about your class Trip Line. 

 

Student 1: Whatôs an observation sentence? 

 

Mathematician: An observation sentence is a sentence that is true or false and if you make the 

observation, you can tell which it is.  Like the sentence: 

 

A person is sitting on the bench. 

 

Student 2: Yes.  I see the person there sitting on the bench. 

 

Mathematician: And thatôs another important feature of observation sentences. 

 

Student 1: Whatôs that? 

 

Mathematician: Anyone looking at the situation who understands the language will agree.  

 

Student 1: I get it! 

 

Student 3:  Here is one!  Jackie just sat down on the bench. 

 

Mathematician: Not so fast!  Thatôs not an observation sentence. 

 

Student 3: Why not?  I just saw her sit down and so did you! 

 

Mathematician: True enough but ask that guy there if he saw Jackie just sit down on the bench. 

 

Student 2: Did you see Jackie just sit on the bench? 

 

Guy: Jackie?  Whoôs Jackie? 

 

Studen 2t: That lady.  Over there who was just sitting down. 

 

Guy: That lady?  Oh, yeah I was standing here watching her take a seat. 

 

Mathematician: You get my point.  He observed ña ladyò but he couldnôt observe her name. 

 

Student 1:  Okay, but suppose he said that the lady is standing on her head.  Would that be an 

observation sentence? 

 

Mathematician: Yes, because you can look at her and decide if she is standing on her head. 

 

Student 1: But she isnôt. 
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Mathematician: That makes it a false observation sentence.  It is still an observation sentence, 

but not a true observation sentence. 

 

Student 1: I see. 

 

Mathematician: We are going to practice making observations and writing sentences. 

 

Student 1: Okay. 

 

Mathematician: Do you remember the three types of features we identified in everyday 

experiences and in our Trip Line stories? 

 

Student 2: Yes we had people and objects.  And we had actions.  We also described 

relationships. 

 

Mathematician: Well, weôre going to make observationsé 

 

Student 3: Donôt tell me! About people and things in everyday experiences. 

 

Mathematician: Yes and also about actions and relationships, 

 

Studen 2t: Then we will write observation sentences about our observations! 

 

Mathematician: Exactly.  We will write about what we observe in the classroom. 

 

Student 3:  Okay. 

 

Mathematician:  As you are making up sentences, keep in mind what we have agreed on what 

an observation sentence is.  Finding examples that satisfy a definition is an important thing to 

learn to do --- in mathematics and in life.  It is a part of what is called critical thinking. 

 

Class:  Weôll try. 
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Worksheet TL9 4-1. Individual/Group.    Observation sentences about the classroom.  

Make observations about the classroom and write observation sentences.  (Be sure to include 

both true and false observation sentences.) 

         

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

TCHR: Post these sentences and discuss them with the class.  Make sure each sentence is 

an observation sentence and decide whether it is true or false. 
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Worksheet TL9 4-2. Individual/Group.    Observation sentences about the Trip Line. Write 

observation sentences about observations of the class Trip Line. 

 

 

One observation sentence that includes people or objects: 

 

 

 

 

 

One observation sentence that includes actions: 

 

 

 

 

 

One observation sentence that includes relationships: 

 

 

 

 

Fill in the following table, using any information in the sentences. 

 

 

 People or Objects 

 

 

         Actions 

 

     Relationships 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

TCHR: Students post the sentences written here and the class agrees on a list of 

observation sentences. 
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Dialogue TL9 4-2.  Benchmarks, Landmarks and Location Numbers 

 

Mathematician: Now we are going to construct a class list of observation sentences about the 

class Trip Line. 

 

Student 1: Observations about the trip? 

 

Mathematician: No!  Not about the trip.  We are going to make observations about our class 

Trip Line! 

 

Student 2: Just like we did about the classroom? 

 

Mathematician: Yes. 

 

Student 3: Observation sentences about our class Trip Line? 

 

Mathematician: Yes.  Observation sentences similar to the classroom observation sentences, 

but constructed by observing our Trip Line. 

 

Student 1: I donôt see any people on our Trip Line! 

 

Mathematician: Well, there are landmark names on our Trip Line. 

 

Student 2: So we make sentences just about what we can observe about the Trip Line itself. 

 

Mathematician: Thatôs right! 

 

Student 3: But how can we observe actions? 

 

Mathematician:  Well, if you like, you can ask student _________________ to go to the Trip 

Line, pick any landmark and place a stick with ñ0ò under it. 

 

Student 3: Okay. 

 

TCHR: The Trip Line has Velcro strips on it and it is possible to make little sticks with 

flags that can be labeled.  The students can place these sticks on the Velcro and move 

them from one location to another to perform actions.  Later, these sticks will be used 

extensively.  

 

Mathematician: We will call the stick labeled ñ0ò  our benchmark or reference point, our 

ground zero. 

 

Student 2: Then will we use zero to represent the benchmark? 

 

Mathematician: Good thinking.  Zero will always be the location number of our reference 

point, the landmark we choose as our benchmark. 

 

Student 3: Can we move the benchmark around, put it under any landmark we like? 
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Mathematician: Yes.   

 

Student 1: Letôs use Landmark ________________ as our benchmark. 

 

Mathematician: Now choose any other landmark and put an ñSò stick under it. 

 

Student 2: What about an action? 

 

Mathematician: Hereôs an action. 

 

 

A person starts at Benchmark ___________________, moves ___ landmarks to the _________ 

and arrives at Landmark ________________ and assigns Landmark _________________ a 

location number. 

 

 

Student 3: What does the location number tell us? 

 

Mathematician: It tells us how many landmarks away from the benchmark we have moved and 

whether we have moved to the left or the right of the benchmark. 

 

Student 3: So location numbers are like positive and negative numbers. 

 

Mathematician: Yes, but we will talk a lot more about that later.  For now, letôs practice with 

benchmarks, landmarks and location numbers.  Then we will write some observation sentences 

about the Trip Line. 



 30 

Worksheet TL9 4-3. Individual/Group.    Benchmarks, Landmarks, Location Numbers.  

Select four different benchmarks and relative to each of them, select landmarks and determine 

their location numbers.  Then fill in the blanks in the following sentences. 

 

Benchmark _____________________                          Landmark _____________________ 

 

1.    ____ is the location number for Landmark _______________ when ___________________ 

is the benchmark. 

 

2.    The location number for Landmark _________________ is ____, if the benchmark is 

__________________ 

 

3.    If _______________ is the benchmark, then Landmark ____________________ has the 

location number ____. 

 

4.    When the benchmark is ___________________, the location number for Landmark 

____________ is ____. 

 

TCHR: Make  4 copies of this list.   

 

Students post their work
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Worksheet TL9 4-4. Individual/Group.    Benchmarks, Landmarks, Location Numbers.  

Select four landmarks and assign a location number to each.  Use both positive and negative 

location numbers.  For each landmark, figure out what benchmark will give the location 

number you assigned to the landmark and fill in the blank of Sentence 1 below.  Then write 

three more correct sentences following the format in Worksheet TL9 4-3.   

 

Landmark _____________________                          Location Number _______ 

 

1. ____ is the location number for Landmark _______________ when ___________________ 

is the benchmark. 

 

2.    

 

 

 

 

 

3.   

 

 

 

 

4.   

 

 

 

  

 

 

 

 

 

TCHR: Make  4 copies of this list.   

 

Students post their work 
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SECTION 5. Mathematizing Type A Sentences 

 

Dialogue TL9 5-1 

 

Student 1:  What are we going to do with all our observation sentences about the Trip Line? 

 

Mathematician:  We are going to mathematize them. 

 

Student 2:  How do we do that?  Is there a special way that we do that? 

 

Mathematician:  There are many ways to mathematize observation sentences.  We are going to 

learn a way that uses the representations we have made. 

     

 

      Types of features 

 

¶ people and objects 

 

¶ actions 

 

¶ relationships 

 

Student 3:  I remember this. 

 

Mathematician:  Right!  First we will just do observation sentences that show how two things 

are related.  We will call these sentences Type A observation sentences. 

 

Student 1: What kind of relations will we have? 

 

Mathematician: For now, our relations will be that one landmark is to the left or to the right of 

another landmark.  They are qualitative relations and donôt involve any numbers. 

 

Student 2: And they only involve the first and third features.  What about actions? 

 

Mathematician: Yes, that is so for Type A sentences.  Type B sentences, which we will 

mathematize  next involve both actions and numbers so they are quantitative relations. 

 

Student 3:  So how does this mathematizing work? 

 

Mathematician:  Letôs work through an example.   
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Worksheet TL9 5-1. Individual/Group.    Mathematizing Type A sentences about the Trip 

Line.  Students place two sticks labeled S and E on the Trip Line under any two landmarks and 

the class makes the following observations. 

 

 

  Student _________________________ placed _____ under Landmark ___________________ 

 

  Student _________________________ placed _____ under Landmark ___________________ 

 

 

 

 

 

   True Observation Sentence: (Use ñto the left ofò or ñto the right ofò as the relation) 

 

   Landmark _____________________ is _________________ of  Landmark _________________ 

 

 

   Landmark _____________________ is _________________ of  Landmark _________________ 

 

 

 

 

 

 False Observation Sentence:  (Use ñto the left ofò or ñto the right ofò as the relation) 

 

 Landmark _____________________ is _________________ of  Landmark _________________ 

 

 

    Landmark _____________________ is _________________ of  Landmark _________________ 

 

 

 

 

TCHR: Make copies of Worksheet TL9 5-1 and generate a number of true and false Type 

A observation sentences about the Trip Line.  Post chart paper for each of these: 

 

  True Observation Sentences about the Trip Line False Observation Sentences about the Trip Line 
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Dialogue TL9 5-2 

 

Mathematician: Now I would like the class to select a true observation sentence of type 

A from the chart paper, using ñto the left ofò or ñto the right ofò as the relation. 

. 

Student 3: Here is one. 

         

 

      True Observation Sentence: 

 

      Landmark _____________________ is _________________ of  Landmark _________________ 

 

 

 

Mathematician:  Great!  Thatôs step 1 of our mathematizing process. 

 

      

              

              Mathematizing Type A Observation Sentences 

   

Step          1:  Identify the observation sentence 

 

Mathematician:  What are the Trip Line names you used? 

 

Student 1: Landmark ñ _____________________ò and Landmark ñ _____________________ò  

are my two names. 

 

Mathematician:  Exactly!  Thatôs step 2 of our mathematizing process. 

 

     

                   

 Mathematizing Type A Observation Sentences 

 

                 Step 1:  Identify the observation sentence 

 

                  Step 2:  Identify the names 

 

 

Student 2:  Donôt tell me about the next step!  Step 3 identifies their relationship on the Trip 

Line. 

 

Mathematician:  Exactly! ___________________ is the relationship on the Trip Line between 

the two names.   
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                 Mathematizing Type A Observation Sentences 

             

                    Step 1 :  Identify the observation sentence 

     

        Step 2:  Identify the names 

 

                   Step 3:  Identify the relationship 

 

 

Student 1:  What comes next? 

 

Mathematician:  In step 4 we construct icons for the names as well as an icon for the 

relationship. 

     

                 

                 Mathematizing Type A Observation Sentences 

             

                    Step 1 :  Identify the observation sentence 

     

        Step 2:  Identify the names 

 

  Step 3:  Identify the relationship 

 

  Step 4: Construct icons for names and relationships 

 

TCHR: Have the students construct the icons and post them. 

 

Mathematician:  To get the next step, Iôm going to ask you to give me a question. 

 

Student 2:  What do you mean? 

 

Mathematician: Usually, we ask students questions and they give answers to the questions. 

 

Student 3: At least we try to answer the questions. 

 

Mathematician:  Well, this time I want you to take the answer you gave and tell me what the 

question is that it answers. 

 

Student 1: What answer?  The one for the observation? 

 

Mathematician: Exactly! A question to which your observation sentence is an answer. 

 

Student 2: O.K.  My observation sentence is: 
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      Landmark _____________________ is _________________ of  Landmark _________________ 

 

 

Student 1:  So here is a  question for which your sentence is an answer: 

 

        

 

      Is Landmark _____________________  located to the ____________ or to the ____________ of   

 

      Landmark _____________________? 

 

 

 

Mathematician: Thatôs the type of question; itôs an important type of mathematical question. 

 

Student 1: How so? 

 

Mathematician: Itôs a question about the location of one object relative to another.   I have a 

question for you.  Did you name the landmarks in the correct order?  Should we switch them 

around? 

 

Student 1:  I think I did. 

 

Student 2: Isnôt the question: 

 

Where is Landmark _____________________located relative to Landmark  

 

_____________________? 

 

Mathematician:  The way you and Student 1  put your questions illustrates an important 

difference between the way people talk and the way mathematicians write mathematics. 

 

Student 2:  Really?  Whatôs that?  All we did was answer your question. 

 

Mathematician:  Thatôs true!  But you answered it the way people talk, not the way 

mathematicians write. 

 

Student 3:  So how do mathematicians write thatôs different from the way people talk? 

 

Mathematician:  Mathematicians donôt write: Landmark _____________________is  

 

located to the__________ of Landmark _____________________They might say that but they 

donôt write that. 

 

Student 1:  What do they write? 
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Mathematician:  They write what we call Feature Talk.  (Dictionary term) 

 

 

                                                             FEATURE  TALK  

 

    The location of Landmark _____________________ is to the ___________ of the 

   

    location of    Landmark _____________________.                   

 

                         

 

 

Mathematician:  There is a subtle but important distinction between the way mathematicians 

and scientists  talk which we call Feature Talk and the way you talk which we call People Talk.  

(Dictionary term) 

 

 

                                                             PEOPLE  TALK  

 

                Landmark _____________________is located to the ____________ of  

 

                Landmark _____________________ 

 

 

Mathematician: Are we talking about the popularity of  

 

___________________________________relative to  ___________________________________? 

 

Student 2: No! 

 

Mathematician: Are we talking about the number of letters in  __________________________relative  

 

to  ___________________________? 

 

 

Student 3: No.  But ____________ has ______ more letters than _____________________. 

 

Mathematician: Are we talking about the location of  

 

Landmark _____________________relative to the location of Landmark _____________________? 

 

Student 1: Sure!  Like I said: Landmark _____________________is located to the _______  of  

 

Landmark _____________________. 

 

Mathematician: Which brings us to Steps 5.   
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Student 2: 

  

 

                      Mathematizing Type A Observation Sentences 

 

                     Step 1:  Identify the observation sentence 

 

Step 2:  Identify the names 

 

Step 3:  Identify the relationship 

 

Step 4:  Construct icons for names and relationships. 

 

Step 5:  Construct Feature Talk. 

 

Step 6:  Construct an iconic representation of Feature Talk. 

 

 

Student 3: What about Step 6. 

 

Mathematician: We will do that in the following Worksheet.
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Worksheet TL9 5-2. Individual/Group.    Iconic Representation of a Type A Sentence. 

Choose icons for Landmarks  ____________________ and ____________________ , the 

feature ñlocationò and the relationship ñto the left ofò.  Make an iconic representation of the 

Feature Talk sentence:   

 

The location of Landmark _____________________is to the __________  

 

of the location of    Landmark _____________________ 

 

TCHR: Post this sentence on several chart papers and have students put up their iconic 

representations of it.
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Dialogue TL9 5-3 

 

Mathematician: We have constructed an iconic mathematical representation for our observation 

sentence. 

 

Student 1: It doesnôt look very mathematical. 

 

Mathematician:  True it doesnôt have the conventional mathematical symbols.  So we have 

some more work to do to complete this mathematization of Type A observation sentences.   

What is a Type A sentence? 

 

Student 2: A sentence with a relation that is sandwiched between two names. 

 

Mathematician: Right.  The next section will prepare us for mathematizing our second type of 

observation sentence.  
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SECTION 6.  Pronouns of  Mathematics 
 

Dialogue TL9 6-1  

 

Mathematician:  To complete this effort at mathematizing we need to discuss the 

ñpronounsò of mathematics. 

 

Student 1:  The pronouns of mathematics?  Do mathematicians use nouns? 

 

Mathematician:  They sure do.  Nouns are names and mathematicians use lots of names 

like ñ7ò, and ñ2ò and ñ
+
3ò. 

 

Student 2:  So what are the pronouns (Dictionary term)? 

 

Mathematician:  Look at the sentence:  ñThey sure do.ò  Do you see a pronoun in ñThey 

sure do.ò 

 

Student 3:  I think ñTheyò is a pronoun.    It replaces ñmathematiciansò. 

 

Student 1:  How do Mathematicians use pronouns? 

 

Mathematician:  Mathematicians use letters to replace names. 

 

Student 2:  Why do they do that? 

 

Mathematician:  In the sentence ñThey sure do.ò The pronoun ñTheyò tracks talk about 

mathematicians.  We use letters to track talk about numbers and other mathematical 

objects. 

 

Student 3:  Like Landmarks and Benchmarks? 

 

Mathematician:  Right!  Do you remember the letter we use to keep track of the 

Benchmark? 

 

Student 1. We use the letter ñOò. 

