Chapter 10

Some Useful Distributions

Definition 10.1. The population median is any value MED(Y") such that
P(Y < MED(Y)) > 0.5 and P(Y > MED(Y)) > 0.5. (10.1)
Definition 10.2. The population median absolute deviation is
MAD(Y) = MED(]Y — MED(Y))). (10.2)

Finding MED(Y) and MAD(Y') for symmetric distributions and location—
scale families is made easier by the following lemma. Let F(y,) = P(Y <
Yo) = « for 0 < a < 1 where the cdf F(y) = P(Y <vy). Let D = MAD(Y),
M =MED(Y) = yo5 and U = y.75.

Lemma 10.1. a) If W = a + bY, then MED(W) = a + bMED(Y') and
MAD(W) = |o|MAD(Y).

b) If Y has a pdf that is continuous and positive on its support and
symmetric about p, then MED(Y) = p and MAD(Y) = yo.75s — MED(Y).
Find M = MED(Y") by solving the equation F'(M) = 0.5 for M, and find U
by solving F(U) = 0.75 for U. Then D = MAD(Y) =U — M.

c) Suppose that W is from a location—scale family with standard pdf
fv(y) that is continuous and positive on its support. Then W = pu + oV
where ¢ > 0. First find M by solving Fy (M) = 0.5. After finding M, find
D by solving Fy (M + D) — Fy(M — D) = 0.5. Then MED(W) = yu+ oM
and MAD(W) = oD.
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Definition 10.3. The gamma function I'(z) = [~ t*~ e~ dt for x> 0.

Some properties of the gamma function follow.
i) I'(k) = (k — 1)! for integer k > 1.

i) '(z +1) =2 I'(x) for x > 0.

iii) '(z) = (x — 1) I'(x — 1) for = > 1.

iv) T'(0.5) = /7.

Some lower case Greek letters are alpha: «, beta: 3, gamma: v, delta: ¢,
epsilon: €, zeta: (, eta: n, theta: 6, iota: ¢, kappa: &, lambda: A, mu: p, nu:
v, xi: £, omicron: o, pi: m, rho: p, sigma: o, upsilon: v, phi: ¢, chi: y, psi:
1 and omega: w.

Some capital Greek letters are gamma: I', theta: ©, sigma: ¥ and phi:
.

For the discrete uniform and geometric distributions, the following facts
on series are useful.

Lemma 10.2. Let n, n; and ny be integers with ny < ny, and let a be a
constant. Notice that >.72 a'=mng—n; +1ifa=1.

i=nq

ng
; a’nl _ a’ng—l—l
a) E a = —", a % 1.
1—-a

i=nq

- 1
b = < 1L
)Y ai= . lal
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See Gabel and Roberts (1980, p. 473-476) for the proof of a)-d).
For the special case of 0 < n; < ng, notice that

’ng—l—l

Za — , a# 1.

To see this, multiply both sides by (1 — a). Then

(1—a) Za 1—a)(l4+a+a®+---+a2 +a™) =

l4+a+a*+ - +a” " +a™

n9 na+1

—a—a*—---—ad™ —a

=1 —a™" and the result follows. Hence for a # 1,

ol 1 — qret! 1l—a™ o™ —a

Za—Za—Za l1-a  1-a  1-a

i=ny

The binomial theorem below is sometimes useful.

Theorem 10.3, the Binomial Theorem. For any real numbers x and

y and for any integer n > 0,

B It S o

=0 i=0

10.1 The Beta Distribution

If Y has a beta distribution, Y ~ beta(d, v), then the probability density
function (pdf) of YV is




ov
(b4+v)>20+v+1)

VAR(Y) =

Notice that

fy) = %IM () expl(6 — 1)log(y) + (v — 1) log(1 — y)]

L' +v)
=1 — 1-9)(-1 1—v)(—log(l —
0(0) s bl = 0)(~ loglu) + (1 = v)(~og(1 ~ )
is a 2P—REF (2-parameter regular exponential family). Hence © = (0, 00) X
(0,00),mm=1—06,m2=1—vand Q = (—o0,1) x (—o0,1).
If 6 =1, then W = —log(1 —Y) ~ EXP(1/v). Hence T, =
— > log(l1 =Y;) ~G(n,1/v) and if r > —n then T is the UMVUE of

if(r—l—n)‘

BT = T

If v =1, then W = —log(Y) ~ EXP(1/6). Hence T,, = — > log(¥;) ~
G(n,1/9) and if r > —n then T is the UMVUE of

if(r—l—n)‘

E(TL) =5 T'(n)

n

10.2 The Beta—Binomial Distribution

If Y has a beta—binomial distribution, Y ~ BB(m, p, #), then the probability
mass function of Y is

P(Y =y) = (m)3(5+y»y+m—y)

Y B(6,v)

for y = 0,1,2,...,m where 0 < p < 1 and # > 0. Here § = p/f and v =

(1—=p)/0,s0 p=6/(0+v)and 8 =1/(6 + v). Also
_ T(Or)
B(o,v) = TGt0)

Hence 6 > 0 and v > 0. Then E(Y) = md/(§ +v) = mp and V(Y) =
mp(l—p)[1+(m—1)0/(1+0)]. If Y|r ~ binomial(m, ) and 7 ~ beta(d, v),
then Y ~ BB(m, p, 0).
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10.3 The Binomial and Bernoulli Distribu-
tions

If Y has a binomial distribution, ¥ ~ BIN(k, p), then the probability mass
function (pmf) of Y is

k

Fy) = PV = y) = (y

)py(l — )Y

fory=0,1,...,k where 0 < p < 1.
Ifp=0,PY=0)=1=(1-p)Fwhileif p=1, P(Y =k)=1=p".
The moment generating function

m(t) = [(1— p) + pe'l",
and the characteristic function c(t) = [(1 — p) + pe®]*.
E(Y) = kp.

VAR(Y) = kp(1 — p).

The Bernoulli (p) distribution is the binomial (k = 1, p) distribution.

Pourahmadi (1995) showed that the moments of a binomial (k, p) random
variable can be found recursively. If » > 1 is an integer, (8) = 1 and the last
term below is 0 for » = 1, then

r—1 r—2
r—1 , r—1 ,
E(Y")=kp) ( Z, )E(YZ) -y ( Z, )E(Y“’l).
i=0 i=0
The following normal approximation is often used.
Y &~ N(kp, kp(1 = p))

when kp(1 — p) > 9. Hence

P(ng)mb(%).
e P(Y =y) =~ 1 1 exp (_EM)
NS Tt vz P\ 2k - )
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See Johnson, Kotz and Kemp (1992 p. 115). This approx1mat10n suggests
that MED(Y') = kp, and MAD(Y') =~ 0.674/kp(1 — p). Hamza (1995) states
that |[E(Y) — MED(Y)| < max(p, 1 — p) and shows that

|B(Y) — MED(Y)] < log(2).
If k£ is large and kp small, then Y & Poisson(kp).

If V1, ..., Y, are independent BIN(k;, p) then > 7" | Y; ~ BIN(D L ki, p).
Notice that

$ = ()10 @ (03100 ) exp [ont 2

is a 1P-REF (1-parameter regular exponential family) in p if k is known.
Thus © = (0, 1),
p
B P
e (1 - ,0)
and Q = (—o0, 00).
Assume that Y7, ..., Y,, are iid BIN(k, p), then

T, =) _Y; ~ BIN(nk, p).

i=1
If k is known, then the likelihood
L(p) = ¢ p=i=¥ (1 — p)"k iz,

and the log likelihood
log(L(p)) = d + log(p Zy + (nk =) yi)log(1 — p)
i=1

Hence

d D iy Vi
— log(L = &=l
i (L(p)) ) =,

or (L= p) 20y yi = p(nk — 320, i), or 20 yi = pnk or



This solution is unique and

d? — DY nk =3y
—— log(L(p)) = —=5+— — = <0
P’ (1—p)?
if 0 < Y%, y; < nk. Hence kp =Y is the UMVUE, MLE and MME (method
of moments estimator) of kp if k is known.
Let p = number of “successes”/n and let P(Z < z1_4/0) = 1 — /2 if
Z ~N(0,1). Let n =n+ 2z, , and

~ nla + 0‘5Z%—a/2
P=0F 22 /2 '
Then the large sample 100 (1 — a)% Agresti Coull confidence interval (CI)
for p is

. p(1 —p

p + fl—a/2 u

n
Let W =>"Y; ~bin(}>__ ki, p) and let n, = > " k;. Often k; = 1

and then n, = n. Let P(Fy, 4, < Fg a,()) = a where Fy, 4, has an F
distribution with d; and dy degrees of freedom. Then the Clopper Pearson
“exact” 100 (1 — )% CI for p is

1
0 for W=0
( "1+ ny anw,z(a)) o ’

Ny
;1] for W =ny,
(nw + Foon, (1 — ) )

and (pr, pv) for 0 < W < n,, with

W
L = W + (nw 4 + 1)F2(nw—W+1),2W(1 — Oé/2)
and
W +1
PU

- W41+ (ny — W)F2(nw—W),2(W+1)(a/2)‘
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10.4 The Burr Distribution

If Y has a Burr distribution (or a Burr type XII distribution), Y ~ Burr(¢, ),
then the pdf of YV is

1 gyt

A(L4y7)xH!

where y, ¢, and A\ are all positive. The cdf of Y is

fly) =

—log(1 + y?)

