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Abstract: The Ehresmann connection on a fiber bundle that is not compatible with a (pos-
sible) Lie group structure is illustrated by the geometry of a general anholonomic observer in
the Minkowski space. The 3D split of Maxwell’s equations induces geometric terms that are
the (generalized) curvature and torque of the connection. The notion of torque is introduced
here as a Lie coalgebra-valued endomorphism field and measures the deviation of a connection

from being principal.
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I. Motivation

The standard description of the connection in a fiber bundle relies typically on some group
structure acting along the fibers. In particular, the connection form assumes values in the
corresponding Lie algebra, as does the curvature bi-form. This group-based understanding of
connection obscures its geometric meaning and excludes possible applications of this concept
in cases where no particular symmetry is distinguished or demanded.

Although a general Ehresmann connection on a fiber bundle on which no Lie group
structure is defined or considered has already been formulated (see e.g., Refs. 1 and 2).
Without a group structure, the connection form is described in terms of an endomorphism
field, and the curvature tensor can be reinterpreted in terms of Frolicher-Nijenhuis bracket.
Chapter III reviews these concepts in a format applicable to physics. We also introduce a
notion of a torque of connection that measures the deviation of the connection from being
principal.

The concept of a general connection seems interesting and should find application in
field theory and other areas of mathematical physics. We illustrate the general connection
with the anholonomic observer in the Minkowski space. Also, we describe the induced split
of Maxwell’s equations in a coordinate-free manner (cf Ref. 3), which is another motivation
for these notes We show that the language of generalized connection allows to preserve the
elegance of Maxwell’s equations in 3D for anholonomic reference frame via the concepts of

“curvature” and “torque” of the connection determined by an observer.

II. Observer in the Lorentzian manifold

Let M be a Lorentzian space-time, i.e. a 4-dimensional pseudo-Riemannian (possibly curved)
manifold with metric tensor g of signature (+ ———). An observer is a congruence of time-like
curves in M (called sometimes a “perfect fluid””. It should not be confused with an individual
observer — represented by a single time-like curve in M). An Observer can be equivalently
represented by a normalized future-oriented vector field T' € XM, |T|?> = g(T,T) = 1. (See
e.g., Ref. 4). The field of directions 7 = span{T'} will be called time distribution on M.
Define a one-form

r=g(T, )€ A'M (2.1)

Distribution § =: Ker 7 will be called a spatial distribution of observer T'. Thus a choice of
an observer amounts to fixing a pair of two transversal distributions 7 € D'M and S € D3M

that are mutually orthogonal and span the tangent space at each point of M

TL1S TeS=TM (2.2)



or, using g, to fixing a pair {7, 7}, such that

TIME = 7 = spanT
(2.3)
SPACE = S = Ker .

If the distribution of local space-hyperplanes S is integrable, the observer is called holonomic;
otherwise it is anholonomic. Note that, by the Frobenius theorem, the space distribution S
is integrable if 7 A dr = 0 (which in coordinates becomes a rather index-trashed equation,
9avT*0;(g;xT7)+cycl (b, i, k) = 0). In this paper, we shall deal with the most general observer;

in particular, we shall see how anholonomic observers perceive the world of electrodynamics.

The pair (T, 7) can be used to construct on space-time an endomorphism field, i.e. (1,1)-
variant tensor field

k=17RT. (2.4)

Proposition: The observer endomorphism field Kk satisfies

(@) [Tok]=(£rr)T
(i) [k,K]==2ip(tANdT)RT

where the brackets represent Frolicher-Nijenhuis products of vector-valued forms.

ProOOF: The definition of the Frolicher-Nijenhuis bracket for any pair of vector-valued forms
is given in Appendix A. Here we need special cases: for a vector field T', it is [T, k| = £k, and
(i) follows directly via the Leibniz rule. In the case of two endomorphism fields (vector-valued
1-forms) K and L, the Frolicher-Nijenhuis bracket [K, L] is a vector-valued biform such that
for any two vector fields, X and Y, it is (Refs. 5,6)

(K, K](X,Y) = 2[KX,KY] - 2K[KX,Y] — 2K[X, KY] + 2K K[X,Y]. (2.6)
Substituting (2.4) leads to (ii) (use Eq. (B.11) of Appendix A). []

Now, we shall interpret a Lorentzian space-time with an observer as a fiber bundle with
a connection. Let ~ denote the equivalence relation of belonging to the same integral curve of
T. Define the seeming space of observer T as the three-dimensional manifold of equivalence
classes of ~, i.e., S = M/ ~. View space-time M as a fiber bundle over S with a natural
projection denoted

m:M — S (2.7)
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and equipped with a connection given by the ‘horizontal’ distribution S. The connection form

coincides with k = T'® 7 defined above. Clearly, x(S) =0 and x(T) =T.

