Math 305 Bernoulli Equation

A first order differential equation can be Bernoulli in either variable. A Bernoulli equation in y would
be written in the form

y +p(t)y = ft)y".
A Bernoulli equation in ¢ would be written in the form

' +py)t = fly)t".

We will look at the first case. The basic idea is to make a change of variables and reduce this nonlinear
equation to a linear equation.

Steps:

1. Let v(t) = (y(t))—".

dv dy
2. h 1 1 _— = 1 J— _n_'
Compute the derivative i (1 —n)y i
3. Solve for d_y = y_d_v and substitute into the ODE.
dt 1—ndt

4. Divide by y".
5. Change y'!~" terms into v.

6. The equation is now linear in v.
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5. id_zt) + 2—tv = % Now solve as a linear equation. You still have work to do!



Math 305
Example B. (siny)t’ — (cosy)t = yt?

1. o(y) = (ty) 2 = (t(y)

dv dt
2. — = —1t72—,
dy dy

3. dt = —th—v so that (siny) (—th—v) — (cosy)t = yt?

dy dy dy

dv
4. (—siny)— — (cosy)t—! =
( w@ (cosy) Y

dv

5. —(sin y)@ — (cosy)v =y Can you finish this?? Hint: It’s linear in v!

Problems:
Loy +y=t2ty/?2  y0) =4
, 1.,
2y —ay=ge "y y(1) =1
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3. 20 —x=— x(1) =4
ST
4. $*t +st= Ins tle) =3
' 2t B
5. (sinz)y’ + 2(cosx)y = xy>/? y (%) =1

Solutions:

1. el/2tyl/2 = ¢2et/2 — 4tet/? 4 8et/? — 4

2

2. S —rte—1
y

3. z2e ¥ =1Ins— 16e 1!
4. $%t2 = slns — s + 9¢?
—1/2
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:xcotx—ln|sinaz|+\/§—1+ln\/§
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