S ]:1—(1+y¢)_l/’\ for y > 0.

F) <1

MED(Y) = [} — 1]1/¢_ See Patel, Kapadia and Owen (1976, p. 195).
W =log(1 + Y?) is EXP(\).
Notice that

fly) = oy 'y +1y¢ i {—% log(1 + y¢’)} I(y > 0)

is a 1P-REF if ¢ is known.
If Y1,...,Y, are iid Burr(\, ¢), then

T, =) log(1+Y?) ~ G(n,\).

i=1

If ¢ is known, then the likelihood

Y

L(\) = c— exp [ Zlog (1447

and the log likelihood log(L())) = d — nlog(\) — + >_1, log(1 + y?). Hence

d . —n Z?:l log(l _I_ yl ) set

or S0 log(1+14?) = n\ or

Z?:l log(1 + yf))
n

X:
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This solution is unique and

d? no 23" log(1l+y?) n 20\ —n
R N T R Tl
Thus

§_ S log(1+Y?)
n

is the UMVUE and MLE of A if ¢ is known.
If ¢ is known and 7 > —n, then 7] is the UMVUE of

ACE0)

E(T,) e

10.5 The Cauchy Distribution

If Y has a Cauchy distribution, Y ~ C(u, o), then the pdf of Y is

o 1 B 1
7ot (g pP ol (55

fly) =

where y and p are real numbers and o > 0. The cumulative distribution
function (cdf) of Y is

F(y) = %[arctan(y ; ,u) +7/2].

See Ferguson (1967, p. 102). This family is a location—scale family that is
symmetric about .
The moments of Y do not exist, but the characteristic function of Y is

c(t) = exp(itp — |t|o).

MED(Y) = pu, the upper quartile = 1 + o, and the lower quartile = p — o.
MAD(Y) = F~'(3/4) — MED(Y) = 0.
If Y7, ...,Y, are independent C(u;, 0;), then

D ai; ~ OO aip, Y lailoy).
=1 =1 =1

In particular, if Y3, ..., Y}, are iid C'(u, o), then Y ~ C(p, o).
W ~U(-n/2,7/2), then Y = tan(W) ~ C(0,1).
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10.6 The Chi Distribution

If Y has a chi distribution (also called a p-dimensional Rayleigh distribution),
Y ~ chi(p, o), then the pdf of YV is

=12
yp_1620'2 Y

f(y)zm

where y > 0 and o, p > 0. This is a scale family if p is known.

E(Y) = aﬂigﬁi
TR (T
VAR =27 ) <r<p/2>> |
and
, L(52)
E(Y") =2"¢ T0/2)
for r > —p.

The mode is at o1/p — 1 for p > 1. See Cohen and Whitten (1988, ch. 10).
Note that W = Y2 ~ G(p/2, 20?).

Y ~ generalized gamma (v = p/2,\ = 0v/2, ¢ = 2).
If p=1, then Y has a half normal distribution, Y ~ HN(0, 02).
If p =2, then Y has a Rayleigh distribution, Y ~ R(0, o).
If p = 3, then Y has a Maxwell-Boltzmann distribution, ¥ ~ MB (0, o).
If p is an integer and Y ~ chi(p, 1), then Y ~ x2.

Since

fly)=1(y>0) ! !

W exp[(p — 1) log(y) — thyz]’

this family is a 2P-REF. Notice that © = (0,00) x (0,00), ;1 = p — 1,
ne = —1/(20?%), and Q = (—1,00) x (—00,0).
If p is known then

e 1 1
fly) = mﬂy > 0) op OXP {T‘zyz}

is a 1IP-REF.
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If Y7, ...,Y, are iid chi(p, o), then

T, = ZYf ~ G(np/2,20?).

i=1

If p is known, then the likelihood
2y
L(U ) - 202 Zyz
and the log likelihood

log(L(0?)) =d — — 10 Zy

Hence
d —np 1 " set
1 2) = 2
a0 8 = 5or T ipmE 2% = O
or Y.y} =npo? or
£2 D i Vi
np
This solution is unique and
pe no? n npo
log(L(Uz)) — np o Zz—l Yi — Ap o Ap
d(0?)2 2(0?)2 (023 | ., 20622 (62)°
< 0.
2(62)2
Thus 62 0 oo
o i Y
np

is the UMVUE and MLE of 02 when p is known.
If p is known and r > —np/2, then T is the UMVUE of

20 T (r + np/2)
[(np/2)

E(T,) =
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10.7 The Chi—square Distribution

If Y has a chi-square distribution, Y ~ an then the pdf of YV is

where y > 0 and p is a positive integer. The mgf of YV is

mw=G§§fm:a_mwm

for t < 1/2. The characteristic function

(t) = (1 —1z'2t)p/2‘

EY)=p.
VAR(Y) = 2p.
Since Y is gamma G(v = p/2, A = 2),
2'I(r + p/2)
B(yr)y=22TPE
(Y") T2 p/

MED(Y') ~ p—2/3. See Pratt (1968, p. 1470) for more terms in the expansion
of MED(Y'). Empirically,

2p 2 _
MAD(Y) ~ %(1 — %)2 ~ 0.9536./p.

There are several normal approximations for this distribution. The Wilson—
Hilferty approximation is

(XY avi-2 2

"o
See Bowman and Shenton (1992, p. 6). This approximation gives

my<ww®w§W—1+mm 9p/2],

308



and

/2 2
2 3
~ o — + 1— —
Xp,a p(z 9p gp)

where z, is the standard normal percentile, & = ®(z,,). The last approxima-
tion is good if p > —1.241og(). See Kennedy and Gentle (1980, p. 118).

This family is a one parameter exponential family, but is not a REF since
the set of integers does not contain an open interval.

10.8 The Discrete Uniform Distribution

If Y has a discrete uniform distribution, Y ~ DU(6y, 05), then the pmf of YV
is

f(y)zP(Y:y)zez_%T

for #; <y < 0, where y and the 6; are integers. Let 6, = 601 + 7 — 1 where
7=~0y —0; + 1. The cdf for Y is

ly] =01+ 1

F pr—
W) = 6. 11

for 01 <y < 6,. Here |y| is the greatest integer function, eg, |7.7] = 7. This
result holds since for 6; <y < 65,

L] 1
F(y):izzgleg—eﬁl'

E(Y)=(01+02)/2 =61+ (1—1)/2 while V(Y') = (72 —1)/12. The result
for E(Y') follows by symmetry, or because

02
Y (02— +1)+[0+14+24+---+ (02— 61)]
EY) = =
) glez—el“ 0, — 0+ 1

where last equality follows by adding and subtracting 6; to y for each of the
0, — 01 + 1 terms in the middle sum. Thus
(O —01)(02—01+1) 20, 0Oy—01 0, +0,

E(Y) = _ 4 _
(¥) =61+ 20, — 6, + 1) 2 T 2
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since - i =n(n+1)/2 by Lemma 10.2 ¢) with n = 6, — 6;.
To see the result for V(Y), let W =Y —6; 4+ 1. Then V(Y) = V(W) and
f(w)=1/7 forw=1,...,7. Hence W ~ DU(1, 1),

1< T(r+1) 147
(W) Twzzlw 27 2

and
BW?) = %sz _ T(T + 1(27(_27' +1) _ (14 1)é2T +1)

by Lemma 10.2 e) and f). So

V) = VOv) = B — (B = TEEED - (1ET)
20+ D)2 +1) —-3(r+ 1) 20r+D2(r+1)—1]-3(r+1)?
12 12
Ar+12?=2(1+1)=3(r+1)* (1+1)P2*-27-2
12 12
7‘2—|—27'—|—1—27'—2_7'2—1
12 12

Let Z be the set of integers and let Y;, ..., Y, be iid DU(6,,63). Then the
likelihood function L(6y,603) =

1

— T, <Y )I(0, > Y )0, < 0:)(0, € Z2)](05€ Z
(92_91+1)n (1— (1))(2_ ())(1— 2)(1 )(2 )

is maximized by making 6, —6; — 1 as small as possible where integers 63 > 6;.

So need A, as small as possible and 6; as large as possible, and the MLE of
(917 92) 1s (Yr(l)a Yv(n))

10.9 The Double Exponential Distribution

If Y has a double exponential distribution (or Laplace distribution), ¥ ~
DE(0, )\), then the pdf of YV is

) = gy (747
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where y is real and A > 0. The cdf of YV is

F(y) =0.5exp (%) if y<49,

and

F(y)=1—-05exp (w) if y>0.

This family is a location—scale family which is symmetric about 6.
The mgf
m(t) = exp(0t)/(1 — N*t?)

for |t| < 1/, and the characteristic function c(t) = exp(6it) /(1 + A\?t?).
E(Y) =40, and

MED(Y) = 6.

VAR(Y) = 2)?, and

MAD(Y) = log(2)A =~ 0.693\.

Hence A = MAD(Y)/log(2) ~ 1.443MAD(Y).

To see that MAD(Y') = Alog(2), note that F'(0+ Alog(2)) = 1—0.25 = 0.75.