Remark: The fiber bundle (2.7) actually is a principal fiber bundle: the group {exptT}
defines action via transport along the integral curves of T. However, this group action is
not—in general-—congruent with the horizontal distribution; that is, x is not a principal
connection. The magnitude of the deviation from being principal can be measured by the Lie

derivative of k along T'; call it the torque of the observer (or the connection k):
Torq (k) = (£77) QT (2.8)

Any space-like 3-dimensional manifold in M may be viewed as a section ¥ : S — M. Then
the covariant derivative VW measures ‘incompatibility’ of ¥ as a candidate for a ‘space’ with
respect to observer T'. In particular, notice that V,¥ = ¢(7, ¥,v). The next chapter will
allow us to define the torque and the curvature of a connection k via the Nijenhuis bracket,

so that

Torq (k) = [T,k] = (£p7) QT
(2.9)
Curv (k) = L[k, k] = —ip(T ANdT) @ T

These should not be confused with the standard curvature defined for the covariant derivative

in the Lorentzian manifold.

Figure 1: An observer in space-time



ITI. Ehresmann Connection on a general fiber bundle

This chapter contains a brief exposition of the concept of a general Ehresmann connection®
on a fiber bundle in a group-free context is presented. A concept of connection torque is

proposed to account for a connection on a principal fiber bundle that is not group-invariant.

A. Connection form. Consider a fiber bundle {7 : E' — M} over a n-dimensional manifold
M with dim E =n + N. A connection on a fiber bundle {7 : E — M} is any n-distribution
HCD"E

H:p— H,<T,E (3.1)

of subspaces complementary to the fibers. Consequently, the connection determines a decom-
position of tangent spaces

T,E= H,®V, (3.2)

at each p € E, where V € DN E, is the vertical distribution defined V,, = {v € T, F | m.v = 0}.
In particular, each tangent vector X € T'E may be uniquely decomposed into a ‘vertical” and
a ‘horizontal’ part: X = Xy + Xy. Once chosen, H (not necessarily integrable) is be called

the horizontal distribution.

Splitting (3.2) can be described in terms of an endomorphism on E, namely the projection
of tangent vectors of T), ' onto subspace V), along subspace H,,. This is a linear map s : T, £/ —
T, E such that

(7) Kok=K
(3.3)

(17) k| =0 and k| =id
H \%
In particular, K(X) = Xy. Operator x has been called somewhat improperly a ‘connection

form,” although it is a (1,1)-type tensor field and will hence be termed a ‘field of endomor-

phisms.’

B. Lifting vectors. The horizontal distribution defines the lifting of vectors from the basis
manifold M to the total space E; for any point p € E and m = w(p) € M, define a linear
map : T,,M — T,FE such that
(i) veH
(3.4)
(11) m(v) =
for any v € TM. This can be extended to vector fields on M, which are lifted to (horizontal)

vector fields on E. The definitions may be summarized in terms of the following ezxact sequence
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K

0 — TrpmM T,E T, E ——=— Tr(yM — 0. (3.5)
The extensions of the two operations (i) and (ii) to the vector fields will be denoted by the

same symbols:

(7) lifting T XM — XyE
(i) projection k: XE — Ay E

where Xy E and Xy E denote vertical and horizontal vector fields, respectively.

C. Covariant derivative of a section. A horizontal distribution defines uniquely a covari-

ant deriwative of a section W : M — FE along vector v € T,,, M as a vertical vector
V¥ = K(\IJ* (’U)) S V\p(m) (3.6)

at point ¥(m) € £. (Equivalently, V,¥ = V,v — v, where v is understood as lifted to the
points of section W(M).) In general, a covariant derivative of section ¥ may be viewed as a

linear map T, M — Ty () E defined

Figure 2

Connection and covariant derivative

This, clearly, extends to vector fields and gives a (point-wise linear) map

VU : XM — XE (3.7)
w (M)

from vector fields on M into vertical vector fields along the image W(M) of the section.

