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Abstract
The formula for the number of spanning trees in
..... t, i1s well known. In this paper we give an algo-
rithm that generates the list of spanning trees in K ;.

1 Introduction

We use the standard notation and terminology which can be
found, e.g., in [9]. Let 7(G) denote the number of spanning

trees in a connected graph G. The graph K, is the complete

multipartite graph of order n, i.e., t; + --- +t, = n. A formula
for 7(Kj,., ... +,) has been found by Austin [1], Good [5], Egecioglu
and Remmel [4], Lewis [7], and Clark [3].

In this paper we are interested in finding an algorithm that
generates the list of spanning trees in Kj;, rather than enu-
merating this list. The motivation was to find the number of

nonisomorphic spanning trees in K.

1



Theorem 1.1 ([1], [3], [4], [5], [7]). Ift: + --- +t, = n,
where t; € 27T, then

T(Kyy oot,) = n”_Q(n — tl)tl_l coo(n— tp)tp_l
p
= np—? H(n — ti>ti_1.
i=1

Notice K, = K 1.1 As immediate consequences of The-

n-times

orem 1.1 we have:

Corollary 1.2.
T(Kp) = 7(Ki0) =n"2(n =10V (n =)0 =2,
Corollary 1.3. 7(K,,;) = s" 151,

As another illustration of the formula consider the hyperoc-
tahedral graph H,, = K9 9. Wehave 7(H,,) = 2" *n""?(n—
) )

n-times

1)". For H3; = Kjy35 = octahedron, we have 7(Hj3) = 384;
also since the dual of the octahedron is the 3-cube ()3, we have
7(Q;) = 384.

We show another way to compute 7(Ky, . ¢ ) by computing
¢, The Lapla-
cian matriz, L(G), of a graph G of order n is defined to be
L(G) = D(G) — A(G), where D(G) is the diagonal matrix of
vertex degrees in GG, and A(G) is the adjacency matrix. The

.....

the eigenvalues of the Laplacian matrix of K,

.....

Laplacian spectrum of G is s(G) = (A1, ..., \,), where the eigen-
values of L(G) are ordered so that Ay > Ay > -+ > A, = 0.
The following facts about the Laplacian matrix can be found
in [2], [8]. It is known that )\, = 0 with corresponding eigen-
vector [1,1,...,1] and if G is connected, then A\, ; > 0. The



Laplacian spectrum is graph invariant; that is, G; = G5 only if
s(G1) = s(Ga). Also, there is a relation between the Laplacian

spectrum of a graph G with its spanning tree number 7(G).

Theorem 1.4 ([2], [8]).

DV VTS W
n ) O

7(G) =

If one has the eigenvalues of the Laplacian matrix of GG, they
can be used to compute the number of spanning trees in G. The
join, denoted by G V H, of two graphs G and H is defined to
be the graph which is the union of G and H together with the
additional |V (G)||V(H)| edges consisting of all possible edges
xy where z is a vertex in G and y is a vertex in H. Merris [§]
gives a way to compute the spectrum of GV H, which we state

here:

Theorem 1.5 ([8, pg. 181]). Let G and H be graphs on dis-
joint sets of s and t vertices respectively. If s(G) = (v1,...,Vs-1,0)
and s(H) = (p1, - . ., pe—1,0), then s(GV H) consists of the num-
bers

t+s

S+/J’175+:u’27"’78+,ut—1

t+uv,t+uvo,...,t+vs_1, and 0, arranged in

nonincreasing order.

Let G denote the complement of G. Notice that Ks =
FS \/Ft, and that Ktl,---,tp = Fﬁ V Ktz,---7tp'



Theorem 1.6. Witht,+ty+- - -+t, = n, the Laplacian spectrum

of Ky,....1, consists of the eigenvalues:
Gt tp) (it ) (4 1)
(p— i)r-times

and

(n—t),(n—1t),...,(n—1;)

-~

(t; — 1)-times

forallt=1,... p.