A

The maximum likelihood estimators are 6,;,r = MED(n) and

. 1 <&
A = — Y, — MED .
MLE n2| (n)|

i=1

A 100(1 — )% CI for A is

<222;1 Y, - MED(n)| 230, Y, — MED<n>|>

Y

2 2
Xon—1,1-2 Xon—1,2

and a 100(1 — )% CI for 0 is

Zl—a/2 Z?zl |Y; — MED(n)|

/ 2
NA/T = 249

where X?),a and z, are the « percentiles of the sz and standard normal dis-
tributions, respectively. See Patel, Kapadia and Owen (1976, p. 194).
W =1Y — 0] ~ EXP()).

MED(n) +

311



Notice that

fly) = %exp {_Tlly - 9|]

is a one parameter exponential family in A if € is known.

If Yy,...,Y, are iid DE(0, \) then

T, =3 ¥ 0] ~ G, N).
=1

If 6 is known, then the likelihood

L()) = c— exp [ Z i — 9|]

and the log likelihood

log(LOV) = d = nlog(h) = 1 3 [y: 0]

Hence
d set
L loa(LO)) = S+ 5 Z - 0] 2
or Y o |y — 0 =n\or
A = Z?:l |yi — 9|‘
n

This solution is unique and

d? no 2> |y — 0 no 2n\
1 L = — — =1 = = — = =
o 108lLN) = 5 e NP TRST
Thus .
5\ _ Zi:l |Yi — 9|
n

is the UMVUE and MLE of A if 8 is known.
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10.10 The Exponential Distribution

If Y has an exponential distribution, Y ~ EXP()), then the pdf of Y is

1 —

Jy) = s exp (57) 1(y 2 0)

where A > 0. The cdf of Y is

F(y) =1—exp(—y/)\), y > 0.

This distribution is a scale family with scale parameter .
The mgf
m(t) =1/(1 — At)

for t < 1/, and the characteristic function c(t) = 1/(1 — i\t).
EY) =\
and VAR(Y) = \2.
W =2Y/\ ~ x3.

Since Y is gamma G(v = 1,\), E(Y") = AI'(r + 1) for r > —1.
MED(Y') = log(2)A and
MAD(Y') = A/2.0781 since it can be shown that

exp(MAD(Y)/A) = 1+ exp(—MAD(Y)/\).

Hence 2.0781 MAD(Y) =~ A\.
The classical estimator is A =Y, and the 100(1 — a)% CI for E(Y) = A

2> Y 2300
X%n,%
where P(Y < X%n%) = a/2ifY is x3,. See Patel, Kapadia and Owen (1976,

p. 188).
Notice that

is

2
Xon,1-g

fly)=1(y = 0) % exp {_le}

is a 1P-REF. Hence © = (0,00), n = —1/X and = (—00,0).
Suppose that Y7, ..., Y, are iid EXP()), then

T, = iYi ~ G(n, \).

i=1
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The likelihood

Hence
d —n 1 u set
—log(L(\) = — + — ;= 0,
s = T 53
or Y i,y =mnA\or
A=Y
Since this solution is unique and
d? no 237"y n o 2mA  —n
Tz 108(L(V) = 13 e N viai TR TH

the A =Y is the UMVUE, MLE and MME of \.
If r > —n, then 77 is the UMVUE of

AT (r+n)

B(T}) = "5

10.11 The Two Parameter Exponential Dis-
tribution

If Y has a 2 parameter exponential distribution, Y ~ EXP(#, A) then the pdf

of Y is ) 0
fly) = 5 exp (#) I(y > 0)

where A > 0 and 6 is real. The cdf of Y is
F(y)=1—exp[—(y—0)/N)], y > 0.

This family is an asymmetric location-scale family.
The mgf
m(t) = exp(t)/(1 — At)
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for t < 1/, and the characteristic function c(t) = exp(itd)/(1 — i\t).
EY)=0+),
and VAR(Y) = A2

MED(Y) = 6 + Alog(2)

and
MAD(Y) ~ A/2.0781.

Hence § ~ MED(Y) — 2.07811log(2)MAD(Y'). See Rousseeuw and Croux
(1993) for similar results. Note that 2.07811og(2) ~ 1.44.

To see that 2.0781IMAD(Y') =~ A, note that

—exp(—(y —0)/N)dy
+A10g(2)—MAD A ( ( )/ )

0+xlog(2)+MAD 1
0.5 :/
0
— 05[_6—MAD/>\ _I_ 6MAD/)\]
assuming Alog(2) > MAD. Plug in MAD = \/2.0781 to get the result.
If 0 is known, then

fly) =1y > 9)%exp [_Tl(y - 9)]

is a IP-REF in A. Notice that Y — 0 ~ EXP()). Let

5 _ > i (Vi — 9)‘

n

Then ) is the UMVUE and MLE of \ if 8 is known.
If Y7, ...,Y, are iid EXP(0, ), then the likelihood

L(0,2) = 5 exp [‘71 > i - e>] I = ),

and the log likelihood

n

lo8(L(6, X)) = [=nlog() — 1 > (s~ )}y 2 0)

i=1
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For any fixed A > 0, the log likelihood is maximized by maximizing ¢. Hence
0 = Y(1), and the profile log likelihood is

n

1
log(L(Ayay)) = —nlog(A) — N (vi — ya))
=1

is maximized by \ = % > i1 (yi — yay). Hence the MLE

(0,7) = <Y(1 ZY Yo) ):(Y(l),?_y(l)),

SIH

Let D, = > (Y; =Y = nA. Then for n > 2,

2D, 2D,
_ = (10.3)
X2(n-1),1—a/2 X2(n—1),a/2
is a 100(1 — a))% CI for A, while
(Yo = Al(@)™00 =1, Yy)) (10.4)
is a 100 (1 — a)% CI for 6. See Mann, Schafer, and Singpurwalla (1974, p.
176).
If 0 is known and T,, = " (Y; — 0), then a 100(1 — )% CI for X is

27, 27,
) (10.5)
Xon1-a/2 Xona/2

10.12 The F Distribution

If Y has an F distribution, Y ~ F(vy,14), then the pdf of Y is

[E5) (e
W) = 5 2 2) (u_) ()

(2)y
where y > 0 and v; and v, are positive integers.

E(Y) = Vz”i 50 2> 2
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and

2
1%5) (1/1 + vy — 2)
AR(Y) =2 4.
v R( ) (1/2—2) 1/1(1/2—4) » V2>
F(u1+2r)r(u2—2r) (VQ)T
EY") = 2 2 =, r<uw/2
¥ T(1n/2)T(12/2) \ 1 2/
Suppose that X; and X, are independent where X ~ x2 and X ~ x2 .
Then (X, /)
4!
W= -1 ~ F(vy,19).
(Xofug) ~ 1)

Notice that E(Y") = E(W") = (”—Q)TE(X{)E(XQ‘T).

V1

If W ~t,, then Y = W? ~ F(1,v).

10.13 The Gamma Distribution

If Y has a gamma distribution, Y ~ G(v, \), then the pdf of Y is
v—1_—y/\
_Yy €

where v, A\, and y are positive. The mgf of YV is

o= () < (L)

for t < 1/X. The characteristic function

(t) = (1 —1z'>\t)y'

NT(r+v)
I'(v)
Chen and Rubin (1986) show that A(vr — 1/3) < MED(Y) < Av = E(Y).

Empirically, for v > 3/2,

E(Y)=vA.
VAR(Y) = vA%

EY") = if r>—v. (10.6)

MED(Y) =~ A(v — 1/3),
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and

AV
MAD(Y) ~ 1.4\1/8;)'

This family is a scale family for fixed v, so if Y is G(v, A) then ¢Y is G(v, c))
for ¢ > 0. If W is EXP(X) then W is G(1,\). If W is x2, then W is G(p/2, 2).

Some classical estimators are given next. Let

Yn
geometric mean(n)

w = log

where geometric mean(n) = (y1ys ... y,) /" = exp[% > log(y;)]. Then
Thom'’s estimator (Johnson and Kotz 1970a, p. 188) is

0.25(1 + /1 + 4w/3 )

~
V=

Also
0.5000876 + 0.1648852w — 0.0544274w?

w

~

VMLE =~

for 0 < w < 0.5772, and

8.898919 + 9.059950w + 0.9775374w?
w(17.79728 + 11.968477Tw + w?)

~

VMLE =~

for 0.5772 < w < 17. If W > 17 then estimation is much more difficult, but
a rough approximation is 7 ~ 1/w for w > 17. See Bowman and Shenton
(1988, p. 46) and Greenwood and Durand (1960). Finally, A=Y, /i. Notice
that A\ may not be very good if & < 1/17.

Several normal approximations are available. The Wilson—Hilferty ap-
proximation says that for v > 0.5,

1 1
1/3 /309 _ 2/3 1
Y N ((1/)\) (1 91/), (v\) 91/) :
Hence if Y is G(v, \) and
o = P[Y < Ga]’

then



where z, is the standard normal percentile, @ = ®(z,). Bowman and Shenton
(1988, p. 101) include higher order terms.
Notice that

fly)=1(y>0) !

AI(v)

is a 2P-REF. Hence © = (0,00) x (0,00), ;; = —1/A, n2 = v — 1 and
Q= (—00,0) x (—1,00).