D. Curvature via Nijenhuis bracket. Since the endomorphism s may be viewed as a
vector-valued differential 1-form, the Frolicher-Nijenhuis theory of differential ‘vector forms’
(i.e., (1, k)-type tensors) applies to it. In particular, curvature may be defined in a coordinate-

free, geometric fashion.?
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Definition: If x is the (1,1)-tensor of connection, then the curvature is a (1,2)-tensor defined

as
1
Q= 5[%@, K. (3.8)
where [, | denotes the Nijenhuis bracket of vector-forms (see Appendix A).

It is easy to see that the form Q is vertical, 7,2 = 0 for any vertical v. One can thus define a

bi-form w on M that assumes values in the vertical vector fields on F,
w(v,w) = QV,w). (3.9)
If XY € XM are two global vector fields on M, then w(X,Y’) is a global (vertical) vector
field on E.
Since vector-forms form a graded Lie algebra, the Bianchi identity follows immediately?
[Q, k] =0. (3.10)

Indeed, [, k] = [[k, K], K] = 0 due to the (graded) Jacobi identity. This pleasant result shows
that the lack of a particular group structure in the fibers is not an obstruction to the existence

of quite a lot of structure in the notion of a general connection.

E. Principal fiber bundle and torque. Let 7 : E — M be a principal fiber bundle, i.e.,
let a group G act freely and transitively on fibers of E. In particular, the Lie algebra L of G

is represented by the vertical vector fields
p: L—X,E. (3.11)

induced by the diffeomorphisms of the action of the group. The connection x is principal if
it is invariant under the action of the group. Consider a general Ehresmann connection on a

principal fiber bundle that does not necessarily agree with the group action.

Definition: Torque of a general connection on a principal fiber bundle is a tensor
Torq (k) € L* @ T4 (3.12)
which, evaluated on a € L, is
Torq (k)(a) = £ (q)k- (3.13)
Torque is clearly linear in a, and measures the deviation of the connection from being
principal. If {e,} is a basis in L, and {,} in the dual space L*, then
Torq (k) =&, @ £\ K (3.14)

(summation over p).



IV. Geometry of Maxwell equations

This chapter analyzes the geometry of Maxwell’s equations in the context of a (generalized)

observer.

A. Maxwell Equations in M3 and M*.

Let us review the geometric content of Maxwell’s equations as presented in the standard way
(see also Refs. 7, 8).

In the “pre-relativistic” formulation of Maxwell’s equations, space is a 3-dimensional
manifold M? equipped with a Riemannian structure g, while time appears in the theory as a

parameter rather than a coordinate.

dE* = o dB =0
(4.1)
dE = —0,B dB* = J + 0,E*

where the fields F and B are differential 1-form and 2-form respectively. The Hodge star x
acts as a linear map * : A*M — A3"*M and is defined by

* (o, 8) =a A (4.2)

where the bracket denotes the scalar product of forms (of the same degree) induced from
g in M3. An immediate implication of Maxwell’s equations is the ‘continuity equation,’

In the relativistic formulation, the Maxwell equations are rewritten in 4-dimensional
space-time, a manifold M* equipped with a pseudo-Riemannian structure g of signature (+ —
— ). An electromagnetic field is a differential bi-form F € A2M*, and the current-charge
density is a differential 3-form j € A3M. The Maxwell equations are:

dFF =0
(4.3)
d+«F =3

The first equation implies via the Poincaré Lemma the (local) existence of a differential 1-
form A € A'M*, such that F = dA. The second equation implies that dj = 0 (continuity

equation). The laws of electromagnetism may be summarized in the following diagram:



e —+ - F —2 L9
l* (4.4)
d . d
L e T Tt |

where
F e ANM «— electromagnetic field

G =xF e AN’M «— dual electromagnetic field
AecA'M «— electromagnetic potential

jeNM «— charge-current

The Hodge star * is now defined as a point-wise linear map A*M — A*~F¥M, such that

¥ (@, 8) = a A #B (4.5)
for any two forms of the same degree, where (, ) denotes he pseudo-Euclidean scalar product
on M*.
B. An observer and fields

Let A and o be a vector field and a differential 1-form, respectively, o € A'M and A € X' M.
Then for any k-form w € A¥M, the following formula holds (see e.g., Ref. 9):

Ad(ahw)+aA(Adw)=a(A) - w. (4.6)
Denoting the interior and exterior multiplications by

iaw=A_lw=w(A4,...)