Y
7

Proof. The proof is by induction on p. For the ground case
p=2, we have K,; & K,V K;. Also, s(K,) = (0,0,...,0) and
s(K;) = (0,0,...,0). Hence by Theorem 1.5, the eigenvalues of

the Laplacian matrix of K, consists of the numbers (s + t);

§,8,...,8 ; t,t,...,1
—— —_———
(t — 1)-times (s — 1)-times

Now, assume the inductive hypothesis for all K,, _, where
k< p- Consider Ktl,...,tp; we have Ktl,...,tp = ?tp\/Ktl,...,t By

the inductive hypothesis, the Laplacian eigenvalues of Ky, ¢

p—1°

p—1

are

(b 4ty ), (b H ), (b4 Ftp);

- -
g

(p — 2)-times

and with ¢ =¢; +--- +t,_1,

(g—t;),(g—ti),...,(q—t;), foralli=1,...;p—1.

- -
'

(t; — 1)-times

Now with s(K;)) = (0,0,...,0), we apply Theorem 1.5 to K, V
Ky .1, = Ky .., vielding that the Laplacian eigenvalues of



the Ky, ., are:

P

(44 t) (b4 ), (8

(.

-~

(p — 1)-times

and

(n—t),(n—1t),...,(n—1t;)

-~

(t; — 1)-times

foralle=1,...,p.

Y
7

Theorem 1.7. Ift, +---+t, =n, where t; € Z*, then

P

T(Kyy,. 1) =nP7? H(n g
i=1
Proof. This follows immediately by combining Theorems 1.4 and
1.6. ‘

The reader familiar with the Laplacian spectrum will no-
tice there is a faster, more direct way to compute the Laplacian
eigenvalues of K, . That is, to first compute the Laplacian
spectrum of K; + K, +---+ K;,; and then use the known
relations between s(G) and s(G) for any graph G and its com-
plement G. Here, notice m = Ky,,.1,- But we choose to

establish Theorem 1.6 by using the join operator.

2 The Algorithm

We now discuss the main objective of the paper, to algorithmi-
cally list the set of spanning trees in K,,;. We use [n] to denote

the set {1,...,n} and s > 2. A spanning tree in K, is formed



by merging two objects; a rooted directed tree of order s, and
a partition (Aq, ..., As) of {y1,99,...,y:} where |A;] > 1, and
|A;| > 0 for 2 < j <s. In the graph K, we label the s vertices
in one partite set with the integers in [s], and for the ¢ vertices
in the other partite set we label with {y,...,y}. We use the
notion that for the two partite sets s and t, the vertices in the
partite set of size s are colored red, and the vertices in the partite
set of size t are colored blue. To each of the s572 labeled trees
on s-vertices we form a rooted oriented tree as follows:
Given a fixed tree T" of order s, with V(T") = [s]:

2(a) Draw the tree as a rooted tree with the vertex labeled 1

as the designated root.

%
2(b) An edge (i,7) of T is given the orientation (i, 7), i.e., j €
N*(i),if d(1, ) < d(1,4).

In other words, with the designated root labeled 1, we orient
each edge of T' towards the root.

We use T to denote the oriented tree formed from 7' us-
ing the above definition. Notice that for each red vertex j €
{2,...,s}in ?, |N%_>(])| = 1, otherwise we would have a cycle
in 7. We also interchangeably use the term di-tree in place of
oriented tree.

Now, to each of the s°72 di-trees ?, we pair them with par-
titions (A, ..., As) of {y1, 92, ...,y } that satisfy the following:

For a fixed di-tree ?, it is paired with each partition (A, ..., Ay)

where;

2(i) For all vertices j in ?, where [N~ (j)| > 0, it is required
that A; # 0.



2(ii) Ay #£ 0.

We remark that 2(ii) follows from 2(i) and 2(b) above since
d(1,1) < d(1,7) for any j # 1.

For a fixed di-tree T and an associated partition (Ay, ..., As)
of {y1,...,y:}, that satisfies 2(i) and 2(ii) above; we call such
a pair a legal pair, and denote them as (?, (Ay, ..., Ag)). The
pair (?, (Aq,..., Ay)) generates the following spanning trees in
K.

Given the partition (A4, ..., Ay), for each A;, where |A;| > 0,
we join the vertex j in the red partite set to all of the blue
vertices in A;. Notice at this stage we have a subgraph of K,
formed having t edges. Now to form a spanning tree we add to
this subgraph the following s — 1 edges. For each red vertex ¢
in ?, where 2 < 7 < s; let j denote the out-neighbor of 7 in
?, ie., (’L,_j) is an arc in ?, we then add an edge of the form
(i,y,) where y, is any vertex in A;. Note from 2(i) above, that
A; # 0.