If V1, ..., Y, are independent G(v;, \) then > | Vi ~ GO 7, vi, N).

If Yy, ..., Y, are iid G(v, A), then

exp {_le + (v — 1) log(y)

T, = iYi ~ G(nv, \).

i=1

Since
F() = o~ expl(v — 1 log(y)]1(y > 0) 5 exp |
Y _F(y)eXp v ogly Yy )\Vexp )\y )
Y is a 1IP-REF when v is known.
If v is known, then the likelihood
1 ~1 ¢
L(B)=c S OXP [T ;yll .
The log likelihood
1 n
log(L(A)) = d = nvlog(}) — 5 ; Ys.
Hence q >
—nv 1 Yi set
— log(L = =170 2
Slog(L(N) = 7 + 2t ¥t
or Y o, y; = nvA or
A =T7/v.
This solution is unique and
d? nvo 230y nvo 2w\ —nw
—log(L(\)) = — — —==12 = — - = — 0.
A2 Og( ( )) A2 A3 Y A2 3 A2 <

Thus Y is the UMVUE, MLE and MME of v\ if v is known.
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10.14 The Generalized Gamma Distribution

If Y has a generalized gamma distribution, Y ~ GG(v, A, ¢), then the pdf of

Y is o1
fly) = jfir(y) exp(—y?/A?)

where v, A\, ¢ and y are positive.
This family is a scale family with scale parameter A if ¢ and v are known.

By _ ML E)
(Y") = T if k> —ov. (10.7)

If ¢ and v are known, then

vt 1 -1

APV
which is a one parameter exponential family.
Notice that W = Y?¢ ~ G(v, \?). If Y1, ..., Y,, are iid GG (v, \, ¢) where ¢
and v are known, then T, = 3.1 V¥ ~ G(nw, X?), and T is the UMVUE
of

f(y)

B XZ’TF(T + nv)

for r > —nv.

10.15 The Generalized Negative Binomial Dis-
tribution

If Y has a generalized negative binomial distribution, Y ~ GNB(u, k), then
the pmf of Y is

=== ot (G5) (- 05)

fory =0,1,2,... where x> 0 and x > 0. This distribution is a generalization
of the negative binomial (k, p) distribution with p = k/(u + k) and kK > 0 is
an unknown real parameter rather than a known integer.
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The mgf is

0= i)

for t < —log(p/(p+ K)).
E(Y)=pand
VAR(Y) = p + 12 /.

If Y1,...,Y, are iid GNB(u, x), then > | Y; ~ GNB(np, nk).

When « is known, this distribution is a 1P-REF. If Y;,.... Y, are iid
GNB(u, &) where & is known, then i = Y is the MLE, UMVUE and MME
of p.

10.16 The Geometric Distribution

If Y has a geometric distribution, Y ~ geom(p) then the pmf of Y is

fly) =P(Y =y)=p(1—p)’

fory=0,1,2,...and 0 < p < 1.

The cdf for Y is F(y) = 1 — (1 — p)¥+ for y > 0 and F(y) = 0 for y < 0.
Here |y] is the greatest integer function, eg, |7.7] = 7. To see this, note that
for y > 0,

L] (1= p)lu+
F(?J):PZ(l—p)yzpl 1(_1(1[1)[))

by Lemma 10.2a with ny =0, no = |y] and a =1 — p.
B(Y) = (1—p)/p
VAR(Y) = (1 - p)/p*.
Y ~ NB(1, p).
Hence the mgf of YV is

ST

for t < —log(1 — p).
Notice that

fy) =1y € {0,1,...}] p expllog(1 — p)y]

is a 1IP-REF. Hence © = (0,1), n = log(1 — p) and Q = (—o0,0).
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If Y7, ...,Y, are iid geom(p), then

T, = iYi ~ NB(n, p).

=1
The likelihood .
L(p) = p" expllog(1 = p) > _wil,
=1

and the log likelihood

log(L(p)) = nlog(p) + log(1 — Zyl.

Hence
n

d n 1 set
—log(L(p)) = ——7—=) v: =10
R = 2= 7= >

orn(l—p)/p=" yiorn—np—p>r yi=0or

. n
P=——"T<n -
n+ Y
This solution is unique and
& —n Y
—log(L = — — ==L ),
Thus n
=
n+3 Y

is the MLE of p. B
The UMVUE, MLE and MME of (1 —p)/pisY.

10.17 The Gompertz Distribution
If Y has a Gompertz distribution, Y ~ Gomp(0,v), then the pdf of YV is

-V

) = veresp | (e - 1)
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for 6 > 0 where v > 0 and y > 0. If § = 0, the Gomp(0 = 0, v) distribution
is the exponential (1/v) distribution. The cdf is

R ]
for 6 > 0 and y > 0. For fixed € this distribution is a scale family with scale
parameter 1/v.

This family is a 1P-REF if § € (0,00) is known, and W = % — 1 ~
EXP(0/v). Thus e ~ EXP(1,t/v) for t > 0 and E(eY) = 1+t/v for t > 0.
But the mgf for Y does not exist since the kth derivative of (1+¢/v) is 0 for
integer k > 2.

10.18 The Half Cauchy Distribution

If Y has a half Cauchy distribution, Y ~ HC(u, o), then the pdf of Y is

2
fly) = roll+ (577

where y > pu, p is a real number and o > 0. The cdf of YV is

2 Y=
F(y) = = arct
(y) = —arctan(=——)

for y > p and is 0, otherwise. This distribution is a right skewed location-
scale family.

MED(Y) = pu+o.

MAD(Y) = 0.732050.

10.19 The Half Logistic Distribution

If Y has a half logistic distribution, Y ~ HL(u, o), then the pdf of Y is

_ 2exp(—(y—p)/o)
W) = e (= w/o)P

where 0 > 0, y > p and p are real. The cdf of YV is

oxplly — w/o] — 1
FW) = Ty explly = /o))
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for y > p and 0 otherwise. This family is a right skewed location—scale family.
MED(Y) = u + log(3)o.
MAD(Y) = 0.673460.

10.20 The Half Normal Distribution

If Y has a half normal distribution, Y ~ HN(u, 0?), then the pdf of Y is

2 —(y —p)?
f(y)z\/%aexp( 52 )

where o > 0 and y > p and p is real. Let ®(y) denote the standard normal
cdf. Then the cdf of Y is

F(y) =20("—5) -1

for y > p and F(y) = 0, otherwise.
EY)=p+o02/m = u+0.7978850.

o*(m —2)

VAR(Y) = ~ 0.36338002.

This is an asymmetric location—scale family that has the same distribution
as i + o|Z| where Z ~ N(0,1). Note that Z? ~ 3. Hence the formula for
the rth moment of the x7 random variable can be used to find the moments
of Y.

MED(Y) = u + 0.67450.

MAD(Y) = 0.39909160.

Notice that

fly)=1(y > p) \/% ~ oxp {(2_712)(@/ — M)Q}

is a 1P-REF if p is known. Hence © = (0,00), n = —1/(20?) and Q =
(—00,0).

W= (Y —u)?~G(1/2,20%).

If Y1, ..., Y, are iid HN(u, 02), then

n

T, =) (Vi —p)’ ~ G(n/2,20”).

i=1
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If 1 is known, then the likelihood

Lio?) =c — — exp [( == u)2] ,

202’ 4
i=1
and the log likelihood

log(L(%)) = d = S 1og(0*) = 55> (s — )

Hence

This solution is unique and

& og(L(0?) =
d(0-2)2 g -
n_ Xy — ) n__m*2_-n
2(0?)? (02 |peise  206%)% (9232 26°
Thus
o 1
5% = - > (Y- p)
=1

is the UMVUE and MLE of o2 if u is known.
If r > —n/2 and if p is known, then 77 is the UMVUE of

E(T)) = 2"0*T(r +n/2)/T(n/2).

Example 5.3 shows that (f1,62) = (Y1), £ Y0 (Vi — Y{3))?) is the MLE of
(p, 0%). Following Abuhassan and Olive (2008), a large sample 100(1 — a)%
confidence interval for o2 is

( né? né? ) 105)

Xpro1(1—a/2)" X2 (a/2)
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while a large sample 100(1 — «)% CI for p is
_ NP 2 -
(i + 6 log(a) @ (5 + %) (1+13/n%), f). (10.9)
If 41 is known, then a 100(1 — a)% CI for o2 is

T, T,
(xza “of2) xi(a/2)) ‘ (10-10)

10.21 The Hypergeometric Distribution

If Y has a hypergeometric distribution, Y ~ HG(C,N — C, n), then the data
set contains N objects of two types. There are C' objects of the first type
(that you wish to count) and N —C' objects of the second type. Suppose that
n objects are selected at random without replacement from the N objects.
Then Y counts the number of the n selected objects that were of the first
type. The pmf of YV is

()G

()
where the integer y satisfies max(0,n — N + C') < y < min(n, C'). The right
inequality is true since if n objects are selected, then the number of objects
y of the first type must be less than or equal to both n and C. The first
inequality holds since n — y counts the number of objects of second type.

Hencen —y < N —C.
Let p = C/N. Then

fly)=PY =y)=

E(Y)= % =np
and C(N—C)N N
n — -n -n
VAR(Y) = e N_l—np(l—p)N_l.

