Math 305 Linear Equations

A first order differential equation can be linear in either y or ¢. An ODE is linear in y if it can ultimately
be written in the form

Y +p(t)y = f(t)

Steps: 1. Identify the coefficient of y’.
2. Is the derivative of this function equal to the coefficient of y? If yes, go to 7. If no, go to 2.
3. Divide by coefficient of y’.

4. Now identify p(t) (the coefficient of y).

5. Evaluate /p(s)ds.
t

6. Multiply the ODE through by eft p(a)ds

7. The left-hand side can be written as the product of the coefficient of 3/ times .
Write it like this.

8. Integrate both sides.

9. Plug in IC.

Example A. t%y/ + 2ty =sint. y (—) =1.
1. The coefficient of 3/ is t2.

d
2. %tQ = 2t =coefficient of y. Go to 7.

d
7. 2y 42ty = a(to) = sint

8. /d(to) = /sintdt so that t2y = —cost + c.

72 72
9. Plug in IC: T 1 =0+ c. Thus t?y = —cost + ik
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Example B. (sint)y’ + (cost)y =e¢' y (ﬁ) -0
1. The coefficient of v is sint.

2. —sint = cost =coeflicient of y. Go to 7.

dt

d
7. (sint)y’ + (cost)y = a(y sint) = e'.

8. /d(y sint) = /etdt so that ysint = e + c.

9. Plug in IC: OSin% = e™/* + ¢. Thus ysint = et — e™/%.

Example C. 2y +y =1t y(0)=1.
1. The coefficient of vy is 2.

d
2. £2 = 0 # coefficient of y.

3. Divide ODE by 2.
1
5"
1 1
. =ds = ~t
5 /st 5

6. et/zy/ + %et/zy — (et/Q)%

4. p(t) =

1 d t
2, L ot/2, t/2.\ — (ot/2\ L
7. ety + 5¢Y = o (e y) (e )2

t
t/2,\ _ [ L t/2
/d(e y) /26 dt so that

yel/2t — tel/2t _9ol/2t 4

®

9. Plugging in IC 1 = 0 — 2 + ¢. Thus yet/? = tet/2 — 2et/2 + 3.
An equation is linear in ¢ if it can be written as
t'+py)t = fy).

The procedure is the same as the above replacing ¢t by y and y by t.
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Example D. t' 4 (tany)t =siny. y(0) =0

1. The coefficient of ¢ is 1.

d

d_(l) = 0 # tany = coefficient of t.
Yy

3. Divide ODE by 1.

4. p(y) = tany
5. /p(s)ds = —Incosy = Insecy
y

6. Note e"s¢¢¥ = secy. This is what we will multiply the ODE through by
(secy)t’ + (tanysecy)t = sinysecy.

7. (secy)t’ + (tanysecy)t = di((sec y)t) = sinysecy
Y

sin
8. /d(tsecy) = / codey so that tsecy = —Incosy + c.

9. Plugging in IC: 0sec0 = —Incos0 + ¢. Thus tsecy = —Incosy.

Problems:

e’y +2te’y =tant  y(0) =1

—_

3
2. t_3’—t—4y:t y(l) =3

3. (siny)t' + (cosy)t=32+1  y(0)= g

4. y*t' + 2yt =siny  y(0) =

6 t’-i—lt—cos (2)=1
. y — y y =

1
7. iy’ —ty=¢"sin®t  y(0)=1

8. (siny)t’ — (cosy)t = siny y(l) =
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Hint I:

Note that when an equation is linear in y, and you have written the left-hand side as the

derivative of a product, the right-hand side should only involve t! If not, something is wrong.

Hint II: By now you should realize that ¢, y, x, z, etc. are what we call “dummy” variables. You can
have equations linear in any of these variables with one of the other variables the independent variable.
A first order ODE is said to be linear if the ODE is linear in the dependent variable.

Examples:

9. 3y =

10.

y4

3t + y°
z' + (cot s)z =1

11. 22’ + 2yx = Y
t
12, t = ——
3 —w
13. t/ — =t = a3sinz
x
Solutions:

1.

2.

10.
11.

12.

13.

y=re1In|sect|+ et

y = 5t°+ 3t°

13 1 /m\3
=3y cscy+ycscy — +—<§) cscy

1 V2
t=——5cosy+ -
y? 2y?

y = sint + (2v/2 — 1) cost
: 1 , 1
t =siny + —cosy + (2 —sin| — cos|)—
Y Y

y = —2¢t cost + et

t = —sinyIn|cscy + coty| + (V2 + In(v2 + 1)) siny

1
t__5 3
—2y cy

z= —cots+ccscs

2 2

r=1y “eY+cy"

3

t =—x3cosx + 2x2sinx + 2xcos T + cx