We now show this is indeed a spanning tree. We remark that
when we add the edge (7,y,) as mentioned above, there are |A;)]
choices for this y,. Moreover, given the pair (?, (A1,..., Ay)),
for each j € [s], let k; = |A;| and let {z1, zo, ..., 2, } be precisely
the subset of red vertices of T in {2,...,s} where [N~ (z;)| # 0.
Then the number of spanning trees generated by this fized legal
pair (T, (Ay, ..., A)) is kN @IV Gl g V(@]
Theorem 2.1. With the above notation, the number of spanning

trees generated by a single legal pair (?, (Ay, ..., Ay)) is

KN @IRIN G2l L NG

Ty :



| , comes from

Proof. A term in the above product, say kgi(wi)
the algorithm as follows. When we add the last s — 1 edges, for
each of the | N~ (z;)| red vertices in N~ (x;), there are |A,,| = k,

blue vertices to choose from in A,,in which to form an edge. O

This observation will lead to some enumeration that we do
later. Now to show our algorithm generates a spanning tree,
we first note that by construction it produces a spanning sub-
graph of K,; with s +¢ — 1 edges. Since any connected graph
of order n and size n — 1 is a tree, we need to show our sub-
graph is connected. Also, since any graph that contains a u — v
walk also contains a u — v path, we show the existence of walks
between any two vertices. There are three cases to check. If
W = x1,29,...,7, is a walk then we use W', to denote the

walk W=t =, 2, 1,...,2;.

Given a legal pair (?, (Aq,...,As)), and a subgraph H in
K, generated by the algorithm, we have:

Lemma 2.2. There exists a walk between any two red vertices
i H.

Proof. Consider two red vertices ¢, j, where ¢ and j arein {1, ..., s}.
We show there are two walks W; and W}, here W, is a walk from
i to 1, and W; is a walk from j to 1. Hence, the walk V[/'Z-T/Vj_1 is
a walk from ¢ to j.

Let ?Z = 1,%1,%9,...,Ty, 1 denote the oriented path from
itolin T. By the definition of the algorithm, since (z,_:cl))
is an arc in ?, there is an edge in H of the form 2u;, where
up € Ag,. Also by the algorithm, xju; is one of the initial

t edges of the construction. Hence, so far we have the path



i,uy, 1. We repeat this with the arc (77, 23) in P. Again, by
the definition of the algorithm, we have that there exists an edge
in H of the form xjuy, where uy € A,,, also xaus is one of the
initial ¢ edges of the construction. At this point we have the walk
1,U1, X1, U, Tz in H. We continue this process and form the walk
1, U1, T, U, To, U3, . . ., Uy, Ty i H. Now, since (m) is an arc
in ?, we have by the algorithm that there is an edge in H of the
form x,a;, where a; € Ay; also la; is one of the initial ¢ edges
of the construction. Hence W; = i, uq, x1,us, o, ..., x,, a1, 1 is
an i — 1, i.e., (i to 1)-walk in H. We can apply the same idea
starting with the oriented path ?j from j to 1 in T and obtain
aj—1(jtol)-path W, in H. Consequently Win_l isani—j
path in H. O

Lemma 2.3. There exists a walk between any two blue vertices.

Proof. Consider two blue vertices y,,, ¥, ,where y,, and y, are
in {y1,...,y:}. From our partition (A, ..., A) if y,, and y,, are
in the same partition set, say, A,, then for red vertex x in [s],
ymex and y,x are amongst the initial ¢ edges of our construction,
hence Y, €, yn 1S & Y, — ¥, path and we are done. Otherwise,
they are from different partition sets, say y,, is in A, and ¥, is in
Ag. Then, from our construction, y,,¢ and y,k are amongst the
initial ¢ edges; also by Lemma 2.2, since ¢ and k are red vertices
there exists an ¢ — k walk, which we denote by W, henceforth;
Ym, LW, y, is a walk from v, to y,. O

Lemma 2.4. There exists a walk between any pair of red and

blue vertices.