eqw =a N w

we may rewrite (4.6) as ix o eq + €4 0ig = (a, X)-id. If form « and vector A are chosen

so that «(A) = 1, then one has a ‘decomposition formula’
ix o€y +€qoiag = id (47)

that allows an exterior form to be split into two parts—one that is “parallel” to the direction
of A and one that is “parallel” to the complementary direction of the co-plane spanned by

the kernel of «a, Ker a.
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Now, consider a Lorentzian space-time with an observer {7, 7}, with 7(T") = 1. The split
formula

6ToiT+iTo€T:id

allows any exterior form w in space-time to be split into a sum of two terms characteristic for
a particular observer, i.e.
w =¢€; o ipw + ip(T AW)r = Wiime + Wspace
(4.8)
=T Nwr + Wws
where both wr and wg are purely spatial, since they vanish under i7. Applying the split to the
bi-form F of an electromagnetic field gives the observers’ electric and magnetic component:

Fo=e;oipF=7N(T_F)

F:Fe+Fm Where {Fm:iToeTFETJ(T/\F).

The observer perceives the magnetic field defined as a bi-form B = ip(7 A F) and the electric
field defined as 1-form E = —irF, and the original tensor can be reconstructed as F =

E AT+ B. A similar split occurs for other fields, as summarized below:

F=EANT+B where E=—ipF B=irT\NF
G=7NH+D where H=1i7rG D=irtNG
j=0—TNJ where J=—irj 0=1rTAN]J
a=@pr+ A where Y =ira A=irtANa

C. An observer and the Maxwell equations

Now we shall see the Maxwell equations under the geometric split (4.8). First, however, a

definition of the two operators;

Definition: The spatial exterior derivative d3 and the time derivative of a differential form
are, for observer {T', T}, the following operators:

(4.9)
dsw = i7 7 N dw.

Lemma 1. In the reference system of observer {T, 7}, a differential equation dw = o involving
exterior forms splits into a pair of equations
dsws = 05 + Curv (1) Jw

(4.10)
—wg + dswr = op — Torq (1) Jw
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where

Torq (1) Jw =(£pT) Nipw =T A wr
(4.11)
Curv (1) Jw = —ip (T AdT) Nigpw = —ip(T AdT) A wr.

The first equation of (4.10) is purely spatial (vanishes under it ), and the other is temporal

(vanishes under e, ).

Proof: Consider d(7 A irw + ipT Aw) = 0. Apply i A 7 to both sides to obtain the first
equation:

os =ip(T Nd(T Nirw +ipT Aw))
=ip(T A (dT ANwp — 7 A dwr + dwsg)
= ip(T AdT) ANwr +ip(T A dwg)

= —Curv _lwr + d3swg

To obtain the second equation, apply ir to both sides:

or = ipd(T Nirw +irT Aw)
= iT(dT ANwr — 7 AN dwr + de)
= (deT) N wp — iT(T A dwT) + dews)

= (.,ETT) Nwp — dng) + d)s)
where we used £, = ird + dir. []
Theorem 1. Mazwell’s equations in the reference system of observer {T,T} are

dsE = —B — Torq (1) IF dsH =D + J + Torq (1) UG (4.12)
4.12
d3B = Curv (1) 1 F d3D =p+ Curv (1) UG

where

Torq (1) Jw =(£77T) Nipw
(4.13)
Curv (1) Jw = —ip(T AdT) Nigw.

Proof: Apply Lemma 1 to both equations of (4.3). []

From (4.12) follows that Curv(7) JF can be interpreted as an “apparent” magnetic

charge, and Torq(7) JF as an “apparent” magnetic current. Similarly, Curv(7) G and
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Torq (7) _IG contribute to the effective electric charge and current, respectively. Clearly, if
dr =0, then (4.12) reduces to the standard 3D Maxwell equations.

The continuity equation and the potential can be treated similarly.

Corollary 2. The continuity equation for a general observer becomes

0+ dsJ = —Torq (1) _1j (4.14)
Proof: Write j = 7 A (—J) + p and apply Lemma 1. There is only one 3D equation, since dj
is a 4-form and TA kills it. []

Corollary 3. The equations for a potential are, for a general observer

E = —A+dsp—Torq _a

(4.15)
B =d3A — Curv _la.
Proof: Write F' =7 A (—E) + B and apply Lemma 1. []
Definition: The reduced (spatial) Hodge star for an observer (T,T) is defined as
*3 = iT o % (416)

where * denotes the Hodge star in space-time.

Remark: If dr = 0 and 2 : S C M is a 3-dimensional submanifold such that :*7 = const
(“instantaneous space”), then the reduced spatial Hodge star (6.16) coincides with the Hodge

star x on S, determined by the induced metric ¢*g, that is, x o ¢* = 1™ o *3.