 

Student 2:  We also use the letters ñSò and ñEò to track talk about Landmarks. 

 

Mathematician:  Letôs practice using these letters in some sentences from your journals. 

 

Student 2:  Hereôs a sentence:   

 

ñLandmark _______________ is the Benchmarkò 

 

Student 3: Does that become: O is the Benchmark? 

 

Mathematician:  Precisely. 

 

Student 1:  I have another: 
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Landmark ______ is to the right of Landmark ______. 

 

Student 2:  I think that becomes:  E is to the right of S 

 

Mathematician:  Good.  What about this one: 

 

Landmark ______________ is to the left of Landmark ___________________, so 

Landmark _______________ is to the right of Landmark ___________________. 

 

Student 3:  I think Iôve got it: 

 

       E is to the left of S, so S is to the right of E 

 

Student 1:  Wow!  These letters make it easier to track talk about Landmarks. 

 

Student 3:  What about location numbers?  Do mathematicians use letters to track talk 

about location numbers? 

 

Mathematician:  Iôm glad you asked.  We will use the letters ñxò and ñyò to do that.  

Letôs practice some more. 

 

Student 3:  I have a sentence about a location number: 

 

The location number for Landmark ______________ is _______ , if the Benchmark is 

_______________. 

 

Student 1:  That will become: 

 

The location number for Landmark S is x, if the Benchmark is O. 

 

Student 2:  Hereôs one I wrote down: 

 

If Landmark __________________ has location number _______, then 

___________________ is the Benchmark. 

 

Student 3:  That could be: 

 

If Landmark E has location number y, then O is the Benchmark. 

 

Mathematician:  Suppose ñxò is the location letter for ñSò and ñyò is the location letter 

for ñEò, how will we rewrite: 

 

         E is to the left of S, so S is to the right of E 

 

Student 2:  O.K. Hereôs the translation after those substitutions: 

 

y is to the left of x so x is to the right of y. 
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Mathematician:  Do you remember your icons for ñis to the left ofò and ñis to the right 

ofò? 

 

Student 3:  I sure do. Hereôs my iconic representation. 

 

 

 

 

 

 

Student 3:  Should we use our icons again for ñto the left ofò and ñto the right ofò to 

complete the mathematization? 

 

Mathematician:  Letôs use conventional mathematical symbols for those two relations 

and write an Abstract Symbolic Representation (ASR).. 

 

Student 1:  Iôm ready. 

 

Mathematician:  Mathematicians use ñ<ò for ñis to the left ofò and ñ>ò for ñis to the 

right of ñ: 

 

Student 3:  Then, instead of ñy is to the  left of x so x is to the right of yò we get: 

 

                           y  <  x   so   x  >  y 

 

Student 2:  So we can say ñy is to the left of xò for ñy  < xò. 

 

Student 1:  And ñx is to the right of yò for ñx > yò. 

 

Student 3:  I thought that ñy  <  xò meant ñy is less than xò, as in I have less money than 

you. 

 

Student 2:  Right. And ñx  >  yò meant ñx is more than yò as in I have more money than 

you. 

 

Mathematician:  Yes, but in algebra, we expand ñ<ò and ñ>ò to also refer to 

comparisons of locations. 

 

Student 3:  This seems really important.  Is it? 

 

Mathematician:  It is very important.  
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Student 1:  Iôm going to work hard to increase my understanding of ñ < ò and ñ > ñ. 

 

Mathematizing Type A Observation Sentences  

 

Step 1:  Identify the Observation Sentence 

 

Step 2:  Identify the names 

 

Step 3:  Identify the relationship 

 

Step 4:  Construct icons for names and relationships 

 

Step 5:  Construct Feature Talk 

 

Step 6:  Construct an iconic representation of Feature Talk 

 

Step 7:  Identify the conventional mathematical symbols and construct a 

conventional mathematical representation. 

 

 

TCHR:  The teacher may wish to assign a special project for everyone or for extra 

credit.  This would consist of generating by the teacher and the students sentences 

of the form: 

 

              If (sentence), then (sentence) 

 

The sentences could be from everyday life or from science and the arts.  Some of 

them can be from mathematics replacing ñ<ò by:   ñ=ò, ñdividesò, ñis a factor ofò, 

ñis a multiple ofò, ñ²ò, ñone more thanò, etc. 
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Worksheet TL9 6-1. Individual/Group   Three types of Sentences:  Variable, True, 

False. 

Below you are given a list of 9 sentences.  Replace the letters ñOò, ñSò and ñEò by 

names of Landmarks, and ñxò and ñyò by names of location numbers from the Trip 

Line.  The resulting sentence, an Observation Sentence about the Trip Line, will be 

either True or False, depending on the values given for ñOò, ñSò, ñEò, ñxò or ñyò. 

 

We will call sentences with letters used in this way, Variable Sentences.  A Variable 

Sentence is neither true nor false.  Your task is to use each variable sentence to 

generate one True and one False Observation Sentence about the Trip Line.  A 

template to organize your work is at the end of the list. 

 

1.  Landmark E is located to the left of Landmark S. 

 

2.  Landmark E is to the right of Landmark S. 

 

3.  O is to the right of E. 

 

4.  O is to the left of S. 

 

5.  When the Benchmark is O, the location number for Landmark S is x. 

 

6.  If Landmark E has location number y, then O is the Benchmark. 

 

7.  When Landmark Sôs location number is x, the Benchmark is O. 

 

8.  S is to the left of O. 

 

9. E is to the right of O. 
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Use this Template to generate one True and one False Observation Sentence from each 

variable sentence. 
 

Variable Sentence  # _____:  

______________________________________________________________ 

 

To generate a True observation sentence put: 

 

____  =  __________________ and   _____  =  ____________________ 

 

and, if used, location variable x =  ________ or y = _________ 

 

True observation sentence:  

 

______________________________________________________________ 

 

To generate a False observation sentence put: 

 

___  =  ____________________  and   ____  =  ____________________ 

 

and, if used, location variable x =  ________ or y = _________ 

 

False observation sentence:  

 

________________________________________________________________ 

 

TCHR:  Students will need at least 9 copies of this Template.   
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Worksheet TL9 6-2. Individual/Group . Sentences about inequalities.  Below we use 

the letters ñxò and ñyò to write 4 inequalities .  For right now, the values we use to 

replace the letters ñxò and ñyò are location numbers from the Trip Line.  Like variable 

sentences, inequalities in such letters are neither true nor false.  Your task is to use 

each inequality to generate two True and two False numerical expressions about the 

location numbers of the Trip Line.  A template to organize your work is at the end of 

the list of 4  sentences. 

 

1. y  <  x 

 

2. y  >  x 

 

3. x  <  0 

 

4. y  >  0 

 

It will help doing Trip Line exercises with variable sentences to construct an abstraction 

of the Trip Line.  We will draw a straight line segment with equally spaced points on it, 

one for each landmark. 

._______._______._______._______. _______._______._______._______ 

 

We will call this an abstraction of the Trip Line. 

 

Your class will work with your teacher to take such a line segment and add labels that 

correspond to locations on your trip.  We will call that your Trip Line Diagram.  
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Template for Worksheet TL9 6-2.  Use a segment of the Trip Line Diagram for 

your Trip Line and choose a benchmark.  For each problem construct two true 

and two false examples on your Trip Line Diagram.  Write sentences: use ñto the 

left ofò or ñto the right ofò; say why your examples are true or false. 

 

ASR # __________:   ______           ________                Benchmark: 

______________________ 

 

Numerical expression: ______          ______   (True or False?) 

 

._______._______._______._______. _______._______._______._______ 

 

Sentence: __________________________________________________ 

 

Numerical expression: ______          ______   (True or False?) 

 

._______._______._______._______. _______._______._______._______ 

 

Sentence: __________________________________________________ 

 

Numerical expression: ______          ______   (True or False?) 

 

._______._______._______._______. _______._______._______._______ 

 

Sentence: __________________________________________________ 

Numerical expression: ______          ______   (True or False?) 

 

._______._______._______._______. _______._______._______._______ 

 

Sentence: __________________________________________________ 
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Dialogue TL9 6-2.  Variable Sentences, Benchmarks and Configurations 
 

Student 3:  What shall we call these letters we use to replace names?  ñpronounsò? 

 

Mathematician:  Iôm glad you asked.  Letôs call the letters ñSò, ñEò and ñOò, 

ñLandmark variablesò. 

 

Student 1:  Because we will replace them with Landmark names? 

 

Student 2:  Then what do we call ñxò and ñyò:  ñLocation number variablesò? 

 

Mathematician:  We can.  We need to remember that, for right now, the values we use 

to replace ñxò and ñyò are names of location numbers from the Trip Line. 

 

Student 3:  Can I just call them ñLocation variablesò or ñNumber variablesò? 

 

Mathematician:  If you want to.  But now I want to introduce ñconfigurationsò to 

generate variable sentences and inequalities  

 

Student 1:  Whatôs a configuration? 

 

Mathematician: An arrangement  of some objects.  Our configurations will be 

arrangements of two Landmarks S and E plus a Benchmark. 

 

Student 2:  Sometimes we put the Benchmark between S and E. 

 

Student 3:  But sometimes itôs to the right of them both. 

 

Student 1:  And sometimes itôs to the left of both of them. 

 

Mathematician:  Good thinking everybody, letôs practice with some configurations. 

 

TCHR:  There are several ways you can do this:  have students take turns placing 

the sticks for ñSò, ñEò and ñOò on the class Trip Line, give each group a poster 

board with Velcro strips, or have a poster board for each student. 
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Worksheet TL9 6-3. Individual/Group.   Configuration Tables.   Complete the 

configuration table.  Then, fill in the next table with landmark names and location 

numbers. Finally, fill in the third table. 

 

Configuration Table 

S O E 

   

   

   

   

   

 

Configuration: ______________ 

Benchmark O = _______________________ 

Landmark S = _____________________________ 

Landmark E = _____________________________ 

Abstract Diagram of this configuration with ñOò, ñSò, ñEò added:  

 

 

 

 

 

Configuration Sentences 

 

Configuration ASRs 

           ñxò for ñSò 

           ñyò for ñEò 

Numerical expression 

        x  =  ___________ 

        y  =  __________   

True 

   or 

False 

S is to the left of O 

 

 

   

E is to the right of O 

 

 

   

O is to the left of E 

 

 

   

O is to the right of S 

 

 

   

S is to the left of E 

 

 

   

E is to the right of S 

 

 

   

 

TCHR:  Make copies of the above as needed. Provide template of the Trip Line 

Diagram for diagrams of the numerical expressions. 
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SECTION  7.  Mathematizing sentences of Type B:  Interpretation ñMovementò 

 

Dialogue TL9 7-1 

 

Mathematician:  Now we are going to mathematize sentences of Type B. 

 

Student 1:  What are they? 

 

Mathematician:  Do you remember what Type A sentences are? 

 

Student 2:  Sure.  They are sentences that relate two names. 

 

Student 3:  Names of objects or people. 

 

Mathematician:  Right. So here is a Type A variable sentence in two Landmark 

variables ñSò and ñEò together with its ASR inequality using location variables ñxò and 

ñyò: 

 

Vari able Sentence:     E is to the left of S     

 

ASR inequality:       y  <  x    (y is to the left of x) 

 

Student 1:  Donôt tell us.  We are going to replace ñSò and ñEò with Landmark names to 

make a True Observation Sentence of Type A. 

 

Student 2:  And then replace ñxò and ñyò by the location numbers of S and E to write a 

True inequality. 

 

Student 3:  Put  S = ___________________________ , E = _____________________________ 

and  

 

                         O = ___________________________ 

 

 

 

 

 

 

 

 

True Observation Sentence, Type A: 

 

True inequality : 
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Mathematician:  OK, that is a good review. Now letôs review the 7 steps we used to 

mathematize Type A observation sentences. 

 

Students fill in the seven steps. 

 

Mathematizing Type A Observation Sentences  

 

Step 1:  

 

Step 2 

 

Step 3:  

  

Step 4:   

 

Step 5 

 

Step 6:  

 

Step 7:  

 

Mathematician:  Here is a Type B variable sentence.   

 

Landmark E is a number of landmarks to the _______ of Landmark S. 

 

Student 3:  I have a question.  Can we use a ñnumber variableò for ña number of 

landmarksò? 

 

Mathematician:  Excellent question.  Whatôs your answer? 

 

Student 2:  I think we can. 

 

Mathematician:  Good.  Letôs use ñnò in place of ña number of landmarksò. 

 

Student 1:  Then ña number of landmarks to the ______ò becomes ñn to the 

___________ò. 

 

Mathematician:  Yes.  Then a Type B variable sentence is. 

 

         Landmark E is n to the _______ of Landmark S. 

 

Student 3:  Put S  =  ______________ and E  =  ______________ 

 

Student 1:  In that case n to the ___________ =  ____ to the _________. 
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Student 2:  I see that Type B has more information in it than Type A. 

 

Student 3:  In Type A , moving from S to E you know which way to go, but you donôt 

know how far. 

 

Student 1:  And if you didnôt recognize E you could go right past it. 

 

Mathematician:  Precisely.  In this Type B we quantify the movement.  The person at S 

moves exactly n landmarks to the left or right. 

 

Student 2:  So now thereôs an action.  The person moves n landmarks in a certain 

direction. 

 

Student 3:  Yes.  A person standing at Landmark S, moves n to the _______  to end up 

at Landmark E. 

 

Mathematician:   Good.  Letôs write a version that pictures what you just said:  A person 

who stands at S  moves n landmarks to the _________ , and arrives at E. 

 

Student 1:  We can say: 

 

Type B variable sentence using ñmoveò: 

Start at Landmark S, move n to the ___________ , arrive at Landmark E  

 

Mathematician:  We will need an icon for move.  Letôs have a class contest and vote on 

the best two or three entries for an icon for move. 

 

TCHR: Prepare a handout for the contest. 

 

Do you remember our types of features? 

 

Student 1: I can remember. 

 

                         Types of features 

People and Objects 

Actions 

Relations 

 

Mathematician:  Remember, Type A sentences are relations between names. 

 

Student 2:  And I also remember there was nothing about actions. 

 

Mathematician:  Right.  Actions are here now.  What is the person doing? 



 54 

 

Student 3:  Moving n landmarks to the ___________. 

 

Mathematician:  Right.  So Type B sentences have two names and some kind of action. 

 

Student 2:  So, are the steps of our mathematization procedure different for Type B 

sentences? 

 

Mathematician:  We did the first 6 steps and all we had to do was revise Step 3 to 

include identification of the action.  Letôs write them out and do some practice. 

 

 

Mathematizing Type B Observation Sentences  

 

Step 1:  

 

Step 2 

 

Step 3:  Identify the action 

 

Step 4:  

  

Step 5 

 

Step 6:  
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Worksheet TL9 7-1. Variable Sentences using ñmoveò. Write out the six 

configurations.  Then complete the next three tables for each configuration.   

 

Configuration Table 

S O E 

   

   

   

   

   

 

Configuration: ______________ 

Benchmark O = _______________________ 

Landmark S = _____________________________ 

Landmark E = _____________________________ 

 

Abstract Diagram of this configuration with ñOò, ñSò, ñEò added and arrow showing movement 

 

 

Configuration 

Sentences 

 

Configuration ASRs 

           ñxò for ñSò 

           ñyò for ñEò 

Numerical expression 

        x  =  ___________ 

        y  =  __________   

S is to the________ of E 

 

S is to the _______ of O 

 

E is to the ________of O 

 

  

 

Variable Sentence using ñmoveò 

 

Start at Landmark S, move n landmarks to the _________ , arrive at Landmark E  

 

ASR Iconic:  use ñSò, ñEò , ñn = _______ò, and your icons for ñmoveò and ñarrives atò 

 

 

 

 

 

 

 

 

 

 

TCHR: Make six copies of the three tables.
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Dialogue TL9 7-2 

 

Mathematician: Now I have an important mathematical question about the movement from 

S to E. 

 

Student 3:  So do I.  Sometimes we use ñmoveò and sometimes we use ñmovementò.  Is 

there a difference? 

 

Mathematician:  That was my question.  Excellent.  We are saying:  ñmove n 

landmarks to the _______ò .   Mathematicians see two things here:  

 

1. They represent ñmoveò, the action, as a mathematical operation on a start 

location.   

 

2. They represent the movement as a mathematical object that they manipulate and 

transform. 

 

Student 1:  And how do mathematicians symbolize ñmoveò? 

 

Mathematician:  They think of ñmoveò as an action, an operation, and symbolize it with 

the addition sign ñ +ò  

 

Student 2:  And the movement?  How do mathematicians say how far and which way 

the person moves? 

 

Mathematician:  Well, thatôs exactly the right question.  Each movement along the Trip 

Line,  has a direction feature as well as a how many landmarks feature. 

 

Student 3:  Then the arrows we draw can represent both of those features. 

 

Mathematician: Exactly.  For the time being we will just say ñn to the leftò or ñn to the 

rightò and use arrows to show the movement. 

 

Student 1:  We need a symbol to tell us ñdirectionò. 