Proof. Consider a blue vertex y and a red vertex j. From our

initial partition (Ay,...,As), if y is in A;, then by definition of



our construction, the edge jy is one of the initial ¢ edges and we
are done. Otherwise, y is in some other partite set say, A,. Now
by definition, zy is one of the initial ¢ edges in our construction,
and from Lemma 2.2 there exists a walk from x to j, denoted

by W; henceforth y, z, W is a walk from y to j. O
Combining the above cases yields:

Theorem 2.5. Any subgraph of K, that is generated by the
algorithm using a legal pair (?, (Ay,..., Ay)) is a spanning tree.
Proof. Let H be a subgraph of K, generated by the algorithm.
We have by construction, H is a spanning subgraph with s+¢—1
edges. Combining Lemmas 2.2, 2.3, 2.4, we have shown H is

connected, consequently H is a spanning tree. O

We now want to show that any spanning tree in K, is gen-
erated uniquely by the algorithm, i.e., from any spanning tree,
we will extrapolate a unique legal pair from whence it was gen-
erated. Let ) be a spanning tree, we will remove s — 1 edges
from @ to reveal the unique legal pair (?, (Aq, ..., Ay)) that
generated it. Consider our special red vertex 1. From amongst
the other s — 1 red vertices, namely 2,3, ..., s, we form a sub-
set of these which we call vertices at level 1, denoted V; where
Vi = {Jj|Ng(j) N Ng(1) # 0}. We now begin to build our rooted
tree T' with designated root 1, by first adjoining to 1 all vertices
in V. Note that V; # (), otherwise @ would be disconnected.

Let Vi = {v11, v12, ..., v1p, }. We then define vertices at level

2, V5 as follows:

Vo = {j | Ng(j) N Ng(v1;) # 0 for some vertex vy; € Vi}.



We denote Vo by Vo = {va1, V22, ..., v2,}. We continue in this

way and define vertices at level k, V}, as:
Vie =1{J | No(j)NNg(vk-1y,) # 0 for some vertex v_1), € Vi—1}.

We denote Vi by Vi = {vg1, Uga, - . ., Ugp,, }. We also define V) =

{1}.
For a given graph G = (V, F), and a vertex subset S C V

¢
with S = {uy,us, . .., u} we define Ng(S) as Ng(S) = J Na(u;).
i=1

Lemma 2.6. For any vertez j in Vi, with k > 1, |Ng(j) N
No(Vi—1)| = 1.

Proof. Suppose there exists a vertex j € Vi, where |Ng(j) N
No(Vin)| = 2.

Case 1. Suppose there is a single vertex u € Vj,_; with
|INo(j) N Ng(u)| > 2. Let x,y denote two blue vertices in the
intersection set. We then have u,z,j,y,u is a 4-cycle in @,
contradicting that () is a tree.

Case 2. Suppose there exist two vertices a,b € Vj_; with
[No(a) N No(j)] = 2 and | Ng(b) N No(j)| = 2.

Case 2(i). Suppose Ng(a) N Ng(b) N Ng(j) # 0. Let u be a
common vertex in these intersecting sets. Let A denote the path
from a-to-1 in @), and let B denote the path from 1-to-b in Q).
We then have A, B, u, a contains a cycle contradicting that @) is
a tree.

Case 2(ii). Let z € Ng(a) N Ng(j) and y € Ng(b) N Ng(j).
Let A denote the path from a-to-1 in ) and B the path from
1-to—b in ). We then have x,a,A, B,y,j,x is a cycle in
contradicting that () is a tree. O



Lemma 2.7. For any verter j € Vi, with k > 1, No(j) N
No(vg—1)i) # 0 for exactly one vertex v(y_1y; in Vi_1.