Proposition 4. The Hodge star * intertwines the operators of e, and ip:

irox=(—)"x oe,

erox = (=)l oip

where k is the degree of the form on which the product acts, and we abbreviate (—)* = (—=1)*.

Proof: Let us show the first relation:
xoe,w=x*(TAw)= (g7 (T Aw))Jn
=(TAQ)In=(-1)*QAT)_n

= (—)kiT o ZQ’/] = (—)kiT * W
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where 2 = g7 !(w) and k = degw. The second relation follows similarly. []

Corollary 5. For any observer (T, 1), the Hodge relation xF = G reduces to

x3sE =D and x3 H =D (4.18)

Proof: Indeed, using (4.14), one calculates x3E = ipxE = —ipxipF = ipe,«F = ire;G = D.
Similarly for a magnetic field, x3B = ip* B = ir*xire, F' = ire,xe; F = irerip+xF = ipxF =

irG=H.[]
Note that the operators ip and e, = 7A satisfy the interesting algebraic property
’iT o€r o ’iT = iT and €r o ’iT ocer =~€r (419)

(cf., Temperley-Lieb algebra or Artin braid group).

Appendix A
Nijenhuis bracket

Consider endomorphisms of the space of exterior differential forms. A graded map a : AM —
AM is of degree dega € Z, if a : A¥M — A¥*dega [ Define the following product of graded
maps in AM (see e.g., Refs. 10, 11, 12, 6):

[a,b] = aob— (—)desadeed) o q (A.1)

and extend it by linearity to the space spanned by graded maps of AM. These immediate

properties

(7)  (bi-linearity)
(i5) [a,b] = —(—)d°8@deed) [p 4]  (super skew-symmetry) (A.2)

(ii7) (—)ldeeadese) 14 [b, ¢]] + cyclic terms = 0 (Jacobi identity)

turn the space of graded maps into a Lie superalgebra with superbracket [, |. Endomorphism

D is called a derivation, if it satisfies the graded Leibniz rule

D(a A B) = Da A+ (—)deldeey A Dp (A.3)
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The well-known examples include the exterior derivative and the contraction with a vector
field
AM—2 SARIAL and APM—X ARy (A.4)

where X € XM. Another derivation can be defined by contraction with any vector-form

(vector-valued form), i.e., an element of
XM @AM c TR M.
Indeed, for a homogeneous vector-form
A=a®A a€elAN'M AeXxM

the contraction defined as

iaw = aNigw (A.5)

is is a derivation of degree (k—1), which can be extended by linearity to a general vector-form.

The set Der AM of all derivations is closed under the product of the superbracket. Define

a Lie derivative along a vector-form A as

Since derivations form a superalgebra, £ 4 is a derivation. By the same argument, the super-
bracket of two Lie derivatives is a derivation. It can be shown that for any two vector-forms

A and B, there exists a vector-form denoted [A, B], such that
[[£A> fB]] = £[A,B] (A.7)

The vector-form [A, B] is called a Nijenhuis (or Frolicher-Nijenhuis) bracket of A and B. The

following theorem generalizes this result®:
Theorem. (Michor) Any derivation D € DeriAM is of form

D=Ly +ip (A.8)
for some vector-forms K and L. In particular, the exterior derivative is d = £,4. In addition

(i) L=0 if [D,d]=0
(i) K=0 iff D|ry =0.
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Since [[£x, £1],d] = 0 (by the Jacobi identity (A.2.iii)), then, by the above theorem,

there exists a vector-form [K, L] such that

[[£K7£L]] = £[K,L]'

For the special cases where K and L are two endomorphism fields (vector-valued 1-forms),
the Nijenhuis bracket [K, L] is a vector-valued biform, which, evaluated for two vector fields
X andY,is

— LIKX, Y]+ LIKY, X]
(A.9)
— K[LX,Y]+ K[LY, X]

+ LK[X,Y]+ KL[X,Y].

The Nijenhuis torsion of an endomorphism field K is defined via the Nijenhuis bracket of K
with itself:

1
Ng = §[K, K|(X,Y)=[KX,KY] - K[KX,Y] - K[X,KY] + K?[X,Y]. (A.10)
The Nijenhuis torsion of a homogeneous tensor A ® « is

%[A@a, A®al = A® (aA £ 0 — a(A)da)
(A.10)
=A® (aANd(a(A)) —is aAda).
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