 

Student 2:  Thatôs easy.  We can draw arrows over counting numbers. 

 

Student 3:  Sure.  Like 3 to the right  =  _______ and 3 to the left  =  _______ 

 

Mathematician:  If you like you can do that, but you can also just write ñ3 to the rightò 

or ñ3 to the leftò.  In any case we think about Trip Line Numbers as location numbers 

or movement numbers. 

 

Student 3:  So itôs  ñn to the leftò or ñn to the rightò 

 

Mathematician:  Yes.  Like I said, we will return to the representation of movements 

later.  Itôs a very important mathematical topic.  But for now that convention and 

drawing arrows will serve us well. 
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Student 1: What about ñarrives atò? 

 

Student 2: We could use ñ=ò for ñarrives atò. 

 

Mathematician: Good. 

 

Student 3:  Well.  I donôt know if anyone noticed, but we have all we need for 

mathematizing a Type B Observation Sentence:  

 

Type B using ñmoveò 

Start at the location of Landmark S, move n landmarks to the _________ , arrive at 

the location of Landmark E. 

ASR equation 

                

                 x   +   n to the ______   =  y 

 

                  y    =   x   +   n to the _______ 

 

 

Student 1:  I see!  Just put ñxò for ñthe location of Sò , ñyò for ñthe location of Eò ñ+ò 

for ñmoveò and ñ=ò for ñarrive atò 

 

Student 2:  Do mathematicians really use ñn to the leftò and ñn to the rightò in their 

ASRs? 

 

Mathematician:  Good point.  They donôt, but like I said, itôs a convention that will 

serve us well until we introduce integers. 

 

Student 3:  Wait!  There is something I donôt understand. 

 

Mathematician:  Whatôs that? 

 

Student 1:  Well, mathematicians call this a movement, but no one is moving in this 

sentence. 

 

Mathematician:  Right.  That is one thing abstraction (Dictionary term) is about.  You 

make an abstraction by imagining a person moving.  You donôt actually have to do it or 

observe it.  It can all take place in your mind. 

 

Student 2:  Like daydreaming? 

 

Mathematician:  Yes, but next time I see you staring into space when you are supposed 

to be working, donôt tell me you are doing an abstraction. 

 

Student 3:  Yeah. 

 

Mathematician:  I think youôre ready for some more practice with Variable sentences, 

ASR inequalities and ASR equations. 
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Worksheet TL9 7-2. Mathematizing Sentences that use ñmoveò.  Write out the six 

configurations.  Then complete the next three tables for each configuration.  Use the 

location numbers on your Trip Line Diagrams for the numerical expressions.   

 

Configuration Table 

   

   

   

   

   

   

 

Configuration: ______________ 

Benchmark O = _______________________ 

Landmark S = _____________________________ 

Landmark E = _____________________________ 

 

Abstract Diagram of this configuration with ñOò, ñSò, ñEò added and arrow showing movement 

 

 

Configuration 

Sentences 

 

Configuration ASRs 

           ñxò for ñSò 

           ñyò for ñEò 

Numerical expression 

        x  =  ___________ 

        y  =  __________   

S is to the________ of E 

 

S is to the _______ of O 

 

E is to the ________of O 

 

  

 

Type B variable sentence using ñmoveò: 

 

Start at the location of Landmark S, move n landmarks to the _________ , arrive at the 

location of Landmark E. 

 

ASR using ñ+ò , ñn to the ____ò , ñxò and ñyò 

 

 

Numerical expression:   x = _____ , y = _____ , n to the ________= 

 

 

 

 

TCHR: Make six copies of the three tables. 
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Dialogue TL9 7-3   

 

Mathematician:  Below is a variable sentence in Landmark variables ñSò and ñEò.  It is 

also a variable sentence in ñnò. 

 

Variable Sentence:  Landmark E is more than n to the left of Landmark S. 

 

Student 1:  Now we replace ñSò and ñEò with Landmark names to make a true 

Observation Sentence. 

 

Student 2:  What about ñnò? 

 

Student 3:  We also have to replace ñnò with a counting number. 

 

Mathematician:  So far so good.  Letôs hold off on ñxò, ñyò and the ASR until we talk 

this over some more.  O.K.? 

 

Student 3:  Okay!  Letôs put Landmark S = ______________ Landmark E = 

___________________ then n  =   ____. 

 

True Observation Sentence:  Type B using ñmore than n to the leftò 

 

 

 

 

Mathematician:  Good.  Is it  ñSò or ñEò which is ñmore than ______ landmarks to the 

leftò?  

 

Student 2:  Itôs  ñ________ ñ which is more than _______ landmarks to the left of 

ñ________ ñ.   

 

Mathematician:  Good.  Now letôs think about ñmore thanò.  What did we say about ñn 

landmarks to the leftò? 

 

Student 3:  Itôs a movement. 

 

Mathematician:  So if you made this movement, would you have satisfied the sentence?   

 

Student 3:  No. n landmarks to the left is not enough.  You have to move ñmore to the 

left than n landmarks to the leftò. 

 

Mathematician:  So, thinking about it this way, what is ñmore thanò talking about? 

 

Student 1:  Itôs talking about the movement: _______ to the left. 

   

Mathematician:  Thatôs it.  I think it will help you understand such a sentence if you 

actually act it out. 
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One or more students go to the Trip Line and make the movement for the True 

Observation Sentence constructed above by starting at S and carrying a stick for E with 

them. 

 

Mathematician:  What did you have to do or at least think of in making this movement? 

 

Student 1:  Well first you have to start at Landmark S and move ______ landmarks to the left 

of S. 

 

Student 2:  But then you realize that is not enough and you have to move more to the 

left than that. 

 

Student 3:  But you havenôt been told how much more to the left to keep moving. 

 

Mathematician:  Thatôs the crucial point.  In the Feature Talk sentence, we change our 

thinking: 

 

 From:   ñmore than n to the left of Sò  

 

   To:   ñmore to the left than n to the left of Sò  

 

Student 2:  I see: ñmore thanò is talking about the movement n landmarks to the left. 

 

Student 3: So this movement of n landmarks to the left is not only thought of as an 

action, but becomes an object that you can act on and change.  In this case, from ñn 

landmarks to the leftò to ñmore to the left than n landmarks to  the leftò. 

 

Mathematician:  Very good. Go ahead and write the ASR. 

 

Student 3:  Okay.  We know how to mathematize: 

 

                     E is n landmarks to the left of S 

 

Student 1:  We can write:  y  =  x  +  n to the left. 

 

Student 2:  It says:  y is n to the left of x. 

 

Mathematician:  Good.  Now think: 

  

                       y is more to the left than n to the left of x 

 

Student 3:  So for ñmore to the leftò we use  ñ<ò and we have, 

 

y   <   x + n to the left 

 

Mathematician: Can you summarize that? 

 

Student 2: It is, 
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Type B observation sentence:  Case I: 

more than n to the left 

Variable Sentence 

 

             E is more than n landmarks to the left of S. 

 

Movement 

 

             To get to E, start at S and first move n landmarks to the left of S.  Then we  

             have to move more to the left. 

 

Feature Talk 

 

             E is more to the left than n landmarks to the left of S 

 

ASR inequality 

        

              y  <  x  +  n to the left   

  

 

Student 1: That ñmore thanò People Talk  is tricky. 

 

Mathematician:  Yes.  Translating ñmore than n to left of xò into ñmore to the left 

than n to left of xò is tricky. Bur we found a way.  Hereôs another case. 

 

Landmark E is more than n to the right of Landmark S. 

 

Student 2: Put Landmark S  =  _____________, Landmark E  =  

_____________________   and n  =  _____ 

 

Student 3:  From the variable sentence, using those substitutions we get this true 

observation sentence: 

 

True Observation Sentence:  Type B using ñmore than n to the rightò 

 

 

 

 

 

One or more students go to the Trip Line and make the movement for the True 

Observation Sentence constructed above by starting at S and carrying a stick for E with 

them. 

 

Student 1:  This time we have to move some more to the right to locate a landmark for E. 

 

Student 2:  Yes.  But again there are many possible landmarks on which to place E 
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Student 3:  This time for ñmore to the rightò, we use  ñ>ò so, 

 

y is more to the right than n to the right of x 

 

becomes  

 

y > x + n to the right 

 

Student 1: So we have, 

 

Type B inequality:  Case II: 

more than n to the right 

Variable Sentence 

 

             E is more than n landmarks to the right of S. 

 

Movement 

 

             To get to E, start at S and first move n landmarks to the right of S.  Then we  

             have to move more to the right. 

 

Feature Talk 

 

             E is more to the right than n landmarks to the right of S 

 

ASR  inequality      

 

             y  >  x  +  n to the right   

 

 

Mathematician:  Now here is a tough one:  How about this Type B variable sentence:  

 

Landmark E is less than n to the left of Landmark S. 

 

Student 1.    Letôs use: 

   

S  =  ____________________  E  =  __________________  n  =  ___ 

 

 

True Observation Sentence:  Type B using ñless than n to the leftò 

 

 

 

 



 63 

One or more students go to the Trip Line and make the movement for the True 

Observation Sentence constructed above by starting at S and carrying a stick for E with 

them. 

 

Student 2.  This time when we move n to the left of S we overshoot the possible landmarks 

for E. 

 

Student 1:  So we have to go back some because y is less to the left than n to the left 

of x. 

 

Student 3:  So we canôt use ñ<ò which would tell us: 

 

y is more to the left than n to the left of x 

 

becomes 

 

y   <   x + n to the left 

 

Student 1:  How about: 

 

y is less to the left than n to the left of x 

 

becomes 

 

y   >   x + n to the left 

 

Mathematician:  Good.  ñy is less than n to the left of xò tells us that the movement that 

started at x and went to y did not go as many as n landmarks. 

 

Student 3:  I get it.  Then y is to the right of where you would come to if you did go n 

landmarks to the left! 

 

Student 2: So we have, 

 

Type B observation sentence:  Case III: 

 less than n to the left 
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Variable Sentence 

 

             E is less than n landmarks to the left of S. 

 

Movement 

 

            To get to E, start at S and move n landmarks to the left of S.  Then go  

            back some. 

 

Feature Talk 

 

            E is less to the left than n landmarks to the left of S 

 

ASR inequality         

 

           y  >  x  +  n to the left  

 

 

Mathematician:  Good.  Now here is a variable sentence for the last case of these Type 

B inequalities: 

 

Landmark E is less than n landmarks to the right of Landmark S. 

 

Student 1:  Landmark S  =  _________________________ 

 

Landmark E  =  __________________________       n  =  ________ 

 

True Observation Sentence:  Type B using ñless than n to the rightò 

 

 

 

 

 

One or more students go to the Trip Line and make the movement for the True 

Observation Sentence constructed above by starting at S and carrying a stick for E with 

them. 

 

Student 1.  This is like the last time, when we move n to the right of S  we overshoot 

the possible landmarks for E. 

 

Student 2:  Now we have to go back some because y is less to the right than n to the 

right of x. 

 

Student 3:  In this case we canôt use ñ>ò which would tell us: 

 

y is more to the right than n to the right of x 

 

becomes 
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y > x + n to the right 

 

Student 1:  How about: 

 

y is less to the right than n to the right of x 

 

becomes 

 

y   <   x + n to the right 

 

Mathematician:  Good.  ñy is less than n to the right of xò tells us that the movement 

that started at x and went to y did not go as many landmarks as n to the right of x. 

 

Student 3:  I get it.  Then y is to the left of where you would come if you did go n 

landmarks to the right of x.! 

 

Student 1: Here is a summary. 

 

Type B observation sentence:  Case IV: 

less than n landmarks to the right 

Variable Sentence 

 

             E is less than n landmarks to the right of S 

 

Movement 

 

             To get to E, start at S and move n landmarks to the right of S.  Then go  

             back some. 

 

Feature Talk 

 

             E is less to the right than n to the right of S 

 

ASR inequality      

 

             y  <  x  +  n to the right 
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Worksheet TL9 7-3  Mathematizing Sentences that use ñmore/less thanò and 

ñleft/right.  For each of our six configurations, choose values for n that will allow you 

to write four true observation sentences about moving from the location of S to the 

location of E using all four combinations of more/less than and left/right.  Then fill in 

the tables. 

 

 

Configuration: ______________ 

Benchmark O = _______________________ 

Landmark S = _____________________________ 

Landmark E = _____________________________ 

 

Abstract Diagram of this configuration with ñOò, ñSò, ñEò added and arrow showing movement 

 

 

Configuration 

Sentences 

 

Configuration ASRs 

           ñxò for ñSò 

           ñyò for ñEò 

Numerical expression 

        x  =  ___________ 

        y  =  __________   

S is to the________ of E 

 

S is to the _______ of O 

 

E is to the ________of O 

 

  

 

Type B inequality:  

Variable Sentence:  

 

E is ________ than ____ to the ______ of S 

 

Feature Talk:  

 

E is _______ to the _______ than ___ to the _______ of S 

ASR  

Numerical expression:   x = _____ , y = _____ , n to the ________=  

 

 

 

 

TCHR: Make 24 copies of this worksheet. 
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SECTION 8.  Mathematizing Sentences of Type B:  Interpretation ñcompared toò: 

 

Dialogue TL9 8-1 

 

Mathematician:  You did a great job at mathematizing those Type B sentences. 

 

Student 1:  Thanks.  So do we have more work to do with Type B sentences? 

 

Mathematicians:  Yes, we do. 

 

Student 2:  Iôm proud of my work, so letôs push ahead. 

 

Mathematician:  Alright! Letôs review Type B. 

 

Student 1:  A Type B variable sentence is. 

 

 

            Landmark E is n to the _______ of Landmark S. 

 

Student 2:  We might put S  =  ______________ and E  =  ________________ in which 

case n  =  _____________. 

 

Student 3:  Then we write an Observation Sentence. 

 

Type B Observation Sentence: 

 

 

 

Student 1:  Then we write our ñmoveò variable sentence 

 

Type B variable sentence using ñmoveò: 

Start at Landmark S, move n landmarks to the ___________ , arrive at Landmark E  

 

 

Student 2:  Then we introduce location variables, ñyò for ñEò and ñxò for ñSò, and also 

the operation ñ+ò for ñmoveò. 

 

Student 3: Then we write the ASRs (sort of): 

x  +  n to the ______ =  y  and   y  =  x  +  n to the ______ 

 

Mathematician:  Thatôs a great review.  But there is another possible interpretation for 

your example.  We could think of everything staying put and we are making a 

comparison. 
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Student 1:  What are we comparing? 

 

Mathematician:  What are we comparing if I ask this question:  ñHow far and in what 

direction is E from S?ò 

 

Student 2:  In this example E is _______ landmarks to the _________ of S. 

 

Student 3:  Or, using their location variables: 

 

           y is ________ to the __________ of x. 

 

Mathematician:  Good as far as it goes.  That is the answer to the question, but what 

are we comparing? 

 

Student 1:  Two locations:  The location of E to that of S. 

 

Student 2:  Yes.  We represent Eôs location with ñyò and the location of S with ñxò. 

 

Mathematician:  So this ñcomparisonò version gives the following Feature Talk: 

 

Type B Feature Talk using ñcompared toò: 

 

The location of E compared to the location of S is n landmarks to the _________. 

 

ASR:  ñy ñ for ñlocation of Eò, ñxò for ñlocation of Sò, ñ=ò for  ñisò 

 

   y compared to x  =   n to the _______.  (our convention) 

 

 

Student 3:  So which type B is correct: the ñmoveò or the ñcompared toò type? 

  

Mathematician:  Both interpretations are correct! 

 

Student 1:  But theyôre different! 

 

Mathematician:  Right, different interpretations, but they are both interpretations of the 

same observation sentence. 

 

Student 1:  So theyôre different, but theyôre the same? 

 

Mathematician:  Right.  A lot of mathematics comes from making sense out of two 

things that are different interpretations, but still the same thing. 

 

Student 2:  Then we will need a symbol for ñcompared toò, wonôt we? 

 

Student 3:  Can we have another contest with some prizes? 
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Mathematician:  Good thinking!  We need an icon for ñcompared toò.  Letôs have a 

class contest and vote on the best two or three entries for an icon for ñcompared toò. 

 

TCHR:  These icons and the contest are for those who want to do them.  They 

should be done outside of class for extra credit.  Prepare a handout for the contest.  

 

Do you remember our types of feature? 

 

Student 1: I can remember. 

 

                         Types of features 

People and Objects 

Actions 

Relations 

 

Student 2:  I also remember that Type A sentences are relations between names. 

 

Student 3.  What about this comparison business?  Is making a comparison an action? 

 

Mathematician.  Yes.  Just like making a move is an action.   

 

Student 1.  Well, we used ñ+ò to represent ñmoveò. 

 

Mathematician. Thatôs an excellent line of thought.  In this kind of situation, for 

comparison, mathematicians use subtraction and the symbol ñ ï ñ. 

 

Student 2:  So we just replace ñcompared toò by ñ ï ñ. 