Proof. We have by Lemma 2.6 that [Ng(j) N Ng(Vk—1)| = 1. Let
x € Ng(j) N Ng(a) N Ng(b) for two distinct vertices a, b € Vi_;.
Let A denote the a—to—1 path in ) and B the 1-to-b path in Q).
We then have z,a, A, B, x contains a cycle contradicting that @

18 a tree. O

We continue this process of building the sequence of ver-
tex levels Vi, Vo, ...V, until {1} UV U---V, = {1,2,...,s}.
Let Vi = {v11,v12,...,v1p, }, by Lemma 2.6 to each vy; in Vj
|INo(v1;) N Ng(1)] = 1. Let t3; denote this single blue ver-
tex, ie., {t1;} = Ng(vi;) N Ng(1). More generally, with V;, =
{vk1, ..., Ugp, } let blue vertex ty; be defined by {tr;} = Ng(vk)N
No(Vi—1). So, (Vki, tg;) is an edge in @ for all 1 <k <m, 1 <
i < pg. Notice [Vi|+|Vo|+- -+ |V =pi+pat-+ppr=s—1.
So given a spanning tree () in K, to show that it comes by the
algorithm from a unique legal pair (?, (Aq,...,As)). We first
remove from ) a selected set of s — 1 edges that will reveal T
and (Ay, ..., Ay).

Theorem 2.8. For any spanning tree () in Ks,, it is generated

by a unique legal pair (?, (A, ..., Ay).

Proof. We first reveal T by building T level-by-level. Let 1
be the designated root. First, attach all vertices in V; to 1
(oriented towards 1). To each vertex j in V, attach the arc
(7,i) where i is by Lemma 2.7 the unique vertex in V; with
No(j) N Ng(i) # 0. More generally, vertices in Vj are at-

tached towards vertices in V;_; as follows. To each vertex j



in V3, we attach the arc (ﬁ) where 7 is, by Lemma 2.7, the
unique vertex in Vi_y with Ng(j) N Ng(i) # 0. The result-
ing unique oriented tree is T in the algorithm. To reveal the
associated partition (Aj,...,As) we remove the s — 1 edges
{((vll, t11), (vi2, t12), - - -, (V1py, tlpl)) e ((vml, tm1)s (Uma, tma) - - .
(vmpm,tnpn))}. Let H denote this subgraph of (). Then H is
a collection of disjoint stars, and to each red vertex j we de-
fine A; = Ny(j) yielding the partition (A, ..., As). The pair
(?, (Aq, ..., Ay) is legal since if (Z,_j)) is an arc in ?, we have
i is in some level V; and j is in Vj_; with Ng(i) N Ng(j) # 0,
consequently, A; # 0. O

Combining Theorems 2.5 and 2.8 we show some enumeration.

3 Some Enumeration

Using the notation of Thm. 2.1, there are k" WVl @)l

klff’(“)‘ trees generated by the fixed pair (?,(Al, .. ,Ay)), hence

for the fixed tree 7 there are in total
_ _ _ t t—k
S RO @l L I !
1 T T, kl kQ

1 L(tmkik) (ke
(1) ks k.

_ Y e kﬁf(m'ﬁ
kit ths=t 122 st

spanning trees generated.
Let H (?) denote the above formula for a fixed di-tree T .

Hence we have:



Theorem 3.1. 7(K,;) = ZH( ), where the sum is over all
T
!

of the s572 rooted di-trees T .

We illustrate Thm. 3.1 for the cases s = 2,3,4,5. The enu-
meration involves the usual techniques involving multinomial

identities.

Example 3.1. K3,

For the case K3, we have only one tree, namely

T —
1 2
From Theorem 3.1 we have T(Kgm) Z (7 ) Let f(x,y) =
(@ +y)" =3 (y)x"y" ", then n(x +y)"

Zkl (;)l,k1—1yn—k1’ lettlng r =y = 1 we obtain T(KZ,n) =
n(l+ 1)1 =n2nt,

Example 3.2. K3, For the case K3, we have three di-trees

e < o <o > o < @
1 2 3 1 3 2 2 1 3
— — —

T, T T3

by Eq. (1) we have, H(El) = Zk;lk;%”g!'ks!’ H(T,) =

Zk1k3k1'k 1k3!? and H( ) Zkl kl'l?Zlk3_> N
Notice by symmetry H(T ) = H(Ts3). For H(T) let

f(z,y,2) = (x +y+2)", then

a ' ki—1,_ ko
—f—n(:v+y+z Zklk’llkg'k‘gx yk2 ks

and

0% f n! ki—1, ka—1_ks
y0r =nn—1)(x+y+2)"" Zklkzk’l'kfglk’g I T




letting 2 = y = z = 1 we obtain H(?l) = 3"?n(n —1). For
H(?g), let f(z) = (v +y+ 2)", then
of ! ke ks
x[%} =nx(z+y+2)"" Zklkl'kg'kgx yr2hs
and