If n is small compared to both C'and N — C' then Y ~ BIN(n, p). If n is
large but n is small compared to both C'and N—C then Y ~ N (np, np(1—p)).
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10.22 The Inverse Gaussian Distribution

If Y has an inverse Gaussian distribution (also called a Wald distribution),
Y ~1G(0, ), then the pdf of YV is

A My — 9)2}

1) = gz e |

where y, 60, A > 0. The mgf is

m(t) = exp [% <1 —\/1- @)]

for t < \/(26?). The characteristic function is

o(t) = exp [% <1 —1/1- 29;%>] .

93
VAR(Y) =

See Datta (2005) and Schwarz and Samanta (1991) for additional properties.
Notice that

_ 1 A g | 22, AL
F) = 51> 0\ 52 e | 370 - 55

is a two parameter exponential family.
IfYy,...,Y, are iid IG(0, \), then

E(Y) =0 and

> Vi~ IG(n6,n*A) and Y ~ IG(6,n)).

i=1

If A is known, then the likelihood

B W
L) = ¢ e exp[ﬁ Zyl],

i=1
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and the log likelihood

n )\ —
g (L0) = d-+ 75 = 55 3
Hence n
d —nA A

set
@log(L(Q)) = + & Zyz =0,

or Y. y; =nb or

This solution is unique and

2

& roa(()) = 22 - ALt

B 2nA _ 3n\0 B —nA\

03 6 o—g 03 0

Thus Y is the UMVUE, MLE and MME of @ if A is known.

If 6 is known, then the likelihood

L(\) = ¢ X% exp [_)\ iwl ;

292 i—1 Yi

and the log likelihood

log(L(\)) = d+ “log(}) — 3 b —0)°

2 292 i1 Yi
Hence )
d n 1 = (yz - 9) set
— log(L = — - — =0
o oelLN) = o3 = 50 ; v
or 5
A== - (5:—0)°
> i "
This solution is unique and
d? —n

328

93

< 0.



Thus
nf?

A= ————
n Y;—0)2
Yo, B

is the MLE of \ if 8 is known.

Another parameterization of the inverse Gaussian distribution takes 6 =

A/ so that

where A > 0 and ¢ > 0. Here © = (0,00) x [0,00), 1 = —¢/2, s = —\/2
and Q) = (—o0, 0] X (—00, 0). Since 2 is not an open set, this is a 2 parameter
full exponential family that is not regular. If ¢) is known then Y is a
1P-REF, but if A is known the Y is a one parameter full exponential family.
When ¢ = 0, Y has a one sided stable distribution with index 1/2. See
Barndorff-Nielsen (1978, p. 117).

10.23 The Inverted Gamma Distribution

If Y has an inverted gamma distribution, Y ~ INV G(v, \), then the pdf of
s 1 1 11
E——— 0)— =
1) = T e (1)
where A, v and y are all positive. It can be shown that W = 1/Y ~ G(v, \).
This family is a scale family with scale parameter 7 = 1/X if v is known.

If v is known, this family is a 1 parameter exponential family. If Y3, ..., Y,
are iid INVG(v, A) and v is known, then 7, = > | % ~ G(nv, \) and 17 is
the UMVUE of
TG + )

A [(nv)

for r > —nv.
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10.24 The Largest Extreme Value Distribu-
tion

If Y has a largest extreme value distribution (or Gumbel distribution), ¥ ~
LEV(6,0), then the pdf of Y is

(6) =~ exp(~(0) expl—exp(—(L

where y and 6 are real and ¢ > 0. The cdf of YV is

y—0

)]

This family is an asymmetric location—scale family with a mode at 6.
The mgf

F(y) = exp[— exp(—( .

m(t) = exp(tO)['(1 — ot)

for |t| < 1/o.
E(Y)~0+0.577210, and
VAR(Y) = 0272 /6 ~ 1.6449302.

MED(Y) = 0 — olog(log(2)) ~ 6 + 0.36651c

and
MAD(Y) =~ 0.7670490.

W =exp(—(Y —0)/o) ~ EXP(1).

Notice that 1
fly) = e Y7 Zef7 exp [—69/06_y/0}

o

is a one parameter exponential family in 6 if ¢ is known.
If Yy, ..., Y, are iid LEV (6, o) where o is known, then the likelihood
L(o) = ¢ "7 exp[—ef/7 Z e7¥il7),
i=1
and the log likelihood

nb "
log(L = — — 9/"2 —i/o
og(L(#)) =d—+ - e 2 e
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Hence

d n 1 u . set

—log(L(h)) = — — 7= e¥l7 =
or .

=1
or
69/0’ — n
Doy el

or

Since this solution is unique and

d2 _1 [ - —Yi/O
— log(L(0)) = ?e"/ D el <,
=1

is the MLE of 6.

10.25 The Logarithmic Distribution

If Y has a logarithmic distribution, then the pmf of Y is

Fly) = P(Y =) = —log(f_ 9)9—;

for y = 1,2,... and 0 < # < 1. This distribution is sometimes called the
logarithmic series distribution or the log-series distribution. The mgf

log(1 — fe)
m(t) = log(1 —0)

for t < —log(6).




Notice that

fly) = @5 exp(log(6)y)

is a 1IP-REF. Hence © = (0,1), n = log(#) and 2 = (—o00,0).
If Y1, ..., Y, are iid logarithmic (6), then Y is the UMVUE of E(Y).

10.26 The Logistic Distribution

If Y has a logistic distribution, Y ~ L(u, o), then the pdf of YV is

__ exp(=(y—n)/o)
0= ST o~ - /)P
where ¢ > 0 and y and p are real. The cdf of YV is

Fly) = 1 _ e (y—pm/o)
L+exp(=(y—p)fo) 1+exp((y—p)/o)
This family is a symmetric location—scale family.
The mgf of Y is m(t) = wote cse(mwot) for |t| < 1/0, and
the chf is ¢(t) = miote™t csc(miot) where csc(t) is the cosecant of .
E(Y) = p, and
MED(Y) = 4.
VAR(Y) = 0%7%/3, and
MAD(Y) = log(3)o ~ 1.0986 o.
Hence 0 = MAD(Y')/log(3).
The estimators /i = Y, and S? = LS (Y —Y,)? are sometimes used.
Note that if

60

T + e°
Taking g = .9995 gives ¢ = log(1999) ~ 7.6.

To see that MAD(Y') = log(3)o, note that F'(u + log(3)o) = 0.75,
F(p—log(3)o) = 0.25, and 0.75 = exp (log(3)) /(1 + exp(log(3))).

then c¢= log(%).

q= Fro. (c)

10.27 The Log-Cauchy Distribution

If Y has a log-Cauchy distribution, Y ~ LC(u, o), then the pdf of Y is

1
f(y) - 7T0"y[1 + (log(g)—,u)g]
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where y > 0, 0 > 0 and p is a real number. This family is a scale family with
scale parameter 7 = e if o is known. It can be shown that W = log(Y) has
a Cauchy(u, o) distribution.

10.28 The Log-Logistic Distribution

If Y has a log-logistic distribution, Y ~ LL(¢, 7), then the pdf of Y is

oty
A TR
where y > 0, ¢ > 0 and 7 > 0. The cdf of YV is
1
Fly)=1— — —
T Gy

for y > 0. This family is a scale family with scale parameter ¢! if 7 is
known.

MED(Y) = 1/¢.

It can be shown that W = log(Y) has a logistic(u = —log(¢), 0 = 1/71)
distribution. Hence ¢ = e * and 7 = 1/0. Kalbfleisch and Prentice (1980,
p. 27-28) suggest that the log-logistic distribution is a competitor of the
lognormal distribution.

10.29 The Lognormal Distribution

If Y has a lognormal distribution, Y ~ LN (u, 0?), then the pdf of Y is
1 —(log(y) — u)z)
—_= ex
f(y) N 2mo? p ( 202

where y > 0 and ¢ > 0 and g is real. The cdf of YV is

F(y)=® (%) for y>0

where ®(y) is the standard normal N(0,1) cdf. This family is a scale family
with scale parameter 7 = e* if 02 is known.

E(Y) = exp(u+0°/2)
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and
VAR(Y) = exp(c?)(exp(c?) — 1) exp(2p).

For any r,
E(Y") = exp(ru + r’c?/2).

MED(Y) = exp(p) and

exp(p)[1 — exp(—0.67440)] < MAD(Y) < exp(u)[1 + exp(0.67440)].
Notice that

2

: =~ () e | o) + L owts)]

) = 10> 0= — ex

is a 2P—REF. Hence © = (—o00,00) x (0,00), ;1 = —1/(20?), 2 = p/o* and
Q= (—00,0) x (—00,00).

Note that W = log(Y) ~ N(u,o?).