 

                 

                    y compared to  x  =  n to the ______ 

 

ASR:       y  ï   x  =  n to the _________  (our convention) 

 

 

Mathematician.  I guess we did it.  But letôs contrast the ASRs for the ñmoveò and 

ñcompared toò Type B variable sentences. 
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Type B variable sentence: 

 

               Landmark E is n to the _______ of Landmark S. 

 

Using ñmoveò:  

 

               Start at S move n to the ________ and arrive at E. 

 

ASR:   

 

               y  =  x  +  n to the _______  (our convention) 

 

Interpretation ñcompared toò:  

 

             The location of E compared to the location of S is n to the _______. 

 

ASR:   

 

             y  ï   x   =  n to the _________  (our convention) 

 

 

Student 3:  Are you saying that y  =  x  +  n to the ________ is the same ASR as  y  ï   x  

=  n to the ______ ? 

 

Mathematician:  No, they are different.  They come from the same observation 

sentence, but there are two different interpretations, one based on movement from one 

location to another, and the other based on one location compared to another.  Each 

interpretation leads to its own ASR. 

 

Student 3:  Wow! 

 

Student 1:  I have a question about ñy  ï  xò.  When we say ñy compared to xò are we 

saying where y is in relation to x? 

 

Student 2:  We know that ñn to the ______ò is a movement.  Does it tell us where y is 

in relation to x? 

 

Student 3:  I think it does, because when we start at x and make that movement, we 

arrive at y. 

 

Student 1:  Wow!  That means that the comparison ñy  ï   xò, answers the question 

ñWhere is y in relation to x?ò 

 

Student 2: ñy  ï   xò is the movement that goes from x to y. 

 

Mathematician: Thatôs exactly right!  Now lets practice. 
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Worksheet TL9 8-1. ñmoveò vs. ñcompared toò.  In the first part of this worksheet, 

repeat the work you did for each of the six configurations in Worksheet TL9 7-2.  Then 

fill in the last table using the ñcompared toò interpretation. 

 

Configuration Table 

   

   

   

   

   

   

 

Configuration: ______________ 

Benchmark O = _______________________ 

Landmark S = _____________________________ 

Landmark E = _____________________________ 

Abstract Diagram of this configuration with ñOò, ñSò, ñEò added and arrow showing movement 

 

 

Sentences ASR 

ñxò for ñSò 

ñyò for ñEò 

Numerical Expressions 

        x  =  ___________ 

        y  =  __________   

S is to the________ of E 

 

S is to the _______ of O 

 

E is to the ________of O 

 

  

 

Type B variable sentence using ñmoveò: 

 

Start at the location of Landmark S, move n landmarks to the _________ , arrive at the 

location of Landmark E. 

 

ASR using ñ+ò , ñn to the ____ò , ñxò and ñyò 

 

 

Numerical expression:   x = _____ , y = _____ , n = _____ 
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Type B Sentences using ñcompared toò 

 

Type B variable sentence using ñcompared toò 

 

             The location of E compared to the location of S is n landmarks to the 

________ 

 

 

 

Abstract Diagram of this configuration with ñOò, ñSò, ñEò added and arrow showing movement 

 

 

 

 

ASR:  using ñ-ò , ñn to the ____ò , ñxò and ñyò 

 

Numerical expression:   x = _____ , y = _____ , n to the ________=  

 

 

 

People Talk using landmark names: 

 

Explain how the movement from x to y compares the place where y is located to the place 

where x is located: 

 

 

 

 

TCHR: Make six copies of the above tables. 
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Dialogue TL9 8-2 

 

Mathematician:  Now we want to investigate the ñmoveò and ñcompared toò Feature 

Talk for Type B sentences using expressions like ñmore than n landmarks é 

 

Student 1:  I know.  Like ñmore than or less than n landmarks to the left or to the rightò. 

 

Student 2:  Right.  We constructed four different cases of those sentences. 

 

Student 3:  I want to look at them all, they were tricky. 

 

Mathematician:  Okay.  Letôs practice: 
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Worksheet TL9 8-2.  Individual/Group In Worksheet TL9 7-3 you constructed 24 

sentences using all six ñSò, ñO, ñEò configurations and all 4 cases of  ñmore thanò, ñless 

thanò, ñto the leftò and ñto the rightò.  You analyzed these sentences using the ñmoveò 

interpretation.  In this worksheet, you are to analyze the same sentences using the 

ñcompared toò interpretation.  Record your results in the following table.  Then write a 

paragraph in People Talk using the landmark names to interpret the Trip Line Diagram 

as a movement that starts at S as well as a comparison that shows the location of 

different landmarks for E in relation to S. 

 

Variable Sentence: 

Interpretationñcompared toò: 

 

The location of E compared to the location of S is ________ than n landmarks to 

the ____________of S. 

 

Trip Line Diagram with arrow showing the movement 

 

 

 

Feature Talk: 

 

y compared to x is _________ to the ________ than________  landmarks to the 

__________ of x. 

 

ASR: 

 

 

Numerical expression:  x  =  ____,  y  =  ____,  n to the _____  =   

 

 

Paragraph on movement and comparison: 
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SECTION  9.  Variable sentences and sentences about sets. 

 

Dialogue TL9 9-1 

 

Mathematician:  Choose a Benchmark O near the middle of the Trip Line: 

 

Student 1:  Okay.  O  = __________________________________ 

 

Mathematician:  Now generate one True and one False observation sentence from this 

variable sentence: 

 

               Landmark S is to the left of O. 

 

Student 2:  Put S =  _____________________________ 

 

  

_____________ observation sentence: 

 

 

 

Student 3:  Put S =  _______________________________ 

 

________________  observation sentence: 

 

 

 

Mathematician:  Can you generate others that are true or false? 

 

Student 1:  We sure can.  We can make two sets of Landmarks from this Variable 

Sentence. 

 

Student 2:  Yes. Landmarks that make it true. 

 

Student 3: And Landmarks that make it false: 
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Landmarks that make the variable 

sentence true. 

Landmarks that make the variable 

sentence false. 
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Mathematician:  Mathematicians call the Landmarks in each set elements or members of 

the set. 

 

Student 1:  That seems pretty simple.  We talk about my set of dishes and ñstuffò like 

that all the time. 

 

Mathematician:  What is demanded by mathematicians is precise set membership. 

 

Student 2: So if someone brings me a dish I have to be able to tell if it belongs to my set 

of dishes or not? 

 

Mathematician:  Exactly.  Scientists talk about all kinds of sets of things some of which 

are quite tricky.   

 

Student 3:  Right.  Birds are the only animals that have flight feathers, but a penguin is a 

bird and it has ñflippersò. 

 

Student 1:  What about fish and whales?  All fish live in water, but whales are mammals 

living in oceans. 

 

Student 3:  And all Dolphins are Whales, but not all Whales are Dolphins. 

 

Mathematician:  Your thinking is right on.  For mathematicians if we know precisely 

the members of a group then we can group them all together into a set. 
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Worksheet TL9  9-1  Individual/Group.  Constructing sets.  Use the examples you 

generated in Worksheet TL9 8-2 to construct the following sets. 

 

¶ The set of Landmarks that make the variable sentences described in Worksheet 

8-2 true.   

 

¶ The set of location numbers for these landmarks 

 

¶ The set of location numbers for the ASRs of the variable sentences. 

 

¶ Check that the location numbers that make an ASR true are the ones given to the 

Landmarks of the variable sentence which generated the ASR. 

 

Variable sentence described in 8-2:  _______________________ 

________________________________________________________________ 

 

S  =  ____________________________,  n  =  ____________ 

 

Type of variable sentence: 

¶ ñy is _______ to the ________than ______ landmarks to the _______ of xò  

¶ ASR:  ________________________________________________ 

 

Set of landmarks that make 

the variable sentence true. 

 

Set of location numbers 

for these landmarks 

Set of location numbers 

that make the ASR true 

 

 

  

 

 

  

 

 

  

 

 

  

 

 

  

 

 

  

 

 

  

 

 

  

 

 

  

 

 

  

 

 

TCHER: Make 24 copies of this worksheet.
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Dialogue TL9 9-2 

 

Mathematician: Letôs look more closely at the variable sentences from the last 

Dialogue and Worksheet. 

 

Student 1:  First we chose a Benchmark O near the middle of the Trip Line: 

 

 O  =  _______________________________________ 

 

Student 2:  Then we worked with the variable sentence: 

 

               Landmark S is to the left of O. 

 

 Mathematician:  Now we use the variable sentence to generate one true and one false 

observation sentence. 

 

Student 3:  Put S =  ______________________ 

 

  

_______________ observation sentence: 

 

 

 

Student 1:  Put S =  _______________________ 

 

_____________________ observation sentence: 

 

 

 

Mathematician:  Good.  This time we want to focus on the Landmarks that generate true 

observation sentences. 
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Student 2:  We put them in a set. 

 

 

Landmarks that make the variable sentence true. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Student 3:  You told us that the Landmarks in the set are called elements or members of 

the set. 

 

Mathematician:  Yes. All the members in the set are Landmarks that make the variable 

sentence true.   

 

Student 1:  How do variable sentences make sets? 

 

Mathematician:  Do you remember how we talked about sentences like  ñLandmark S 

is to the left of Oò? 

 

Student 2:  I remember.  We said it is a Type A sentence with two Landmarks and a 

relation. 

 

Student 3:  Yes.  The relations in our Type A sentences were: ñis to the left ofò and ñis 

to the right ofò. 
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Mathematician:  Excellent.  To make a set with ñLandmark S is to the left of Oò we 

donôt think of it as a Type A sentence. 

 

Student 1:  How shall we think of it? 

 

Mathematician:  Think that the sentence has a pronoun  ñSò holding a spot for the name 

of a Landmark. 

 

Student 2:  Thatôs right. Any Landmark to the left of O. 

 

Mathematician:  Good.  ñis to the left of Landmark Oò gives a feature or property  of 

S.  

 

Student 3:  And any Landmark to the left of O has that property. 

 

Student 1.  Thatôs right.  We can have a whole set of such Landmarks. 

 

Mathematician:  Thatôs the idea.  Thatôs how  variable sentences make sets. 

 

Student 1: So this time we split the sentence in two. 

 

Student 2:  One part of this variable sentence is about a pronoun ñPò. 

 

Student 3:  So I could say ña P is a bird with flippersò. 

 

Mathematician:  Yes.  Penquins are members of  the set of birds that have flippers 

instead of flight feathers 

 

Student 1:  Then ñ is a bird with flippersò is the ñpropertyò part of the sentence? 

 

Mathematician:  Thatôs it.  This part of the sentence tells us what rule, what 

requirement, what property  has to be satisfied for a bird to be in the set. 

 

Student 2:  But a variable sentence like ña W is a Mò has two pronouns, how do we 

know which one to make the set with? 

 

Mathematician:  Are you thinking about Whales and Mammals?  Mathematicians 

identify (bind) the pronoun they build the set with like this: 

 

          The set of M such that Whales are M 

 

ñThe set of M such thatò is called a set former. 

 

Student 3:  That sounds like Feature Talk to me.  We need an iconic for ñthe set former 

notationò.  Letôs have a class contest and see who wins. 

 

 

TCHR:  Prepare a handout for the contest. 
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Student 1:  Letôs do it, but does it have an ASR? 

 

Mathematician:  Since you ask, mathematicians use a pair of curly brackets for ñthe set 

ofò and a colon or a line for ñsuch thatò: 

 

 {M :  M is a mammal | M is a Whale }  

 

Student 2:  So I can read this, ñthe set of M where M is a mammal such that M is a 

Whaleò? 

 

Student 3:  So this tells us the set of mammals includes Whales. 

 

Mathematician: Exactly.  Itôs called the set builder representation.  It identifies (binds) 

the pronoun in the variable sentence around which the set is built. 

 

Student 3:  But you know we made many sets for variable sentences that were Type B.  

Can we construct set builders for all of those as well? 

 

Mathematician:  No problem.  Letôs practice. 
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Worksheet TL9 9-2. Using Set Formers. Revisit each of the sets generated in 

Worksheet TL9 9-1 and use the ASR notation to write a property (rule, requirement) 

for the location numbers in each list and attach a set former to this ASR. 

 

Sentence 

 

 

ASR for Property Rule 

 

 

Set Former 

 

 

 

TCHR: Make 12 copies of this table.
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Dialogue TL9 9-3 
 

Mathematician:  We have constructed ASRs about the Trip Line like this:    x  < 0 

 

Student 1:  Over and over again.  It just says that some location numbers are to the left 

of the zero. 

 

Mathematician:  Right.  Now suppose I say that those are locations numbers -1, -2, -3. 

 

Student 3:  Then on our trip line the Benchmark is: 

 

O  =  ___________________________________ 

Student 1:  And the Landmarks to the left of O are: 

 

Landmark _________________________has location number -1 

Landmark _________________________has location number -2 

Landmark _________________________ has location number -3 

 

Mathematician:  Letôs attach a set former to the property  ñx is left of zeroò  

 

Student 1:  We just say:   The set of x where x is a landmark location variable such that 

x is left of O.                                           

 

Student 2:  So then the set builder ASR is:   

 

{x : x is a landmark location variable | x  <  0  } 

 

Student 3:  And you said this set has just three members: -1, -2, -3. 

 

Student 1:  Which meant that zero was assigned to Benchmark 

____________________. 

 

Mathematician:  Good.  The set  ñ{-1, -2, -3}ò, is called the Solution Set for: 

 

{x :  x is a landmark location variable | x  <  0  } 

 

and commas separate its members. 

 

Student 1:  Then  

 

{x : x is a landmark location variable |x  <  0} = {-1,-2,-3 } 

 

Mathematician:  Yes.  The two sets provide a mathematical model for a variable 

sentence about a set of landmarks on your Trip Line.  
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Student 1:  Is there something else we need to know about variable sentences and 

making sets? 

 

Mathematician:  There is something you already know but we havenôt talked about its 

importance in mathematics. 

 

Student 2:  Whatôs that?  It must be something about Trip Lines. 

 

Mathematician:  Letôs take another look at the ASR:    

                                            x  <  0 

                 

Student 3:  The location numbers on the Trip Line to the left of the Benchmark?  

 

Mathematician:  Thatôs my point.  You already know that all the names of location 

numbers to replace ñxò come from the Trip Line . 

 

Student 1:  The Trip Line is our world in this class. 

 

Mathematician:  Yes, and mathematicians would call it our Universe and say: 

 

The set of possible Trip Line location numbers is the  Universal set. 

 

Student 3:  Sounds like Feature Talk to me.  Here goes my representation of it: 

 

{Trip Line location numbers}  = the Universal set. 

 

Mathematician:  Great.  Now all we need is an iconic for ñthe Universal setò.  Letôs 

have a class contest and see who wins. 

 

TCHR:  Prepare a handout for the contest 

 

Student 1:  Iôm going to think about representing our world as this Universe.  But why 

is it so important to mathematicians. 

 

Mathematician:   A very famous mathematician and philosopher, Bertram Russell, 

discovered a mind troubling paradox in this simple idea of making sets from variable 

sentences. 

 

Student 2:  He did?  Whatôs the paradox? 

 

Student 3:  We havenôt seen anything that troubles our minds. 

 

Mathematician:  Neither did other mathematicians until Russell produced it.  If you 

want to know more about it look it up on the internet. 

 

Student 1:  Iôm going to do just that. 

 

Mathematician:  But I warn you in advance, its mind troubling. 
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Student 2:  So.  Like I said.  Why is the Universal Set such a big deal. 

 

Mathematician:  When we say exactly which objects in our world we are talking about 

we escape Russellôs mind troubling paradox.  So mathematicians usually do that when 

they make sets from equations. 

 

Student 3:  So the objects that make up a set must always come from some Universal 

set that we are talking about. 

 

Mathematician:  Yes. Mathematicians write that like this: 

 

x   is a member of   {location numbers on the Trip Line} 

   

Student 1:  Okay.  More Feature Talk.  Now we need  an iconic for ñis a member ofò.  

Letôs have a class contest and see who wins. 

 

Student 2:  Is there an ASR for ñis a member ofò? 

 

Mathematician:  Youôre getting pretty sophisticated.  The answer is yes.  We use the 

symbol  ñeñ. 

 

Student 3: Here goes my representation:   

 

x  e  { location numbers on the Trip Line} 

 

Mathematician:  There is  another feature of sets that you also already understand that 

has a mathematical ASR. 

 

Student 1:  Whatôs that? 

 

Mathematician:  Hereôs the question.  Are the location numbers in:  

 

{ x : x is a location number | x  <  0 } = {-1,-2,-3 } 

 

all the location numbers on your Trip Line? 

 

Student 2:  No. {Trip Line location numbers} has many other location numbers. 

 

Student 3:  Yes  and many mammals are not whales. 

 

Mathematician: Yes the set of Whales is a subset of the set of Mammals and also: 

 

{ -1,-2,-3 } is a subset of {Trip Line location numbers}.  The symbol that 

mathematicians use for subset is, 

 

 Ë 
 

Student 2: So  we would write, 

 



 87 

{ -1,-2,-3 } Ë {Trip Line location numbers} 

 

Mathematician::  Right.  We need to add an icon for ñis a subset ofò to the ñis a 

member ofò contest.   