% [mg] =n(r+y+ z)"_l +nz(n—1)(z+y+2)" 2

ox
_ ° k:l 1.k
=D K k;l'kg'kg Ty
letting rT=1yY=2z= 1 we obtain H(?S) = n3n-1 +n(n_ 1)3n—2.
Hence 7(Ks,,) = 2n(n—1)3""24+n3""' 4 n(n—1)3""2 = 37" 1n2,

Example 3.3. K4,

For the case K, consider the following three di-trees,

1
— — —
T4 T T

— — —
For any other di-tree, T' of order 4 we have H(T ) = H(T';) for

some ¢ = 1,2, 3. To see this let

- <0 <0 <0
1 4 2 3
ﬁ
T

be another ?, then, by symmetry,

— n! n!
H(T)= >, k1k2k4k1!k2!k3!k4!:Zklekgklle!k3!k4!

ki+-+ka=n
%
_ H(T).



For this case we say tree T is of type ?1, of the 16 di-trees
of order 4, one may draw them and check that there are six
of type ?1, nine of type ?2 and one of type ?3. Using the
same techniques as in the previous illustration, starting with

f(x,y, z,w) = (r +y+ 2+ w)" we obtain

n! 9 n!
T(K47n) = 6 Z klkgkgﬁ + 9 Z klkgm

+ ) ks krl
=6n(n —1)(n —2)4"" 3 4 9[ ( _ 1)4n—2
+n(n—1)(n—2)4"?%] + na"!

+3n(n — 14" 2+ n(n —1)(n — 2)4"3
o n34n—1‘

More generally, there are three types of di-trees in the above
example because there are p(3) = 3 partitions of the integer 3,
namely; 3, 2+ 1, 1+ 1+ 1. Here p(n) denotes the number of
partitions of n. For a given T the beginning terms in formula
(1) are of the form k‘lNi(l)‘klcjyi(xl)‘ o YL Suppose we
have another tree 6, if its beginning terms are of the form

iV I w0l IO and the unordered sets

{IN"WLINT ()| - N7 (2]}

(2) . . .
={IN"WLINT()l -+ [N ()]}

are equal, then by the symmetry of the formula (1); H (?) =
H (5) So more generally we say trees T and 5 are the same
types if equation (2) is satisfied. Hence we partition the s%72
di-trees into p(s — 1) equivalent classes, where two trees are

equivalent if they are the same type. In the K, example, the 3



partitions p(4 —1) =3, 2+ 1, 1+ 1+ 1, led to the three types of
classes k%, kik,, kik,k. and as mentioned there are 1, 9, 6 trees
in their respective classes.

For the case Kj,, there are p(5 — 1) = p(4) = 5 types of
di-trees. The 5 partitions of 4, namely, 4, 3+ 1,242, 2+ 141,
14+1+1+1, yield the tree types ki, kik,, kik2, kik,k,, kik.kyk..
The reader may draw the 5% = 125 trees on 5 vertices, and check
that the di-trees are then partitioned into one of type k{, 16 of
type kik,, 12 of type kik2, 72 of type kik,k,, and 24 of type
kikykyk,, with 1416 4+ 12+ 72424 = 125, and using the above
techniques with f(xy, z9, 23, 4, x5) = (1 + X2 + 3 + 24 + 25)"

one can show:

n!
7(Ks,) = 5" 4_Zk1k1 +162k3k2k1 ™
n!
" !
+12) " kik3 2k1 +722k @@m
+ 24Zk1k2k3k4m.

Remarks. For the general case K; we have there are p(s — 1)
types of equivalent classes. For the first few values of s we were
able to compute the number of di-trees in each class, but we do
not have a general way to count the size of those classes. For
each partition ay+as+---+a, = s—1of s—1,let A,, ., denote

the number of di-trees in the equivalent class k{* k5* - - - k%=, then

T(Ks,t> = St_lts_l = Z Z Aal,...,azkllll

ar+-+az=s—1 ki+-+ks=t

t!
s
® kyl k)

where the outer sum runs over all p(s — 1) partitions of s — 1.
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