Notice that

is a 1IP-REF if p is known,.
If Y1, ...,Y, are iid LN(u, 0?) where p is known, then the likelihood

L(0%) = ¢ — exp [‘1 S (log () - u)2] ,

on 202 4
=1

and the log likelihood

log(L(0®)) = d — T log(0) — 55 > (og(yn) — o)’

Hence
d 2 - 2 set
ml g(L(0%)) = )2 ; log(y:) =




Since this solution is unique and

d? N

T oB(Lle?) -
n iz (log(y:) — 1) _n_ mé®2_ -
202 02 o 2077 (6272 (522 "

52 = > iz (log(Ys) — p)?
n
is the UMVUE and MLE of o if p is known.
Since T,, = > i, [log(V;) — u]* ~ G(n/2,20?), if v is known and r > —n/2
then 77 is UMVUE of

o gDl /2
BT =27 ")

If o2 is known,
2

o) exp [ £ log(y)]

1 11
= ———I(y>0)ex
f) NorTT (y = 0) exp(
is a 1IP-REF.
If Y1, ..., Y, are iid LN(u, 02), where o2 is known, then the likelihood

5 108())?) exp

1= 2 vt

and the log likelihood

log(L(p)) = d — W + = Zlog (yi)-
Hence J 5 Zn log(s)
- nﬂ i—1 Og Yi set
— log(L = L
m og(L(w)) 52 = 0,



This solution is unique and

2 —-n
—— log(L = — < 0.
S tos(L) = =5 <

Since T,, = > log(V;) ~ N(np, no?),

Z?:l log(Y7)
n

i=

is the UMVUE and MLE of p if 02 is known.
When neither p nor o are known, the log likelihood

n

lo8(L{s, %)) = d — 5 log(e?) — 55 > (os(us) — )

i=1

Let w; = log(y;). Then the log likelihood is
2 n 2 2
log(L(p,0%)) = d — 5 log(07) — 5 Z(wi — 1)

which has the same form as the normal N(u,o?) log likelihood. Hence the
MLE

n

(Ia> OA-) = %ZWZ’ %Z(WZ —W)2
i=1

i=1

Hence inference for p and o is simple. Use the fact that W; = log(Y;) ~
N(u,0?) and then perform the corresponding normal based inference on the
W;. For example, a the classical (1 — a)100% CI for x4 when o is unknown is

(Wn - tn—l,l—% n W+ tn—l,l—% \/—ﬁ)
where
n 1 <& _
— 5 — o 2
Sw n—la n—lE (W, — W)2,

i=1

and P(t < tn—l,l—%) = 1 — «/2 when t is from a t distribution with n — 1
degrees of freedom. Compare Meeker and Escobar (1998, p. 175).
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10.30 The Maxwell-Boltzmann Distribution

If Y has a Maxwell-Boltzmann distribution (also known as a Boltzmann
distribution or a Maxwell distribution), Y ~ M B(u, 0), then the pdf of Y is

ﬂ(y _ M)zeﬁ(y—ﬂf

fly) =

o3/
where p is real, y > p and o > 0. This is a location—scale family.
1 2V/2
(Y) ,u+0\/_r(3/2) p+o N

I'(3)

2

1)’ 8
— =0*(3——]).
['(3/2) ['(3/2) T
MED(Y) = p+ 1.53817220 and MAD(Y') = 0.4602440.
This distribution a one parameter exponential family when p is known.

Note that W = (Y — pu)? ~ G(3/2,20?%).
If Z ~ MB(0,0), then Z ~ chi(p = 3,0), and

VAR(Y) = 202 [

r()

[(3/2)

E(Z") =2"%0"

for r > —3.
The mode of Z is at ov/2.

10.31 The Negative Binomial Distribution

If Y has a negative binomial distribution (also called the Pascal distribution),
Y ~ NB(r, p), then the pmf of Y is

Fy) = P(Y = y) = (7”“;‘ 1)#(1 e

for y =0,1,... where 0 < p < 1. The moment generating function

0= [T |
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for t < —log(1 — p).
E(Y) = (1 - p)/p, and

Notice that

r+y—1

Fy) = Iy € {0.1,..} ( '

) p" expllog(1l — p)y]

is a 1P-REF in p for known r. Thus © = (0,1), n = log(1 — p) and
Q= (—00,0).
If Y7, ...,Y, are independent NB(r;, p), then

SV~ NB(Y 1, p).
=1 1

i=

If Yy,...,Y, are iid NB(r, p), then

T, =) _Y;~ NB(nr,p).

i=1
If r is known, then the likelihood

n

L(p) = ¢ p" expllog(1 = p) Y yil,

i=1

and the log likelihood

log(L(p)) = d + nr log(p) +log(1 = p) 3 i

Hence
n

d nr 1 set
——log(L(p)) = ——7—D v =0,
i L) = T - >

or




or nr —pnr —py ' y; =0or

. nr
re nr+ 3y
This solution is unique and
d? —nr 1 u
—— log(L(p)) = - yi < 0.
dp? P (1—=p)? ;
Thus
. nr
re nr+ Z?:l Y

is the MLE of p if r is known.
Notice that Y is the UMVUE, MLE and MME of r(1— p)/p if r is known.

10.32 The Normal Distribution

If Y has a normal distribution (or Gaussian distribution), Y ~ N(u,o?),

then the pdf of YV is
1 —(y —p)?
1) = e (4

where o > 0 and p and y are real. Let ®(y) denote the standard normal cdf.
Recall that ®(y) = 1 — ®(—y). The cdf F(y) of Y does not have a closed

form, but
Yy—p
Fly) =3
() ( . ) ,

®(y) ~ 0.5(1 4+ /1 — exp(—2y2/7) )
for y > 0. See Johnson and Kotz (1970a, p. 57).
The moment generating function is

and

m(t) = exp(tp + t2c?/2).
The characteristic function is c(t) = exp(ity — t?c%/2).
E(Y)=pand
VAR(Y) = o2
- 27P0((r +1)/2)
N
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If k > 2 is an integer, then E(Y"*) = (k — 1)o?E(Y*?) + nE(Y*™). See
Stein (1981) and Casella and Berger (2002, p. 125).
MED(Y) = p and

MAD(Y) = ®1(0.75)0 ~ 0.67450.

Hence o = [®71(0.75)] 'MAD(Y) =~ 1.483MAD(Y).

This family is a location—scale family which is symmetric about pu.
Suggested estimators are

Y :,&:liY-aundSzzS2 L Y (Y; = Y,)?

n n - i Y i n) -

n—14%4
=1

The classical (1 — «)100% CI for p when o is unknown is

_ Sy —
R Sl G I St
( 1,1-2 Jn + 1,1-2 \/ﬁ)

where P(t < tn—l,l—%) =1— a/2 when t is from a ¢ distribution with n — 1

degrees of freedom.
If a = ®(z,), then

Co + c1m + com?
14 dlm + d2m2 + d3m3

Zo M —
where
m = [~2log(1 — a)]/2

co = 2.515517, ¢; = 0.802853, co = 0.010328, d; = 1.432788, dy = 0.189269,
ds = 0.001308, and 0.5 < «. For 0 < a < 0.5,

Zo — —Rl—qa-

See Kennedy and Gentle (1980, p. 95).
To see that MAD(Y') = ®71(0.75)0, note that 3/4 = F(u + MAD) since
Y is symmetric about u. However,

F =0 (52)

Z _ (u+ ®‘1(i/4)0 —u) .

and
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So p+ MAD = p + ®71(3/4)0. Cancel p from both sides to get the result.
Notice that

F0) = g expl S esp [ h? 4+ B
V= Jorgr Pl O 552 T Y
is a 2P—REF. Hence © = (0, 00) x (—00,00), ;1 = —1/(20?), 2 = p/o* and
Q= (—00,0) x (—00,00).
If o2 is known,

1 -1, —p K
.f(y) = \/Wexp T‘Qy eXp(T‘g) exp [ﬁy}

is a 1IP-REF. Also the likelihood
2 n
—n 1
L(p) = ¢ exp( 902 ) exp [; ;:1 yz]

and the log likelihood

2 n
np? p
log(L(p)) = d — 502 T 2 Zyz
—1
Hence
ilo (L( )) _277'/*1“ + Z?:l Yi Sff
du B 202 o2 ’
or np =Yy ., Y or
p=7

This solution is unique and
d2
a2 log(L(n)) = 72 < 0.
Since T,, = >°r | Y; ~ N(nu,no?), Y is the UMVUE, MLE and MME of p
if o2 is known.
If v is known,




is a 1IP-REF. Also the likelihood

L(o?) =c % exp [2%12 Z(yz - ,U)2]

and the log likelihood

Hence

n
This solution is unique and
d2 n i — 2 ~2 2
A lon(L(o?) = 5y - Z W e
d(o?) 2(0?)? (@23 lpemse  2(6%)*  (67)%2
-n
= 2052y < 0.

Since T,, = Y7 (Vi — p)? ~ G(n/2,20?),

"2 Z?:l(yi — )’

g =
n

is the UMVUE and MLE of o2 if i is known.
Note that if 4 is known and r > —n/2, then T, is the UMV UE of

L(r+n/2)

E(T!) =2"0* (0 72)
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10.33 The One Sided Stable Distribution

If Y has a one sided stable distribution (with index 1/2, also called a Lévy
distribution), Y ~ OSS(0), then the pdf of Y is

Fy) = \/21%7\/5exp (‘7“ 5)

for y > 0 and o > 0. The cdf

)

for y > 0 where ®(z) is the cdf of a N(0,1) random variable.

o
[ (3/4)>

This distribution is a scale family with scale parameter o and a 1P-REF.
When ¢ =1, Y ~ INVG(rv = 1/2,\ = 2) where INVG stands for inverted
gamma. This family is a special case of the inverse Gaussian IG distribution.
It can be shown that W = 1/Y ~ G(1/2,2/c). This distribution is even
more outlier prone than the Cauchy distribution. See Feller (1971, p. 52)
and Lehmann (1999, p. 76). For applications see Besbeas and Morgan (2004).