 

TCHR:  Prepare a handout for the contest. 

 

Student 2:  Okay.  That was a great prize for the Universal Set icon. 

 

Mathematician:  Plus we got some great icons for the Universal set.   
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Dialogue TL9 9-4 
 

Mathematician:  Sometimes mathematicians use capital letters for names of sets.   

 

Student 1: You mean like 

 

  T  =  {Landmarks on the Trip Line}   

 

 

Student 2: Or, 

 

Let A1 be the name for {A : A is a landmark | A is to the left of O}. We can write a set 

former: 

 

A1  =  {A : A is a landmark | A is to the left of O}. 

 

Student 3: So,  A1 is a subset of  T  because all the members of A1 are members of T.   

 

Mathematician: Very good.  Letôs tie that down by listing the elements of some sets and 

subsets.   
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Worksheet TL9 9-3. Individual/G roup.  Sets of Landmarks.  Use the following 

description to construct two sets of Landmarks, A1 and B1, such that B1 is a subset of  

A1.  Fill in the table with the elements and location numbers of the two sets.  Then 

color-code these sets on a Trip Line Diagram.   Next write a paragraph in People Talk 

using landmark names to interpret how the color-coded Trip Line Diagram illustrates 

that B1 is a subset of A1.  

  

¶  Benchmark:  O  =   _____________________________ 

      

¶ A1  = {A : A is a landmark | A is to the left of O}. 

 

¶ B1  = {B : B is a landmark | B is more to the left than n to the left of O}.     n  =  ______. 

 

Set of Landmarks that 

are members of  A1. 

 

Location  

Numbers of 

members of A1 

 

Set of Landmarks that 

are members of  B1. 

 

Location  

Numbers of 

members of B1 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

TCHR: Print out copies of the Trip Line and have students work individually, in 

groups or as a class, to illustrate the set A1 and its subset B1 using colored tags.  For 

example, they can use two colors, one for A1 and one for B1.  The illustration is that 

elements of B1 will have tags with two colors and the elements that are in A1 but not 

B1 will only have one color.  

 

Paragraph 
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Worksheet TL9 9-4 Individual/Group:  Sets of location numbers.  Use the sets A1 

and B1 and the benchmark from Worksheet TL9 9-3 with stops indicated by location 

numbers.  Then color code this diagram as you did in Worksheet TL9 9-3.  Finally write 

a paragraph in People Talk using location numbers to interpret how the color-coded 

Trip Line Diagram illustrates that Y1 is a subset of X1. 

 

Write a paragraph in People Talk using location numbers to interpret how the color-

coded Trip Line Diagram illustrates that Y1 is a subset of X1. 

 

 

X1 = {x  : x is a Trip Line location variable | x is a location number for a landmark in A1} 

 

      = {                                                                                         }  

 

Y1 = {y  : y is a Trip Line location variable | y is a location number for a landmark in B1} 

 

      = {                                                                                         }  

 

Trip Line Diagram: 

 

 

 

 

 

 

 

 

Paragraph 

 

 

 

 

 

 

 

 

 

 

 

TCHR: Provide pencils of two different colors.
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Worksheet TL9 9-5 Individual/Group . Review Case I.  Choose one of the three possible 

configurations for E to the left of S and then choose a landmark S and a value for n.  Use them to 

fill in the ñmovementò sentence.  Next, construct a Trip line Diagram for your configuration and 

then fill in the blanks in the Feature Talk sentences.  Finally, construct the ASRs for the ñmoveò 

and ñcompare toò versions and use them to construct set formers for the two versions.  

 

Configuration:  _______________ 

 

Variable Sentence: 

 

     E is more than n landmarks to the left of S.   

 

     S  =  ____________________  n  =  ____ 

 

Movement 

 

     To get to E, start at ___________________and first move ___ landmarks to the ______ of S.   

 

Trip Line Diagram:  

 

 

 

Feature Talk 

 

     E is more to the left than  _____ landmarks to the left of S 

 

    ñyò for ñEò and ñxò for ñSò.    x  =  _____ 

 

     y is more to the left than ____ to the left of x 

 

     y compared to x is more to the left than ____ to the left of x. 

 

ASRs and Set Formers: 

 

   ñMoveò ASR: _______________________________________ 

 

    Set former, movement ASR: 

 

A  =  { y :  y is a Trip Line location variable| __________________________}  

 

     =  {                                                                               } 

 

    ñCompared toò ASR: ____________________________________ 

 

    Set former, compared to ASR: 

 

A  =  { y :  y is a Trip Line location variable| __________________________}  

 

                 =  {                                                                               } 
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Worksheet TL9 9-6 Ind ividual/Group . Review Case II.  Choose one of the three possible 

configurations for E to the left of S and then choose a landmark S and a value for n.  Use them to 

fill in the ñmovementò sentence.  Next, construct a Trip line Diagram for your configuration and 

then fill in the blanks in the Feature Talk sentences.  Finally, construct the ASRs for the ñmoveò 

and ñcompare toò versions and use them to construct set formers for the two versions.  

 

Configuration:  _______________ 

 

Variable Sentence: 

 

     E is less than n landmarks to the left of S.   

 

     S  =  ____________________  n  =  ____ 

 

Movement 

 

     To get to E, start at ___________________and first move ___ landmarks to the ______ of S.   

 

Trip Line Diagram:  

 

 

 

Feature Talk 

 

     E is less to the left than  _____ landmarks to the left of S 

 

    ñyò for ñEò and ñxò for ñSò.    x  =  _____ 

 

     y is less to the left than ____ to the left of x 

 

     y compared to x is less to the left than ____ to the left of x. 

 

ASRs and Set Formers: 

 

   ñMoveò ASR: _______________________________________ 

 

    Set former, movement ASR: 

 

A  =  { y :  y is a Trip Line location variable| __________________________}  

 

     =  {                                                                               } 

 

    ñCompared toò ASR: ____________________________________ 

 

    Set former, compared to ASR: 

 

A  =  { y :  y is a Trip Line location variable| __________________________}  

 

                 =  {                                                                               }  
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Worksheet TL9 9-7 Individual/Group . Review Case III.  Choose one of the three possible 

configurations for E to the right of S and then choose a landmark S and a value for n.  Use them to 

fill in the ñmovementò sentence.  Next, construct a Trip line Diagram for your configuration and 

then fill in the blanks in the Feature Talk sentences.  Finally, construct the ASRs for the ñmoveò 

and ñcompare toò versions and use them to construct set formers for the two versions.  

 

Configuration:  _______________ 

 

Variable Sentence: 

 

     E is more than n landmarks to the right  of S.   

 

     S  =  ____________________  n  =  ____ 

 

Movement 

 

     To get to E, start at ___________________and first move ___ landmarks to the ______ of S.   

 

Trip Line Diagram:  

 

 

 

Feature Talk 

 

     E is more to the right  than  _____ landmarks to the right of S 

 

    ñyò for ñEò and ñxò for ñSò.    x  =  _____ 

 

     y is more to the right  than ____ to the left of x 

 

     y compared to x is more to the right than ____ to the right of x. 

 

ASRs and Set Formers: 

 

   ñMoveò ASR: _______________________________________ 

 

    Set former, movement ASR: 

 

A  =  { y :  y is a Trip Line location variable| __________________________}  

 

     =  {                                                                               }  

 

    ñCompared toò ASR: ____________________________________ 

 

    Set former, compared to ASR: 

 

A  =  { y :  y is a Trip Line location variable| __________________________}  

 

     =  {                                                                               }  
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Worksheet TL9 9-8 Individual/Group . Review Case IV.  Choose one of the three possible 

configurations for E to the right of S and then choose a landmark S and a value for n.  Use them to 

fill in the ñmovementò sentence.  Next, construct a Trip line Diagram for your configuration and 

then fill in the blanks in the Feature Talk sentences.  Finally, construct the ASRs for the ñmoveò 

and ñcompare toò versions and use them to construct set formers for the two versions.  

 

Configuration:  _______________ 

 

Variable Sentence: 

 

     E is less than n landmarks to the right  of S.   

 

     S  =  ____________________  n  =  ____ 

 

Movement 

 

     To get to E, start at ___________________and first move ___ landmarks to the ______ of S.   

 

Trip Line Diag ram:  

 

 

 

Feature Talk 

 

     E is less to the right  than  _____ landmarks to the right of S 

 

    ñyò for ñEò and ñxò for ñSò.    x  =  _____ 

 

     y is less to the right  than ____ to the left of x 

 

     y compared to x is less to the right than ____ to the right of x. 

 

ASRs and Set Formers: 

 

   ñMoveò ASR: _______________________________________ 

 

    Set former, movement ASR: 

 

A  =  { y :  y is a Trip Line location variable| __________________________}  

 

     =  {                                                                               }  

 

    ñCompared toò ASR: ____________________________________ 

 

    Set former, compared to ASR: 

 

A  =  { y :  y is a Trip Line location variable| __________________________}  

 

     =  {                                                                               }  
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TCHR: The remainder of Section 9 is optional. 

 

Dialogue TL9 9-4 

 

Student 1:  I have a question.  Itôs about what was said in the worksheet about the set of 

Landmarks on the Trip Line. 

 

Student 2:  Yes. I have a question about that too.   

 

T  =  {Landmarks on the Trip Line} 

What was the reason for calling T a finite set? 

 

Student 3:  Right.  Why bother? 

 

Mathematician:  Iôm glad you asked.  Mathematicians investigate (big time) sets that are 

not finite. 

 

Student 1:  They do?  What are they looking for? 

 

Student 2:  What kind of sets are those? 

 

Mathematician:  Well when we teach little children to count what numbers do we use? 

 

Student 3:  We use the numbers 1,2,3,4 and so on. 

 

Mathematician:  You hit the nail on the head with ñand so onò. 

 

Student 1:  It means than we can keep on going. 

 

Student 2:  I tell them that thereôs no end to these numbers they go on and on and on. 

 

Student 3:  Right.  No matter where you land in the list there is always a next number to 

count with. 

 

Mathematician:  Well mathematicians call those numbers the counting numbers or the 

natural numbers and this is what they say: 

 

The set N of natural numbers is an infinite set. 

 

        N  =  {1,2,3,4,5,6,7, é } 

 

Student 1:  What are the three dots for? 

 

Mathematician:  Thatôs how mathematicians symbolize ñand so onò. 

 

Student 2:  I have a question.  We split those numbers into Odd and Even.   

 

Student 3:  I get where youôre going.  Is the set of Even numbers an infinite set?  They 

also go on and on. 
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Student 1:  If it is then the set of Odd numbers must also be infinite. 

 

Mathematician:  Thatôs a great line of thought about those two subsets of N and Iôm 

going to ask you to think about them and another subset of N in the next Worksheet. 

 

Student 2:  If all these numbers go on and on how can we be sure that one set is a subset 

of the other? 

 

Student 3:  I agree.  How can we know?   

 

Student 1:  Iôm not sure, but what is the other subset? 

 

Mathematician:  Itôs a set that mathematicians investigate (big time), the set of Prime 

numbers and, guess what?  Itôs time to Practice. 
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Worksheet TL9 9-9 Individual/Group.  Infinite subsets of infinite sets. The students 

have raised an important question.  We can see that all the members of one set are 

members of a second set when both sets are finite.  But is the following true or false? 

Indicate your response below 

 

{Even Numbers) is a subset of {Natural Numbers}   True ____ False____ 

 

{Odd Numbers} is a subset of {Natural Numbers}     True ____ False____ 

 

Discuss your ideas in your groups and write your reasons for your answer.  Be prepared 

to report out. 
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Worksheet TL9 9-10 Individual/Group.   Sets of Prime Numbers. Answer the 

following questions.  Note that there are 25 prime numbers less than 100: 

     

Let P1  =  {p : p is a prime number | p < 100} 

 

Let P   =  { p |:p is a prime number} 

 

1.  List the members of P1:  (Note we will take 2 as the first prime number.) 

 

P1  =  { 2, 

 

 2.  True or False: 

 

¶ P1  =  {p : p is a prime number | p < 100} is a subset of P.    True ____

 False____ 

 

¶ P   =  { p: p is a prime number} is an infinite set.    True ____

 False____ 

 

Discuss your ideas in your groups and write your reasons for your answer.  Be prepared 

to report out. 
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SECTION  10.  Trip Line Diagrams and Distance 

 

Worksheet TL9 10-1 Individual/Group . Sentences about Distance.  Use landmark 

names to write one sentence or one question about landmarks on the Trip Line using 

each of the following phrases.   Illustrate each sentence with a Trip Line Diagram.  In 

each sentence, replace any landmark names and any numerals by variables to produce a 

Variable Sentence.  Use the template to enter your responses. 

 

1. ñhow closeò 

 

2.  ñhow farò 

 

3.  ñhow nearò 

 

4. ñaway from each otherò 

 

5. ñshort distanceò 

 

6. ñaway fromò 

 

7. ñshort distance awayò 

 

8. ñlong distanceò 

 

9. ñthe distance betweenò 

 

10. ñhow far apartò  
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                                        Template for Worksheet TL9 10-1 

 

Phrase #  _______ 

 

Sentence or question:  

 

 

Trip Line Diagram: 

 

 

 

Variable Sentence: 

 

 

Phrase #  _______ 

 

Sentence or question:  

 

 

Trip Line Diagram: 

 

 

 

Variable Sentence: 

 

 
Phrase #  _______ 

 

Sentence or question:  

 

 

Trip Line Diagram: 

 

 

 

Variable Sentence: 

 

 
 

 

 

 

 

TCHR: Make 10 copies of this template. 
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Dialogue TL9 10-1 

 

Student 1:  Are we going to apply our sentences to our Trip Line? 

 

Student 2:  We compare the location of E to S. 

 

Student 3:  Yes. We say E is n to the _______ of S. 

 

Mathematician:  I like that line of thought.  The ñnò tells us how far we have to move to 

go from S to E. 

 

Student 1:  And ñto the _________ò tells us which way to go, left or right, the 

direction of the move. 

 

Mathematician:  Good.  Now suppose we donôt care whether E is on the left or the right 

of S.  Suppose we just care about the ñnò, how far E is from S.  What might we say? 

 

Student 2:  We could write a variable sentence about ñSò, ñEò and ñnò. 

 

Student 3:  We could just say:  E is n landmarks away from S. 

 

Student 1:  Or, S is n landmarks away from E. 

 

Student 2:  Or, E and S are n landmarks away from each other. 

 

Mathematician:  Great.  Letôs make substitutions for ñSò, ñEò and ñnò to generate three 

types of true distance Observation sentences about the Trip Line Diagram. 

 

True distance observation sentences: 

 

S  =  ________________  E  =  __________________  n  =  _______ 

 

 

 

 

 

 

 

 

Student 1:  I think those observation sentences are making distance comparisons 

between E and S. 

 

Student 2:  But itôs not an ñn to the ______ò comparison. 

 

Student 3:  Right. Itôs just an ñn is how farò comparison. 

 

Mathematician:  I like that line of thought.  We might call it an ñn far apartò comparison. 
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Student 1:  Hereôs an variable sentence:  E and S are n landmarks apart. 

 

Mathematician:  Good start.  Now work ñdistanceò into it. 

 

Student 2:   How about:  The distance between S and E is n landmarks. 

 

Mathematician:  We are getting there, but we need to put in the feature of S and E we 

have emphasized in all our discussions. 

 

Student 3: You mean their locations? 

 

Student 1:  Okay.  How about: 

 

The distance between the location of S and the location of E is n landmarks. 

 

Student 2:  Or we can switch it around: 

 

The distance between the location of E and the location of S is n landmarks. 

 

Mathematician:  You make an important point.  The comparison can take place in any 

direction.  So how will you work ñcompared toò into your variable sentence? 

 

Student 3:  It doesnôt sound right to say ñ the distance of E compared to Sò does it? 

 

Student 1:  You know what, I think the comparison is in ñthe distance betweenò 

 

Student 2:  Yes ñthe distance betweenò is like ñhow far apartò. 

 

Mathematician: I like this line of thought.  The expression ñthe distance betweenò is a 

comparison expression for distance.  What does it leave out that ñcompared toò puts in? 

 

Student 3:  It leaves out ñto the ________ò. 

 

Student 1:  Right.  When we compare E to S, we say, for example, E compared to S is n 

to the ___________. 

 

Student 2:  And that means that S compared to E is n to the _________.  The opposite 

direction. 

 

Mathematician:  Exactly. The ñnò in ñhow farò is the same both times. 

 

Student 3: So we can say the distance between E and S is the same as the distance between S 

and E. 

 

Student 2: Itôs like ñdistance betweenò is commutative. 

 

Student 1:  And that distance will be just n landmarks, not n landmarks to the ________. 
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Mathematician:  I think we are ready to put it all together.  We can call it Distance 

Feature Talk:  using ñthe distance betweenò: 

 

Student 2: Hereôs my variable sentence: 

 

Distance Feature Talk 

The distance between the location of E and the location of S equals 

the distance between the location of S and the location of E which is 

n landmarks. 

   

Student 3:  We need a class contest for an icon for distance. 

 

Mathematician:  I agree, plus an iconic representation of Distance Feature Talk.  I 

propose a class contest with prizes again to see who can create it.   

 

TCHR:  Prepare a handout for the contest. 

 

Student 1:  I agree.  But how do mathematicians represent this variable sentence in an 

ASR? 

 

Student 2:  Well we know that ñxò and ñyò can be used for the location variables of ñSò 

and ñEò. 

 

Student 3: And we compare where y is with regard to x using the subtraction symbol 

between them like this:   

ñ y ï x ñ. 

 

Mathematician:  Again. I like your line of thought.  To complete it mathematicians 

enclose ñ y ï x ñ between two vertical lines:  | y ï x | and read it ñthe distance between x 

and yò.  This symbol denotes the transition from ñcompared toò to ñapartò. 

 

Student 1:  So we can read | x ï y | as the distance between y and x. 

 

Student 2:  In that case hereôs my ASR for ñthe distance between E and S is n 

landmarksò: 

 

           ASR:          | x ï y |  =  | y ï x |  =  n 

 

Student 3:  Cool.  It says the distance between x and y is the same as the distance 

between y and x which is n. 

 

Student 1:  So the two vertical lines take  ñto the _______ò  away from ñn to the 

_______ò and we are left with just n. 

 

Mathematician:  Thatôs right.  The two vertical lines signal that we are making a 

Distance comparison.  Later we will talk more about naming the comparison we make 

with ñ y ï x ñ and ñ x ï y ñ.  But now we need to Practice: 
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Worksheet TL9 10-2. Individual/Group .  Interpretation of a Distance ASR. Use the 

Trip Line Diagram Abstract given in the box below and the following ASR to write the 

paragraph described below the box. 

 

                       ASR:   | x ï y |  =  | y ï x |  =  n 

 

 

 

                                        S                                          E 

____________________.______________________._____________________ 

                                        x . . . . . . . . . . . . . . . . . . . . . y 

                                          n  =  _____ 

 

                                            | x ï y |  =  | y ï x |  =  n 

 

 

 

Put S  =  ____________________  and E  =  _________________ and write a 

paragraph in People Talk using landmark names to make an interpretation of the 

Trip Line Diagram Abstract . 

 

Paragraph: 
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Worksheet TL9 10-3. Individual/Group. Distance Sentences.   Select S, E and O for 

each of the six configurations and fill in the Table below.  Use ñxò and ñyò as location 

variables for ñSò and ñEò respectively. 

 

 

Configuration: ______________ 

Benchmark O = _______________________ 

Landmark S = _____________________________ 

Landmark E = _____________________________ 

 

Abstract Diagram of this configuration with ñOò, ñSò, ñEò added and arrow showing movement 

 

 

Configuration 

Sentences 

 

Configuration ASRs 

           ñxò for ñSò 

           ñyò for ñEò 

Numerical expression 

        x  =  ___________ 

        y  =  __________   

S is to the________ of E 

 

S is to the _______ of O 

 

E is to the ________of O 

 

  

 

 

Variable Sentence:  

 

S and E are n landmarks apart. 

 

Distance Feature Talk using ñdistance betweenò:  

 

 

ASR using x - y 

ASR using y - x 

Numerical expression:   x = _____ , y = _____ , n  = _____ 

 

 

 

 

 

TCHR: Make six copies of this page. 
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SECTION  11:  A Grammar for school Algebra 

 

Dialogue TL9  11-1 

 

Student 1:  Is math a language? 

 

Student 2:  Are we going to do grammar, diagram sentences? 

 

Student 3:  I understand about the subject of a sentence, but whatôs a predicate? 

 

Mathematician:  We have been using language to learn algebra, letôs construct a grammar for 

the sentences we have been using. 

 

Student 1:  Which ones?  Observation Sentences? 

 

Student 2:  Variable Sentences? 

 

Student 3:  Do these have predicates?  Is that a type of feature of such sentences. 

 

Mathematician:  They do and it is.  We can construct a grammar in which Variable Sentences 

have just two types of grammatical features: variables and predicates  

 

Student 1:  ñS is a landmarkò is a Variable Sentence. 

 

Student 2:  So is ñx is a location numberò. 

 

Student 3:  The variables are ñSò and ñxò what are the predicates? 

 

Mathematician:  ñis a landmarkò and ñis a location numberò are the predicates.  

 

Student 1:  Thatôs easy enough. Variable Sentences have variables and predicates. 

 

Student 2:  Then Observation Sentences have names and predicates. 

 

Student 3:  So what about names, variables and predicates; are they objects or actions or 

relations? 

 

Mathematician:  Names, variables and predicates are all objects, grammatical objects. Variable 

Sentences and Observation Sentences are also grammatical objects.  Time to Practice. 
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Worksheet TL9 11-1. Individual/Group .  Your class constructed a Trip Line to represent the 

Trip it took.  You then constructed Observation Sentences and Variable Sentences to represent 

observations about your class Trip Line.  The purpose of this worksheet is to generate a class list 

of variable and observation sentences. 

 

1. The class should reach agreement on a list of different Variable Sentences they have 

constructed so far and the true and false Observation Sentences generated from them by 

replacing the variables with names. 

2. Variable sentences can have one or more variables and can be found in: 

¶ Worksheets TL9 6-1, 6-2 and 6-3 

¶ Worksheets TL9 7-1, 7-2 and 7-3 

¶ Worksheets TL9 8-1 and 8-2 

¶ Dialogue TL9 9-2 , Worksheet TL9 9-2 and Dialogue TL9 9-3 

¶ Worksheets TL9 9-5, 9-7 and 9-8 

¶ Worksheets TL9 10-1, 10-2 and 10-3 

 

TCHR:  Each student should go back through their work in the above list and develop a 

ñportfolioò with examples of Observation Sentences.    Following are models for tables of 

variable sentences and observation sentences. 

 

Variable Sentences 

 
                Variables 
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Observation Sentences 

 
                Truth Value  

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

TCHR: The class as a whole and the groups in the class should write some examples on 

chart paper that illustrate these sentences and post them.   
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Dialogue TL9 11-2 

 

Student 1: Wow!  Weôve done a lot of work! 

 

Student 2:  So our Grammar for school Algebra starts with all those sentences. 

 

Student 3:  Variable Sentences that are neither true nor false, and Observation Sentences, some 

true, some false? 

 

Mathematicians:  Yes.  These Sentences are the building blocks for our school algebra. 

 

Student 1:  The Type A Variable Sentence ñx is to the left of yò has two variables, òxò and ñyò; 

what about ñis to the left of ñ?  Is it the predicate? 

 

Student 2:  I guess it is.  Thatôs all thatôs left.  What about the Type B variable sentence,  

ñ x is n landmarks to the left of a ñ?  It has three variables. 

 

Student 3:  Is everything else the predicate? 

 

Mathematician:  Yes.  In this grammar a predicate is the parts of a Sentence that are not 

variables or names. 

 

Student 1:  Is there an ASR for variable sentences? 

 

Student 2:  We already have ASRs for these two variable sentences: 

 

  Variable sentences ASRs 

  x is to the left of y        x  <  y 

  x is n landmarks to the left of a x =  a  +  n to the left 

 

Student 3:  And if we take away the variables and constants we have the predicates: 

 

Predicates 

 ÅÅÅ  is to the left of  ÅÅÅ 

ÅÅÅ   is ÅÅÅ  to the left of ÅÅÅ 

 

Mathematician:  All that is good and true.  But the question is more general.  Can the class 

create icons to represent any Variable or Observation Sentence?  Until the class gets those 

Icons, letôs use the letters ñpò and ñqò in positions where observation sentences may be placed.  

Time to Practice. 

 

TCHR:  After Type A sentences are introduced the creation of icons is voluntary; 

however, we strongly encourage prizes for class contests to create them and the posting of 

iconic representations in various ñpublicò spaces. 
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Worksheet TL9 11-2. Individual/Group.  In this worksheet we introduce two words we use all 

the time in many different ways.  The two words are ñandò and ñorò. 

 

To begin talk about ñandò and ñorò students should create sentences which use them in many 

different ways. 

 

1. Write sentences using ñandò as suggested: 

 

¶ Sentences using ñandò between two words:  e.g. ñbuy and sellò. 

 

¶ Sentences using ñandò between two clauses:  e.g. ñsomething which is sweet and (it) is 
also saltyò 

 

¶ Sentences that use ñandò between two sentences:  e.g. Birds are Animals and Dolphins 

are mammals. 

 

¶ Sentences where ñandò talks about a sequence of some sort: e.g. ñbetter and betterò or 
ñsmaller and smallerò. 

 

¶ Sentences where ñandò carries a warning: ñDo that and see what happens to youò 

 

¶ Sentences where ñandò says time passes on: e.g.  ñHe just talked and talkedò 

 

¶ Sentences where ñandò implies a great distance: e.g. ñmiles and miles awayò 

 

¶ Sentences where ñandò substitutes for ñplusò:  e.g. ñTwo and twoò 

 

¶ Sentences where ñandò indicates ñmore than meets the eyeò: e.g. ñThere are good people 

and then thereôs é ñ 

 

2. Write sentences using ñorò as suggested: 

 

¶ Sentences using ñorò between two words where ñorò suggests an option: e.g. ñtile or 
carpetò 

 

¶ Sentences using ñorò between several words where ñorò suggests several options: e.g. 

ñFlorida or California or Texasò. 

 

¶ Sentences where ñorò is used to clarify a word: e.g. ñdistance or how far apartò 

 

¶ Sentences where ñorò introduces an afterthought: e.g. She had to know what was up, or 
maybe she didnôt read the report after all. 

 

¶ Sentences where ñorò substitutes for ñotherwiseò or ñor elseò:  e.g.  ñPut up or shut upò 

 

¶ Sentences where ñotherwiseò or ñor elseò carries a threat: ñPut the food away or the ants 
will take over.ò 
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¶ Sentences that use ñorò between two sentences in which one or the other or both 

sentences may be true: The ò inclusive orò: 

 

She can reach you by cell phone  

or  
she can reach you by land-line  

 

¶ Sentences that use ñorò between two sentences in which one or the other sentence may 

be true but not both: The ñexclusive orò: 

 

A landmark S is to the left of the Benchmark  

or  
itôs to the right of the Benchmark  

but not both.  
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Dialogue TL9 11-3 

 

Student 1:  Wow.  I never thought of all those ways of using ñandò. 

 

Student 2:  Me neither.  Nor did I ever think about ñorò in so many ways. 

 

Student 3:  Amazing that two little everyday words are used in so many different ways. 

 

Mathematicians:  Yes.  There is all that People Talk for ñandò and ñorò. 

 

Student 1: So how are ñandò and ñorò used in Algebra? 

 

Student 2:  Do we have to master all those ways? 

 

Mathematician:  No.  The language of school Algebra is not like ordinary language, it is much 

simpler. 

 

Student 3: But more abstract? 

 

Mathematician:  Not necessarily, just more focused on abstractions. 

 

Student 1:  So which use of ñandò and ñorò do we study in school Algebra? 

 

Mathematician:  Iôm glad you asked.  Mathematicians study Sentences that use ñandò and ñorò 

to connect Variable and Observation Sentences. 

 

Student 2:  Thatôs all we have to master?  How to use ñandò and ñorò to connect Sentences?  

Thatôs easy.  We already know how to do that. 

 

Mathematicians:  Yes. Next we make Truth Tables for ñandò and ñorò. 

 

Student 3:  What do Truth Tables do? 

 

Mathematician: Thatôs a question I want you to ponder.  Time to Practice. 
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Worksheet TL9 11-3. Individual/Group.   

¶ In the ñandò Truth Table the input  for ñpò is a Truth Value:  True or False.  The same 

goes for ñqò.  

¶ Because Truth Values for ñpò are independent of Truth Values for ñqò, there are four 

ways to assign ñTrueò or ñFalseò to ñpò and ñqò; these are shown in the four rows of the 

Truth Table. 

¶ For each of these four rows, the output for ñp and qò is also ñTrueò or ñFalseò.  Your 

job is to decide which. 

 

                                 Truth Table for ñandò observation sentences 

                                                   p  and  q 

               p                             q                                  p  and  q 

            True      

                    

          True  

            True  

 

          False  

            True  

 

          True  

            True  

 

          False  

 

¶ Fill in the blanks to make sentences 1 ï 3 agree with your Truth Table. 

 

1. An ñandò observation sentence is only true 

_________________________________________________________. 

 

2. When either of the component observation sentences are false an ñandò observation 

sentence is _________________________________________. 

 

3. For an ñandò observation sentence to be true, its two component observation sentences 

have to __________ be true. 

 

¶ Question: ñWhat does the ñandò Truth Table do?ò 

¶ My response: 

 

 

 

 

___________________________________________________________________ 

¶ If we use ñT for ñTrueò and ñFò for False, we can diagram the ñandò Truth Table as 

shown below.  Fill in ñTò or ñFò as the output for each ñandò . 

 

Input for:     T and T             T and F            F and T          F and F 

ñpò, ñqò 

 

Output for:    ______               ______            ______            ______ 

ñp and qò 
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Worksheet TL9 11-4. Individual/Group.  The ñorò of  ñp or qò is the ñinclusive orò; it is 

the most widely used ñorò. 

¶ In the ñorò Truth Table the input  for ñpò is a Truth Value:  True or False.  The same 

goes for ñqò.  

¶ Because Truth Values for ñpò are independent of Truth Values for ñqò, there are four 

ways to assign ñTrueò or ñFalseò to ñpò and ñqò; these are shown in the four rows of the 

Truth Table. 

¶ For each of these four rows, the output for ñp or qò is also ñTrueò or ñFalseò.  Your job 

is to decide which. 

 

                                 Truth Table for ñinclusive orò observation sentences 

                                                   p  or  q 

                 p                          q                                      p  or   q 

       True                                   True  

 

            True            False  

 

            True            True  

 

            True            False  

 

 

¶ Fill in the blanks to make sentences 1 ï 3 agree with your Truth Table. 

1. An ñinclusive orò observation sentence is only false 

____________________________________________________. 

2. When either of the component observation sentences are true an ñinclusive orò 

observation sentence is _________________________________________. 

3. For an ñinclusive orò observation sentence to be false, its two component observation 

sentences have to __________ be false. 

 

¶ Question: ñWhat does the ñorò Truth Table do?ò 

¶ My response: 

 

 

 

 

___________________________________________________________________ 

¶ If we use ñT for ñTrueò and ñFò for False, we can diagram the ñinclusive orò Truth 

Table as shown below.  Fill in ñTò or ñFò as the output for each ñorò . 

 

Input for:         T or T             T or F               F or T            F or F 

ñpò, ñqò 

 

Output for:       ______           ______              ______            ______ 

ñp or qò 
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Worksheet TL9 11-5. Individual/Group.    We adopt the convention of using ñp or qò to 

represent the ñinclusive orò which is widely used in school algebra.  On the other hand, we use 

ñp or q but not bothò to represent ñexclusive orò, which is seldom used in school algebra. 

 

¶ In the ñexclusive orò Truth Table the input  for ñpò is a Truth Value:  True or False.  The 

same goes for ñqò.  

¶ Because Truth Values for ñpò are independent of Truth Values for ñqò, there are four ways to 

assign ñTrueò or ñFalseò to ñpò and ñqò; these are shown in the four rows of the Truth Table. 

¶ For each of these four rows, the output for ñp or q but not bothò is also ñTrueò or 

ñFalseò.  Your job is to decide which. 

¶  

                               Truth Table for ñexclusive orò observation sentences 

                                       p  or  q but not both 

        p                                 q                       p  or  q but not both 

     True        True                     

 

     True         False                     

 

     False        True                     

 

     False        False                     

 

 

¶ Fill in the blanks to make sentences 1 ï 3 agree with your Truth Table. 

1.  When both of the component observation sentences are true an ñexclusive orò 

observation sentence is __________. 

2.  When both of the component observation sentences are false an ñexclusive orò 

observation sentence is __________. 

3.  For an ñexclusive orò observation sentence to be true, one of its component observation 

sentences has to be ___________ and the other has to be ___________. 

 

¶ Question, ñWhat does the ñexclusive orò Truth Table do?ò 

¶ My response: 

 

 

 

 

_____________________________________________________________________________ 

 

¶ If we use ñT for ñTrueò and ñFò for False, we can diagram the ñexclusive orò Truth 

Table as shown below.  Fill in ñTò or ñFò as the output for each ñorò . 

 

Input for:                                   T or T            T or F                F or T            F or F 

ñpò, ñqò 

 

Output for:                                ______           ______              ______            ______ 

ñp or q  but not bothò 
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SECTION  12:  Integer representations of Trip Line Diagrams 

 

Dialogue TL9 12-1 

 

Student 1:  I think you promised us that when we got to integers we would take another look at 

ñn to the rightò. 

 

Student 2:  Yes, and ñn to the leftò as well. 

 

Student 3:  Thatôs right, you did.  But first I have a question:  Can we use integers as location 

numbers? 

 

Mathematician:  Absolutely! 