If Vi,..., Y, are iid OSS(o) then T,, = >"" | 7 ~ G(n/2,2/0). The likeli-
hood

- S| —0 1
o= = ({1 )0 (3 322)

and the log likelihood

log(L(0)) = log <H ! 3) w0 log(o) — g l

MED(Y) =

-1V 27mY; 2 23
Hence
d ’)7,1 1 - 1 set
— log(L = —— — = — =0,
i) =55 =53
or .
n 1 1
— = 0—- N
2 2 Yi'



or

. n
0=—
>
This solution is unique and
d? n 1
— log(L =——— <0.
Hence the MLE n
OA' = =n 7 -
Yy,
Notice that 7},/n is the UMVUE and MLE of 1/0 and 7} is the UMVUE
of
1 2T (r +n/2)
o"  I'(n/2)
for r > —n/2.

10.34 The Pareto Distribution

If Y has a Pareto distribution, Y ~ PAR(c, \), then the pdf of YV is

L1/A
_ 2
f(y)—m

where y > o, 0 > 0, and A > 0. The mode is at Y = . The cdf of YV is
F(y)=1— (a/y)'/* for y > 0.
This family is a scale family with scale parameter ¢ when A is fixed.

for A < 1.

EY") = 7 ;) for r < 1/A.
r
MED(Y) = 02",

X =log(Y/o) is EXP(A\) and W =log(Y) is EXP(0 = log(o), A).
Notice that

P =Tl z ] exp |5 ostuo)
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is a one parameter exponential family if o is known.
If Yy, ...,Y, are iid PAR(o, \) then

T, = Zlog(Yi/U) ~ G(n,\).

If o is known, then the likelihood

L) = gz exp [~(1+ 3) Y log(wi/0)|

and the log likelihood

log(L(\)) = d — nlog(A Zlog (yi/o).
Hence
d n set
Y log(L(\)) = T Zlog yi/o) =0,

or Y i log(y;/o) = n\ or

A = Z?:l log(yi/a)‘

n

This solution is unique and

& n 237 log(yi/o) _
n mA -n

= — = ——<0
A2 A3 A2
Hence n
A = Zi:l log(Yi/o)
n
is the UMVUE and MLE of ) if ¢ is known.

If o is known and r > —n, then 7 is the UMVUE of

n_ oLt n)
BT;) = M=o

345



If neither ¢ nor A are known, notice that

Fly) =~ exp [— (log(y) S log(a))] I(y > o).

Hence the likelihood

L\ o) = C— exp [ (log ) — loglo ))] I(yq) = o),

=1

and the log likelihood is

n

log LA, ) = [d ~nlog(y) — 3 (FES log(“))] Iy = o).

Let w; = log(y;) and 6 = log(c), so o = €’. Then the log likelihood is

log L(X, 0) = [d —nlog(A) = (“” . 9)] I(wq) 2 9),

i=1

which has the same form as the log likelihood of the EXP(¢, A) distribution.
Hence (A, 0) = (W — W3y, W(1y), and by invariance, the MLE

(\6) = (W — Wy, Yay).

Following Abuhassan and Olive (2008), let D, = Y"1 | (W; — Wy.,) = nA
where Wy = Wi, For n > 1, a 100(1 — )% CI for 6 is

(Wi — A[(@) 7YY — 1] WL,,). (10.11)

Exponentiate the endpoints for a 100(1 — «)% CI for o. A 100(1 — )% CI

for A\ is
2D, 2D,
< - = ) . (10.12)

X2(n-1),1-a/2 X2(n—1),a/2

This distribution is used to model economic data such as national yearly
income data, size of loans made by a bank, et cetera.
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10.35 The Poisson Distribution

If Y has a Poisson distribution, Y ~ POIS(0), then the pmf of Y is

e 99y

y!

fory =0,1,..., where § > 0. The mgf of Y is
m(t) = exp(0(e’ — 1)),

and the characteristic function of Y is  ¢(t) = exp((e” — 1)).
E(Y) =10, and
VAR(Y) = 6.

Chen and Rubin (1986) and Adell and Jodra (2005) show that
—1<MED(Y) — E(Y) < 1/3.

Pourahmadi (1995) showed that the moments of a Poisson () random
variable can be found recursively. If £ > 1 is an integer and (8) =1, then

The classical estimator of @ is 8 = Y. B
The approximations Y &~ N (6, 6) and 2/Y ~ N(2v/6, 1) are sometimes used.

Notice that
f(y) = iﬂy €{0,1,..}] ¢ expllog(6)y]

is a 1P-REF. Thus © = (0, 00), n = log(#) and Q = (—o0, 00).
If Y1, ..., Y, are independent POIS(6;) then Y | Y; ~ POIS(D> ", 6)).
If Yi,...,Y, are iid POIS(f) then

T, =) Y; ~POIS(nf).

i=1

The likelihood

n

L(0) = c e7" expllog(#) Zyz],

i=1
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and the log likelihood

log(L(0)) = d — nf +log(6) Y y:.

i=1

Hence
d 1 - set
—log(L(0)) = — — ;= 0,
7 oBLO) = —n+ 53y
or Y. y; =nb, or
b=y
This solution is unique and
d? =3y
L og(L(0)) = — DY <0

92

unless Y " y; = 0.

Hence Y is the UMVUE and MLE of 6.

Let W = " | Y; and suppose that W = w is observed. Let P(T <
Xi(a)) = a if T ~ x2. Then an “exact” 100 (1 — a)% CI for 6 is

X30(3) Xwia(l— %)
( )

on ' 2n
(5.0~ ))
2n

10.36 The Power Distribution

If Y has a power distribution, Y ~ POW(A), then the pdf of Y is

for w # 0 and

for w = 0.

fy) = 5

where A > 0 and 0 <y < 1. The cdf of Y is F(y) = y*/* for 0 <y < 1.
MED(Y) = (1/2)*.
W = —log(Y) is EXP(A). Notice that Y ~ beta(d = 1/\,v = 1).
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Notice that

1

) = FTanexp | (5 - Dloss)]

A A

is a 1P-REF. Thus © = (0,00), n = —1/X and Q = (—00,0).
If Y1,...,Y, are iid POW ()), then

= ifmJKy)}-eXp PZE(—Jog@D)]

The likelihood

Hence

or — > 1 log(y;) = nA, or

n
This solution is unique and
d’ no 2300 log(y:)
—— log(L = — =1
Tz log(L(V) = 13 o s
n 2n\ . —n
SR8 R
Hence n
A= — Zi:l log(Y;)
n



is the UMVUE and MLE of A.
If r > —n, then 77" is the UMVUE of

n_ oLt n)
B(T)) =X o

A 100(1 — )% CI for A is

27, 27,
X%n,l—a/2’ X%n,a/2 ‘

10.37 The Rayleigh Distribution

If Y has a Rayleigh distribution, Y ~ R(u, o), then the pdf of Y is

L ly—p
2

g

Fy) = 5" exp

(10.13)

where ¢ > 0, u is real, and y > p. See Cohen and Whitten (1988, Ch. 10).

This is an asymmetric location—scale family. The cdf of YV is

1o (252

g

for y > u, and F(y) = 0, otherwise.

EY)=p+o\/m/2 =~ pu+1.2533140.

VAR(Y) = 02(4 — m)/2 ~ 0.42920402.

MED(Y) = pu+ o4/log(4) =~ p+ 1.177410.

Hence p~ MED(Y') — 2.6255MAD(Y) and o ~ 2.230MAD(Y).

Let oD = MAD(Y). If p =0, and 0 = 1, then

0.5 = exp[—0.5(y/log(4) — D)?] — exp[—0.5(1/log(4) + D)?].

Hence D ~ 0.448453 and MAD(Y') ~ 0.4484530.

It can be shown that W = (Y — pu)? ~ EXP(20?).

Other parameterizations for the Rayleigh distribution are possible.
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Note that
Fly) = (= Iy = ) ~ exp [—L(y — M)Q}
o2 202
is a 1IP-REF if x4 is known.
If Yy, ...,Y, are iid R(u, o), then

n

T, =) (Vi = p)’ ~ G(n,20%).

i=1
If 1 is known, then the likelihood
L) = ¢ e | -5 3 i —
o2n 202 — ¢ ’

and the log likelihood
1
2\ 2 AT
log(L(c%)) = d —nlog(c”) — = E (yi — p)”.

Hence

or S (3 — p)? = 2n0%, or
g = ——.
2n
This solution is unique and

d? 2y
mlog(L(U ) =

no iy —w?
(02)? (02)?

o2=52

Hence

2n
is the UMVUE and MLE of o2 if u is known.
If 11 is known and r > —n, then 7 is the UMVUE of

L(r+mn)

E(T!) = 2"0* )
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10.38 The Smallest Extreme Value Distribu-
tion
If Y has a smallest extreme value distribution (or log-Weibull distribution),

Y ~ SEV(6,0), then the pdf of Y is

1 y—0 y—0

fly) = ;exp( ) exp[— exp(T)]

where y and 6 are real and o > 0. The cdf of YV is

F(y) =1~ expl-exp(0))

This family is an asymmetric location-scale family with a longer left tail than
right.