 

Student 1:  Can we use integers to represent movements, like n to the right and n to the left; 

movements we did on our Trip Line Diagrams? 

 

Mathematician:  Absolutely! But, as we shall see later, Integer line Diagrams have a distance 

feature that is more rigid than the distance feature of Trip Line Diagrams. Still, we can use 

Integer Line Diagrams to represent Trip Line Diagrams.  Letôs look at one.  What do you 

think?   

 

<ïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïï> 

 

Student 1:  Why put arrows on each side of the Diagram? 

 

Mathematician:  To show a feature of Integer Line Diagrams.   

 

Student 2:  So do integers go on and on in both directions? 

 

Student 3:  Is there always one more integer on the left and one more on the right, no matter 

how far along? 

 

Mathematician:  Thatôs the picture we want you to imagine.  No matter how far you go to land 

on an integer, thereôs always a next integer, one step to the right or one step to the left from 

where you landed. 

 

Student 1:  Can we look at an example?  Letôs construct a representation of ñn to the rightò on a 

Trip Line Diagram. 

 

Student 2:  Good idea.  Then we can picture it on an Integer Line Diagram. 

 

Student 3:  Okay.  Letôs draw and label an arrow from S to E, on a Trip Line Diagram: 
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Trip Line Diag ram 1: 

 

            S                                E 

____________________________________________ 

             ïïïïïïïïïïïïïïïïï> 

                                              n to the right 

 

Student 1.  We can use ñSò and ñEò as variables for landmarks on the Trip Line. 

 

Student 2:  Thatôs right, what do we use as variables for points on the Integer Line? 

 

Mathematician:  We use Capital letters like ñPò and ñQò to name points. 

 

Student 3:  Okay, then an Integer Line Diagram might represent Trip Line Diagram 1 like this: 

 

Integer Line Diagram 1: 

 

                                           Q                                               P 

                                <ïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅ> 

                                             

                                                         n to the right 

 

Student 3:  Then can we write Integer Variable Sentences about the movement from Q to P? 

 

Student 1:  I think we can.  But, what did you want to tell us about ñn to the rightò. 

 

Mathematician:  We think of ñnò as a counting number that tells us how far, how many ñstepsò 

we move, and ñto the rightò gives the direction of the movement. 

 

Student 2:  O.K.  Point P is n to the right of Point Q. 

 

Student 3:  Then I think the picture for ñn to the leftò just reverses the movement:  Point Q is n 

to the left of point P. 

 

Integer Line Diagram 2: 

                                                 Q                                              P 

                                     <ïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅ> 

                                                    

                                                                 n to the left 

 

Mathematician:  That will serve us well for now.  Again notice that ñnò is a ñhow manyò 

variable, it counts the number of steps in the movement. 

 

Student 3:  So are ñ[n to the right]ò and ñ[n to the left]ò integer variables representing movements? 

 

Mathematician:  Yes: ñ[n to the right]ò and ñ[n to the left]ò represent integer movements. 

 

Student 1:  It looks like we can use Integer Line Diagrams to represent most concepts we 

studied using Trip Line Diagrams.  
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Student 2:  Where would we put the Benchmark?  On the Trip Line any landmark can be the 

Benchmark. 

 

Student 3: I bet the Integer Line is like that.  Is there a point that gets a special name like 

ñBenchmarkò? 

 

Mathematician:  Yes.  ñOriginò is the name for that point.  We locate points on either side of the 

Origin just like we locate landmarks on either side of the Benchmark. 

 

 <ïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïï>                             
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2    
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5   

+
6   
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7   
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8   

+
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+
10 

+
11  

+
12 

  

Student 1:  They sure act like location numbers. 

 

Student 2:  But location numbers locate landmarks in relation to a Benchmark. 

 

Student 3:  So do integers locate points in relation to the Origin? 

 

Mathematician:  ñRight on Pointò!  We can read ñ
ï
3ò as ñ3 steps to the left of zeroò or, ñ3 

steps to the left of the originò and we can read ñ 
+
3ò as ñ3 steps to the right of zeroò or, ñ3 

steps to the right of the originò.  

 

Student 1:  ñA piece of cakeò as they say.  What do mathematicians call them, ñlocation integersò? 

 

Mathematician:  They call integers, like ñ
ï
3ò, which are used to locate points in relation to the 

Origin, ñcoordinatesò, or ñinteger coordinatesò.   

 

Student 2:  But on the Trip Line we use the same numbers in different ways.  

 

Student 3:  We do.  For example we use ñ
ï
3ò to locate a landmark relative to a Benchmark, or to 

describe a movement ñ3 landmarks to the leftò 

 

Mathematician:   Thatôs correct and mathematicians use integers to represent locations as well 

as movements. 

 

Student 1: What is the difference between a counting number and an integer? 

 

Student 2: A counting number is positive, or maybe zero and an integer is positive, negative or 

zero. 

 

Student 3: So a counting number canôt be used to show direction and this is why up to now we 

have said ñn to the leftò or ñn to the rightò. 

 

Student 1: Because n was always a counting number. 

 

Mathematician: All that is absolutely correct and you have shown that you understand 

something. 
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Student 2: So if we say ñthe counting number nò, then n is positive .or zero. 

 

Student 3: But if we say ñthe integer nò  then n can be positive, negative or zero. 

 

Mathematician: Right again. 

 

Student 1:  Time to Practice? 

 

Mathematician:  Time to Practice. 
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TCHR  Notes for all four worksheets in section 12:  

¶ In each worksheet students use Integer Line diagrams to represent Trip Line 

distance concepts  

¶ Each worksheet has four parts labeled I, II, III and  IV.  Information and/or 

instructions about each part is given below and should be handed out to each 

student as they work each of the four worksheets. 
 

Part I  of all four worksheets shows Trip Line and Integer Line Diagrams; the following 

information tells which letters are used as variables and which are used as constants: 

 

Trip Line Diagram:  

 

1. Landmark S (which is not a Benchmark) is fixed, therefore ñSò is a constant, not a variable. 

 

2. Landmark E is not fixed, its location depends on the value of n and its orientation relative to 

S, therefore ñEò is a variable. 

 

Integer Line Diagram: 

 

1.  Point Q (which is not the origin) is fixed, therefore ñaò, the non-zero coordinate of point Q, 

is a constant, not a variable.   

 

2.  Point P is not fixed, its location depends on the value of n and its orientation relative to Q, 

therefore ñxò, the coordinate of point P is a variable. 

 

Part II  of all four worksheets presents abstract diagrams of the possible configurations for that 

worksheet.   

 

Part III  of all four worksheets introduces Integer Variable Sentences to represent Trip Line 

Variable Sentences. The Part III worksheet below may be used to organize student responses to 

Part III.  The worksheet asks groups to do the following and mark everything on an Integer Line 

Diagram. 

: 

¶ Choose a configuration A, B, C or D from the list in Part II and select a point as its origin. 

¶ Choose a point Q and write down its coordinate a. 

¶ Find the values of and draw the arrows for (n to the left) and (n to the right) 

¶ Find points P and write down their coordinates. 

 (For example a group might agree on a configuration, the origin, and point Q, then 

each member of the group might choose different values for n) 
 

TCHR: At least one configuration other than A should be used. 

 

In Part IV  each group reports out.  The part IV worksheet below may be used to organize group 

report outs. 
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Part I II worksheet:   TL9 12- _____ 

 

Name(s):  ______________________________Group name:  

_______________________________________ 

 

Configuration:  ____ 

 

Integer Line Diagram: Use integer coordinates to label the Origin and the other points. 

 

 

<ïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïï> 

 

 

 

ñaò the coordinate of point Q =  ________ 

 

Draw the two movements:  n to the right  =  ____________      n to the left  =  ______________ 

 

The values of ñPò  =  _______________________________________ 

 

 

 

 

 

 

Part IV worksheet:   TL9 12- _____ 

 

Name(s):  ___________________________________Group name:  

___________________________________ 

 

Each group:  Explains one or more integer models of the Trip Line Diagram. To do this it:   

 

¶ assigns the origin to a Benchmark =  ________________  

¶ assigns the fixed point Q to landmark S  =  _____________ 

¶ assigns ñPò to landmarks on the Trip Line and explains the relation between these 

landmarks, the movements (n to the right) and (n to the left) and S. 

 

Integer model: 

 

<ïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïï> 

 

 

 

Trip Line Diagram:  

 

<ïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïïÅïï> 
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Worksheet TL9 12-1 Individual/Group:  Your teacher will give you instructions to follow as 

you work through this worksheet. 

 

I.  Equivalent Trip Line Variable Sentences. 

1. E is either (n to the left) of S or (n to the right) of S. 

2. The distance between S and E is n landmarks. 

3. E is n landmarks away from S. 

 

Trip Line Diagram : 

         E                  S                  E                  

½½¶½½½½¶½½½½¶½½½½½½½ 
         Åï ï ï ï ï ï ï ï ï ï ï ïÅ 

    n to the left  or  n to the right of S 

 

Integer Line Diagram: 

          P               Q                  P 

<½½¶½½½½¶½½½½¶½½½½½½½> 

           x                a                x 

           Åï ï ï ï ï ï ï ï ï ï ï ïÅ 

    (n to the left)  or  (n to the right) of a 

 

II.   Possible Integer Line Diagram Configurations: Use the example in A to diagram the 

instructions for B,C and D. 

 

A:  Points P and Q are both to the left of zero. 

            P                 Q                  P                             

<½½¶½½½½¶½½½½¶½½½½½¶½½> 

«       x                  a                  x                       0      ­ 

            Åï ï ï ï ï ï ï ï ï ï ï ïÅ 

     (n to the left)  or  (n to the right ) of a 

 

B:  Points P and Q are both to the right of zero. 

 

                            

  ½¶½½½½½¶½½½½¶½½½½¶½ 
                       

 

C:  Point Q is to the left of zero while P is both right and left of zero. 

 

 

½½¶½½ ½½¶½½¶½½¶½½½½½½½ 
 

 

 

D: Point Q is to the right of zero while P is both right and left of zero 

 

 

 

                        ½½½¶½½¶½½¶½½ ½½¶½ 
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III.  Integer Line Variable Sentences to represent the Trip Line Variable Sentences. 

Integer Line Variabl e Sentences Trip Line Variable Sentences 

 

P is either n steps to the left of Q or  

n steps to the right of Q  

 

E is either n landmarks to the left of S  or n 

landmarks to the right of S  

 

 

The distance between Q and P is n steps. 

 

 

The distance between Q and P is n landmarks 

 

P is n steps away from Q. 

 

E is n landmarks away from S. 

 

To model these Integer Representations: Complete the Part III worksheet and then 

Substitute your coordinates for P into the equations to check that they satisfy the variable 

sentences:  

1. x  =  a + (n to the left)   or  x  =  a  +  (n to the right )  

2. ¼x - a¼ =  n 

 

IV.  Groups report out. 
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Dialogue TL9 12-2 

 

Student 1:  You know some landmarks are much farther apart than others. 

 

Student 2:  Thatôs for sure.  Theyôre not all equidistant from their neighbors. 

 

Student 3:  So what is the distance we are talking about? 

 

Mathematician:  You raise a really important issue that we havenôt talked about so far.  Itôs true 

that distance in miles is very different from ña landmark awayò. 

 

Student 1:  We have not talked at all about landmarks being miles apart. 

 

Student 2:  Thatôs right, we have sentences like ñLandmark E is 3 landmarks to the right of the 

Benchmarkò,  not  ñ3 milesò. 

 

Student 3:  So on the Trip Line Diagram we are just talking about ñHow may landmarks awayò?  

Thatôs the ñdistanceò we are talking about? 

 

Mathematician:  Thatôs a really good question.  What do you think? 

 

Student 1:  Iôm not sure what I think. 

 

Student 2:  One thing is sure.  Saying ñone landmark awayò doesnôt give the same picture as 

saying ñone mile awayò 

 

Student 3.  True. ñone landmark awayò might mean ñone mile awayò or ñfive miles awayò.  But 

it is still a distance away. 

 

Mathematician:  Iôm going to let you all ñstewò over these very interesting questions about Trip 

Line Diagrams.  The Integer Line Diagram is not as interesting on this question. 

 

Student 1:  So the Integer Line Diagram is ñbusiness as usualò? 

 

Student 2:  Every ñstepò from one point to the next ñis what it isò: a mile, or a foot, or an inch; a 

kilometer, a meter, or a centimeter? 

 

Student 3:  In other words, if two people travel at the same speed, they cover the same number 

of ñstepsò. 

 

Mathematician:  Thatôs the idea!  On our Integer Line Diagrams we are using a step as our unit  

of distance.  Donôt stop thinking about your concept of ñdistanceò, but for now we need to 

follow our distance exercise using ñorò, with a distance exercise using ñandò.  Time to practice. 
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Worksheet TL9 12-2 Individual/Group: Your teacher will give you instructions to follow as 

you work through this worksheet. 

 

I.  Equivalent Trip Line Variable Sentences. 

1. E is strictly  between (n to the left) of S and (n to the right) of S. 

2. E is to the right of (n to the left of S) and E is to the left of (n to the right of S) 

3. The distance between S and E is less than n landmarks. 

4. E is less than n landmarks away from S. 

 

Trip Line Diagram:  

                                E                S                E                  

½½¶½½½½¶½½½½¶½½½½½½½ 
                                x                a                x 

                                (                 ¶                 ) 

strictly between (n to the left)  and  (n to the right) 

 

Integer Line Diagram: 

                                  P                Q               P 

<½½¶½½½½¶½½½½¶½½½½½½½> 

                                  x                a                x 

                                  (                 ¶                 ) 

 strictly   between (n to the left)    and    (n to the right ) 

 

II.   Possible Integer Line Diagram Configurations: Use the example in A to diagram the 

instructions for B,C and D. 

 

A:  Points P and Q are both to the left of zero. 

                                   P               Q               P                             

                        <½½¶½½½½¶½½½½¶½½½½½¶½½> 

                   «           x                a                x                    0      ­ 

           (½½½½¶½½½½)                       

     strictly between (n to the left)    and    (n to the right ) 

 

B:  Points P and Q are both to the right of zero. 

 

<½¶½½½½½¶½½½½¶½½½½¶½> 

 

C:  Point Q is to the left of zero while P is both right and left of zero. 

 

<½½¶½½ ½½¶½½¶½½¶½½½½½½½> 

 

 

D: Point Q is to the right of zero while P is both right and left of zero 

 

<½½½½½½½¶½½¶½½¶½½ ½½¶½> 
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II I.  Integer Line Variable Sentences that represent Trip Line Variable Sentences. 

Integer Line Variable Sentences Trip Line Variable Sentences 

 

P is strictly  between n to the left of Q  

and n to the right of Q. 

 

E is strictly  between n to the left of S  

and n to the right of S. 

 

P is to the right of (n to the left of Q)  

and P is to the left of (n to the right of Q) 

 

The distance between Q and P  

is less than n steps. 

 

E is to the right of (n to the left of S) and  

E is to the left of (n to the right of S) 

 

The distance between S and E 

 is less than n landmarks. 

 

P is less than n steps away from Q. 

 

E is less than n landmarks away from S. 

 

To model these Integer Representations: Follow your instructions for III and then 

Substitute your coordinates for P into the equations to check that they satisfy the variable 

sentences:   

 

 1.     a + (n to the left) <  x  <  a  +  (n to the right)} 

 2.    x  >  a + (n to the left)   and  x  <  a  +  (n to the right) 

 3.  ¼x - a¼ <  n 

 

IV.  Groups report out. 
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Worksheet TL9 12-3 Individual/Group: Your teacher will give you instructions to follow as 

you work through this worksheet. 

 

I.  Equivalent Trip Line Variable Sentences: 

1.  E is either to the left of (n to the left of S) or E is to the right of (n to the right of S) 

2.  The distance between S and E is more than n landmarks. 

3.  E is more than n landmarks away from S. 

 

Trip Line Diagram : 

                                E                S                E                  

½½¶½½½½¶½½½½¶½½½½½½½ 

                         ÖÖÖÖÖÖÖÖ)½½½½¶½½½½(ÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖ 

                    to the left of (n to the left of S) or to the right of (n to the right of S) 

 

Integer Line Diagram 

                                  P                Q              P 

                        <½½¶½½½½¶½½½½¶½½½½½½½> 

                                  x                a                x 

                            ÖÖÖÖÖÖÖ)½½½½¶½½½½(ÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖ 

                        to the left of (n to the left)  or   to the right of  (n to the right) 

 

II.   Possible Integer Line Diagram Configurations: Use the example in A to diagram the 

instructions for B,C and D. 

 

A:  Points P and Q are both to the left of zero. 

                                    P              Q                P                             

                         <½½¶½½½½¶½½½½¶½½½½½¶½½> 

                          «     x                a                x                    0      ­ 

ÖÖÖÖÖÖÖÖ)                   ¶                  (ÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖÖ 

                      to the left of (n to the left) of a  or   to the right of  (n to the right) of a. 

 

 

B:  Points P and Q are both to the right of zero. 

 

<½¶½½½½½¶½½½½¶½½½½¶½> 

 

 

C:  Point Q is to the left if zero while P is both right and left of zero. 

 

<½½¶½½ ½½¶½½¶½½¶½½½½½½½> 

 

 

                            D: Point Q is to the right of zero while P is both right and left of zero 

 

<½½½½½½½¶½½¶½½¶½½ ½½¶½> 
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III.  Integer Line Variable Sentences that represent Trip Line Variable Sentences. 

Integer Line Variable Sentences Trip Line Variable Sentences 

 

P is either to the left of(n to the left of Q)  

or P is to the right of (n to the right of Q)  

 

E is either to the left of (n to the left of S)  

or E is to the right of (n to the right of S)  

 

The distance between Q and P  

is more than n steps. 

 

The distance between S and E  

is more than n landmarks. 

 

P is more than n steps away from Q. 

 

E is more than n landmarks away from S. 

 

To model these Integer Representations: Follow your instructions for III and then 

Substitute your coordinates for P into the equations to check that they satisfy the variable 

sentences:   

 

1.   x  <  a + (n to the left)   or  x  >  a  +  (n to the right)  

2.  ¼x - a¼ >  n 

 

 

IV.  Groups report out. 
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Dialogue TL9 12-3 

 

Student 1:  It looks like two little words ñandò and ñorò are hard at work behind certain distance 

variable sentences. 

 

Student 2:  Right.  We have ñandò behind  ñ¼x - a¼ <  nò. 

 

Student 3.  And we have ñorò behind  ñ¼x - a¼ >  nò. 

 

Mathematician:  You have done really well working separately with ñandò and ñorò.  Letôs take 

a look at combining the two in the distance variable sentence: 

 

                                     ¼x - a¼ Ò  n 

 

Student 1:  Well our first integer line diagram was for the variable sentence: ¼x - a¼ =  n 

 

Student 2:  And that had this diagram: 

 

Integer Line Diagram for ¼x - a¼ =  n: 

 

                                  P               Q                P 

                        <½½¶½½½½¶½½½½¶½½½½½½½> 

                                  x                a                x 

                                  Åï ï ï ï ï ï ï ï ï ï ï ïÅ 

                         (n to the left)    or       (n to the right) of a 

 

 

Student 3.  Then we had the ñstrictly betweenò distance variable sentence: ¼x - a¼ <  n, with 

its diagram: 

 

Integer Line Diagram for ¼x - a¼ <  n: 

 

                                   P               Q               P 

<½½¶½½½½¶½½½½¶½½½½½½½> 

                                   x               a                 x 

                                   (½½½½¶½½½½) 

                           strictly   between (n to the left)    and    (n to the right) 

 

 

Mathematician:  So, letôs use square brackets to show what we want to do with:  

 

                                               ¼x - a¼ Ò  n  
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Integer Line Diagram for ¼x - a¼ Ò  n: 

 

                                  P                Q               P 

                        <½½¶½½½½¶½½½½¶½½½½½½½> 

                                  x                a                x 

          [½½½½¶½½½½] 

between (n to the left) of a  and  (n to the right) of a 

 

Student 1:  A variable inequality for strictly between was: 

 

1.    a + (n to the left) <  x  <  a  +  (n to the right) 

 

Student 2:  Then  a variable inequality for between is: 

 

2.     a + (n to the left)  Ò  x  Ò  a + (n to the right).   

 

Student 3: Time to Practice? 

 

Mathematician:  Time to Practice. 
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Worksheet TL9 12-4 Individual/Group: Your teacher will give you instructions to follow as 

you work through this worksheet. 

 

I.  Equivalent Trip Line V ariable Sentences: 

1.  E is between n to the left of S and n to the right of S. 

2   The distance between S and E is less than or equal to n landmarks. 

3   E is less than or equal to n landmarks away from S. 

 

Trip Line Diagram  
                                E               S                E                  

½½¶½½½½¶½½½½¶½½½½½½½ 

                                 [½½½½¶½½½½] 

between n to the left  and  n to the right 

 

Integer Line Diagram 

                                  P                Q               P 

                        <½½¶½½½½¶½½½½¶½½½½½½½> 

                                  x                a                 x 

                                    [½½½½¶½½½½] 

                       between (n to the left)    and    (n to the right) 

 

II.   Possible Integer Line Diagram Configurations: Use the example in A to diagram the 

instructions for B,C and D. 

 

A:  Points P and Q are both to the left of zero. 

 

                                   P               Q               P                             

<½½¶½½½½¶½½½½¶½½½½½¶½½> 

                                   x                a                x                    0       

                                   [½½½½¶ ½½½½] 

between (n to the left)    and   (n to the right) 

 

 

B:  Points P and Q are both to the right of zero. 

 

<½¶½½½½½¶½½½½¶½½½½¶½> 

 

 

 

C:  Point Q is to the left of zero while P is both right and left of zero. 

 

<½½¶½½ ½½¶½½¶½½¶½½½½½½½> 

 

 

 

D: Point Q is to the right of zero while P is both right and left of zero 

 

<½½½½½½½¶½½¶½½¶½½ ½½¶½> 
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III.  Integer Line  Variable Sentences that represent Trip Line Variable Sentences. 

Integer Line Variable Sentences Trip Line Variable Sentences 

 

P is between n to the left of Q and 

n to the right of Q. 

 

E is between n to the left of S and n to the right of S. 

 

The distance between Q and P 

 is less than or equal to n steps. 

 

 

The distance between S and E is less than or equal to n 

landmarks. 

 

 

P is less than or equal to  

n steps away from Q. 

 

E is less than or equal to  

n landmarks away from S. 

 

To model these Integer Representations: Follow your instructions for III and then 

Substitute your coordinates for P into the equations to check that they satisfy the variable 

sentences:   

 

1.              a + (
-
n) Ò  x  Ò  a  +  (

+
n) 

2.           ¼x - a¼ Ò  n  

 

IV.  Groups report out. 
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SECTION 13.  Opposites, Negative Integers and Benchmark Movements 

 

Dialogue TL9 13-1: 

 

Student 1:  Suppose we have two landmarks S and E and some students are moving (n to the right) from 

S to E while others are moving (n to the left) from E to S: 

 

Trip Line Diagram 1 : 

                                       S                                     E 

                                       ¶                                      ¶ 
                                                                                  (n to the right) 

                                                                                  (n to the left) 

 

Student 2: The movements are different, but they cover the same distance.  

 

Student 3: The students are moving in opposite directions, so I think of (n to the right) and (n to the 

left) as opposite movements.   

 

Mathematician:  And a good thought that is.  

 

Student 1:  What are opposite movements?  

 

Student 2:  And what might they look like on the Integer Line Diagram? 

 

Student 3:  They might look like this; we just name points not landmarks. 

 

Integer Line Diagram 1: 

 

                                       Q                                     P 

                                       ¶                                      ¶ 
                                                                                  (n to the right) 

                                                                                  (n to the left) 

 

Mathematician:  Thatôs a good start. Mathematicians use ñ- ñ to represent the action, ñtake the 

opposite of ñ.  So they might place ñbò and ñ-bò in your diagram: 

 

Integer Line Diagram 2: 

 

                                       Q                                     P 

                                       ¶                                      ¶ 
                                                                                     b 

                                                                                  -b 
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Student 1:  What about these two movements on the Trip Line, are they opposite movements? 

 

Trip Line Diagram  2: 

 

                                  E               S                E                  

                          ½½¶½½½½¶½½½½¶½½½½½½½ 

                                                    ¶                                                     
                (n to the left)  or  (n to the right) of S 

 

Student 2:  I think they are and hereôs what I think they look like on an Integer Line Diagram: 

 

Integer Line Diagram 3: 

 

                                 P                 Q                  P      

                                 ¶                  ¶                   ¶ 
                     x                  a                   x 

                                                     ¶                                                      
                                       (-b)    or     ( b )  

 

Student 3:  I agree, but it looks like ñ(-b)ò just means ñb to the leftò.  Is that what ñtake the opposite ofñ 

means?  Could we have representations like these? 

 

Integer Line Diagram 4:   

 

                                 P                 Q                  P 

                                 ¶                  ¶                   ¶ 
                     x                  a                   x 

                                                     ¶                                                      
                                       (b)    or     (-b )  

 

Integer Line Diagram 5: 

 

 

                                       Q                                     P 

                                       ¶                                      ¶ 
                                                                                   (-b ) 

                                                                                   ( b ) 

 

Mathematician:  Yes.  If ñbò represents a movement to the left, then the opposite of b, ñ-bò, 

represents a movement to the right covering the same distance. 

 

Student 1:  So how do we read ñ-bò? 

 

Student 2:  We are taking the opposite of b, so we could read it ñthe opposite of bò.   

 

Student 1: That symbol ñ-ò sure looks like a minus sign. 

Student 2:   For example, if b  =  
-
3, represents a movement of 3 steps to the left, what does 

 ñ-bò represent? 
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Student 3:  It would represent a movement of 3 steps to the right or 
+
3.  In other words, if b equals the 

negative integer  
-
3, then -b  equals the positive integer 

+
3. 

 

Mathematician:  That is exactly correct.  Note, however, in mathematics, we donôt always write the + 

sign for a positive integer. 

 

Student 3: Here is an Integer Line Diagram that shows such movements: 

 

                 Å              Å              Å              Å              Å              Å             Å              Å              Å 
     ï

4            
ï
3            

ï
2            

ï
1              0             1             2             3             4 

                            (
ï
3)                                                                     (

+
3) 

                                                 (
ï
2)            Å             (2) 

 

 

Student 1:  So the opposite of negative 3 (a movement to the left) is positive three (a movement to the 

right):  

                     the opposite of negative three is positive three:    - (
-
3) =  

+
3 = 3 

 

Student 2:  But also the opposite of positive 3 (a movement to the right) is negative three (a movement 

to the left):  

 

                  the opposite of positive three is negative three:     - (
+
3)  =  

ï
3 

 

Student 1: I thought those ñ-ò symbols looked like negative signs. 

 

Student 3: They are very close, but a little different.  In ñ-bò, the symbol ñ-ò means ñtake the opposite 

of b, but in  ñ
ï
3ò, the symbol ñ

ï
ò tells us that ñ

ï
3ò is a negative integer. 

 

Mathematician:  So far so good. Now suppose b is an integer movement, is - b a movement to the left 

or to the right? 

 

Student 1:  To the left 

 

Student 2:  Not so quick.  We need to know more about b. 

 

Student 3:  Thatôs right.  Suppose ñbò represents a movement to the left, like 
-
3.  Then ñ-bò represents 

the opposite movement, 
+
3, a movement to the right. 

 

Student 1:  So what do we know about -b as an integer movement? 

 

Mathematician:  Just that much, that itôs an integer movement.  We donôt know if it is moving to the 

left or to the right.  

 

Student 2:  I just noticed something.  A movement that starts at the Origin and ends at a point P, tells us 

the location coordinate of P. 

 

Student 3: Like in the above diagram, we have a movement that starts at 0 and goes two steps to the 

right to end at the location of 2. 
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Student 1:  O.K.  I see it too.  Itôs like ñOf course thatôs what such a movement doesò, but I didnôt see it 

until you said it. 

 

Mathematician:  Good thinking.  A location coordinate for a point P tells us the movement from the 

Origin to point P. 

 

Student 1:  So those are special movements. 

 

Student 2:  Yes.  Movements that start at a special point, the Origin.  Can we give them a special name? 

 

Student 3:  We can name them what we want.  But I think we should call them Benchmark movements, 

because the Origin represents some Benchmark. 

 

Mathematician:  That sounds like a good name to me.  Time to Practice 
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Notes for  the worksheets in Section 13. 

 

Worksheets TL9 13-1, 13-2 organize the work of Worksheets TL9 13-3, 4, 5 and 6 as follows. 

 

1. In 13-1 we ask you to construct integer models of the given equations and/or inequalities  

2. In 13-2 we ask you to construct Trip Line People Talk versions of the  equations and/or 

inequalities in 13-1. 

 

Use copies of Worksheets 13-1 and 13-2, provided by your teacher to make your responses for 

Worksheets 13-3, 4, 5 and 6. 

 

The four  Worksheets 13-3, 4, 5 and 6 revisit the distance sentences of section 12 for the special 

case in which S is the Benchmark.  They all begin with the identification of Benchmark 

movements, movements that start at the Origin.  Each of them has two parts. 

 

Part I  of all four worksheets displays Integer Line Diagrams.  The following information tells which 

letters (in all four worksheets) are used as variables and which are used as constants. 

 

Integer Line Diagram: 

1.  Point O, the origin, is fixed, therefore ñOò is a constant, not a variable.   

2.  Point P is not fixed, its location depends on the Benchmark movement (b or -b) that ends at P. 

Therefore ñxò, the coordinate of point P is a variable.  Pay careful attention when you assign integers 

to the Benchmark movements:  in some diagrams b points to the left and so -b points to the right; in 

other diagrams b points to the right and so -b points to the left. 

 

 

Part II of all four worksheets contains Integer Variable Sentences and their ASRs which are equations 

and/or inequalities. 

 

TCHR:  Copies of these notes should be available for and read by students as they do the 

worksheets in Section 13.  
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Worksheet :   TL9 13-1 Integer models of Trip Line movements that start at the Benchmark : 

 

Name(s):  ______________________________________________________________________ 

 

Group name:  _________________________________ 

 

Benchmark movement,  b  =    _______           Benchmark movement,  -b  =   ________ 

 

Integer model: Use integer coordinates to label the Origin and the other points.  Then draw and 

label the two Benchmark movements:               

 

         Å             Å             Å             Å             Å             Å            Å             Å             Å             Å             Å             Å           Å 

 

 

 

 

 

Substitute the values for ñbò and ñ-bò into the ASRs and compute the value(s) for ñxò and the 

coordinates of P. 

 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

Discuss how each ASR encodes the information that ñbò and ñ-bò are Benchmark movements. 

 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ð 

 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
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Worksheet :   TL9 13-2 Groups report out:  

Use People Talk about Benchmark and Landmark locations as well as People Talk about Trip 

line movements to interpret Worksheet TL9 13-1: 

 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 
 

½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½½ 

 

TCHR:  Make four copies each of Worksheets 13-1 and 13-2 for each student. 
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Worksheet TL9 13-3 Individual/Group:  

 

I.  Integer Line Diagram: 

 

                                 P                 O                 P 

                                 ¶                  ¶                  ¶ 
                     x                  0                  x 

                                                     ¶                                                      
                                           b       or      -b   

 

 

 

II.  Integer Variable Sentences and their ASRs 

 

Integer Variable Sentence                    ASR 

 

x is either -b from 0 or  b from 0  

 

         

1.  x  =  0 +  b  or  x  =  0  +   (-b)   

 

The distance between x and 0 is -b. 

 

         

 2.     ¼x - 0¼ =  -b 
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Worksheet TL9 13-4 Individual/Group:  

 

Integer Line Diagram: 

 

 

                                 P                 O                  P 

                                 ¶                  ¶                   ¶ 
                  -b       x        0         x        b 

                                 (                  ¶                    )                                  

                                          

                       x is  strictly   between ðb    and    b 

 

 

 

II.  Integer Variable Sentences and their ASRs 

 

Integer Variable Sentence                       ASR 

 

x is strictly  between  -b and b  from 0 

 

        

  1.     0  + (-b)  <  x  <  0  +   b 

 

x is to the right of -b and to the left of b. 

 

        

2.     x  >  0  + (-b)  and  x  <  0  +  b 

 

The distance between 0 and x is less than b. 

 

        

3.   ¼x - 0¼ <  b 
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Worksheet TL9 13-5 

 

Integer Line Diagram: 

 

 

                                 P                 O                  P 

                                 ¶                  ¶                   ¶ 

             x      b                  0                -b     x 

                      ÖÖÖÖÖÖÖÖÖÖÖÖ)                  ¶                   (ÖÖÖÖÖÖÖÖÖÖÖÖ                                

                    x is to the left of b   or   to the right of  ðb   

 

 

 

Integer Variable Sentences and their ASRs 

 

Integer Variable Sentence                             ASR 

 

x is either to the right of  -b or to the left of b 

 

  

1.    x   >  0  + -b  or  x  <  0  +  b 

 

The distance between 0 and x is more than -b. 

 

  

2.    ¼x - 0¼ >   b 
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Worksheet TL9 13-6 : 

 

Integer Line Diagram 

 

                                 P                 O                  P 

                                 ¶                  ¶                   ¶ 

                  -b       x        0         x        b 

                                 [                  ¶                    ]                                                                                                                          

                                x is   between -b and       b 

 

 

 

 

II.  Integer Variable Sentences and their ASRs 

 

Integer Variable Sentence                   ASR 

 

x is  between -b and b 

 

 

1.  0 + (-b) Ò  x  Ò  0  +  b 

 

x is greater than or equal to -b and less than or equal to b 

 

 

2. x  Ó 0  + (-b)  and  x  Ò  0  +  b 

 

The distance between 0 and x is less than or equal b 

 

 

3. ¼x - 0¼ Ò  b  

 

 