E(Y)~6—0.577210, and

VAR(Y) = 0?72 /6 ~ 1.6449302.

MED(Y) = 0 — o log(log(2)).

MAD(Y) = 0.7670490.

Y is a one parameter exponential family in 6 if ¢ is known.

If Y has a SEV(6,0) distribution, then W = —Y has an LEV(—6,0)
distribution.

10.39 The Student’s t Distribution

If Y has a Student’s ¢ distribution, ¥ ~ ¢, then the pdf of Y is

T e
0= Gy )

where p is a positive integer and y is real. This family is symmetric about
0. The t; distribution is the Cauchy(0, 1) distribution. If Z is N(0,1) and is
independent of W ~ x2, then

Z

()7

1S t)p.
E(Y)=0for p>2.
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MED(Y) = 0.
VAR(Y) =p/(p —2) for p > 3, and
MAD(Y') = t,0.75 where P(t, < t,075) = 0.75.
If « = P(t, <t,q), then Cooke, Craven, and Clarke (1982, p. 84) suggest
the approximation

w3
tpa R \/p[exp(—) —1)]
p
where
_ za(8p+3)
“ 8p+1

Zo 18 the standard normal cutoff: o = ®(z,), and 0.5 < . If 0 < a < 0.5,
then

Y

tp7a = _tp71_a-

This approximation seems to get better as the degrees of freedom increase.

10.40 The Topp-Leone Distribution

If Y has a Topp—Leone distribution, Y ~ T'L(v), then pdf of Y is

fly)=v(2—2y)2y —y*)""

for v >0and 0 <y < 1. The cdf of Y is F(y) = (2y —y?)" for 0 < y < 1.
This distribution is a 1P-REF since

fy) = (2—2y)o1(y) v exp[(1 —v)(—log(2y — y*))].

MED(Y) =1— /1 — (1/2)'/¥, and Example 2.17 showed that
W = —log(2Y —Y?)~ EXP(1/v).
The likelihood

n

Lv)=cv" ]y — )",

i=1

and the log likelihood

log(L(v)) = d + nlog(v) + (v — 1) Y _log(2y: — 7).

i=1
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Hence

d n - se
o log(L(v)) = — + Z log(2y; — y?) = 0,
v v =
orn+vy . log(2y; —y?) =0, or
-n
> iy log(2yi — y7)

This solution is unique and

v =

d? —-n
Hence
-n n

T T lee(2 - Y7 T — L log(2Y, — Y7
is the MLE of v.
If T, =—>7" log(2Y; — Y?) ~ G(n,1/v), then T" is the UMVUE of
B(TT) = 1 I(r+n)
v T'(n)

for r > —n. In particular, 7 = 7- is the MLE and "T—_nl is the UMVUE of v
for n > 1.

10.41 The Truncated Extreme Value Distri-
bution

If Y has a truncated extreme value distribution, Y ~ TEV (), then the pdf

of Y is ) —
f(y)ZXeXp(y—6 A_ )

where y > 0 and A > 0. The cdf of YV is

—(ey)\— 1)}

=1
for y > 0.
MED(Y) = log(1 + Alog(2)).
W =¢e¥ —1is EXP()).
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Notice that

—1

F) =12 0) 1 e | SHer - )

is a 1P-REF. Hence © = (0,00), n = —1/X and = (—00,0).
If Y7, ...,Y, are iid TEV()), then

n

T, =) (" =1) ~G(n,N).

i=1

The likelihood

1 1< ,
L\ =c ™ exp [T ;log(eyl — 1)] ,

and the log likelihood
1 & .
log(L(A)) =d —nlog(A) - ¢ ; log(e¥ — 1).

Hence

d —n > log(e¥ — 1) su
—_— = — 1= — 0
—log(L(V) = = + v ,

or y i log(e¥ — 1) =nA, or

5\ . Z?:l 10g(€yi — 1)

n
This solution is unique and
d? n 23" log(e¥ —1)
_1 L - =1
S log(LV) = 13 -
n 2N\ . -n
ISR ISt
Hence . v
5\ _ — Zi:l 10g(€ t—= 1)
n

is the UMVUE and MLE of \.
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If r > —n, then 77 is the UMVUE of

n_ oLt n)
B(T)) =X~

A 100(1 — )% CI for A is

27, 27,
el . . (10.14)
Xon1-a/2 Xona/2

10.42 The Uniform Distribution

If Y has a uniform distribution, Y ~ U(6y, 6,), then the pdf of Y is
1
fly) = I(0h <y < ).
Oy — 61

The cdf of YV is F(y) = (y — 91)/(92 — 91) for 91 S Yy S 92.
This family is a location-scale family which is symmetric about (61 + 65)/2.
By definition, m(0) = ¢(0) = 1. For ¢ # 0, the mgf of YV is

6t92 _ 6t91

(6o — 01)t’

and the characteristic function of Y is

itfo
c(t) =

m(t) =

piths _ it

(0o — 01)it

E(Y)= (0,4 62)/2, and

MED(Y) = (0, + 65) /2.

VAR(Y) = (92 — 91)2/12, and

MAD(Y) = (65 — 61)/4.

Note that §; = MED(Y) — 2MAD(Y) and 6, = MED(Y') 4+ 2MAD(Y).
Some classical estimators are él = Y{1) and ég =Y.

10.43 The Weibull Distribution

If Y has a Weibull distribution, Y ~ W (¢, \), then the pdf of YV is

I
fly)=y"e
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where A\, y, and ¢ are all positive. For fixed ¢, this is a scale family in
o = A% The cdf of Y is F(y) = 1 — exp(—y®/\) for y > 0.
EY)=A/?T(1+1/¢).

VAR(Y) = A/°T(1 +2/¢) — (E(Y))2

E(Y") =N/ (1 + %) for > —.

MED(Y) = (Aog(2))"/?. Note that

(MED(Y))?

A= log(2)

W = Y% is EXP(\).
W = log(Y) has a smallest extreme value SEV (0 = log(A\/?),0 = 1/¢)

distribution.
Notice that

A A

is a one parameter exponential family in A if ¢ is known.
If Yy, ..., Y, are iid W (¢, \), then

) =y (> 0) 2 exp {—_1?/45]

T, = iyf ~ G(n,\).

i=1

If ¢ is known, then the likelihood
1 —1¢
_ ¢
L) = 3 exp [ . }_jyi] ,
and the log likelihood

log(L(Y)) = d = nlog(n) = 1 3"

Hence

d —-n Zn_ y¢ set
—1 L - =1 J1 3%
L tog(p(n) = S 4 2ttt
or S0 y? =n\, or
= 22;1 y?
n



This solution was unique and

d? no 23" yf
— loo(L —  _ T&i=lgn
v og(L(A)) 2 5 A
A=A
n mA . —n
SRSt
Hence . .
DR
n

is the UMVUE and MLE of .
If r > —n, then 77" is the UMVUE of

MLEs and CIs for ¢ and A are discussed in Example 9.18.

10.44 The Zeta Distribution

If Y has a Zeta distribution, Y ~ Zeta(v), then the pmf of Y is

1
y“((v)

where v > 1 and y = 1,2, 3, .... Here the zeta function
=1
= —
y=1 4

for v > 1. This distribution is a one parameter exponential family.

50 =S
for v > 2, and
(-2 [
VARY) == { R0 ]



for v > 3.
EY") =2>——

forv>r+1.
This distribution is sometimes used for count data, especially by linguis-
tics for word frequency. See Lindsey (2004, p. 154).

10.45 Complements

Many of the distribution results used in this chapter came from Johnson and
Kotz (1970a,b) and Patel, Kapadia and Owen (1976). Bickel and Doksum
(2007), Castillo (1988), Cohen and Whitten (1988), Cramér (1946), DeG-
root and Schervish (2001), Ferguson (1967), Hastings and Peacock (1975),
Kennedy and Gentle (1980), Kotz and van Dorp (2004), Leemis and Mc-
Queston (2008), Lehmann (1983) and Meeker and Escobar (1998) also have
useful results on distributions. Also see articles in Kotz and Johnson (1982ab,
1983ab, 1985ab, 1986, 1988ab). Often an entire book is devoted to a single
distribution, see for example, Bowman and Shenton (1988).

Abuhassan and Olive (2008) discuss confidence intervals for the two pa-
rameter exponential, half normal and Pareto distributions.

Brownstein and Pensky (2008) show that if Y = ¢(X) where X has simple
inference and t is a monotone transformation that does not depend on any
unknown parameters, then Y also has simple inference.

Other distributions in this text (including the Birnbaum Saunders, Burr
type X, hburr, hlev, hpar, hpow, hray, hsev, htev, hweib, inverse Weibull, log
gamma, truncated exponential, two parameter power and Zipf distributions)
are the distributions in Example 9.12 and Problems 1.29, 2.52-2.59, 3.8, 3.9,
3.10, 3.11, 4.9, 4.10 and 6.25.
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