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Abstract In this paper we present an overview of a variational approach to modelling
the initiation of fracture in a nonlinearly elastic material. The work is
motivated by experiments on polymers in which cracks initiate at cavities
that form in the polymer sample under sufficiently severe loading.

1. INTRODUCTION

This work is motivated in part by interesting experiments of Gent and
Park [6]. Gent and Park took samples of transparent polymers and bonded
a rigid bead within each sample. They then subjected the samples to uni-
axial tension. The beads acted as stress concentrators and Gent and Park
observed that, as the loading increased, small cavities (not previously evi-
dent in the sample) would form near the poles of the bead along the axis of
tension. These would then enlarge and elongate into a crack-like shape in
the direction of loading leading eventually to failure/fracture of the sample
(see figure 1).

In this paper we give an overview of new results on a variational approach

to modelling such phenomenon that has recently been developed (see e.g.
[13], [14], [15]).
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Figure 1 Formation of a cavity leading to a crack.

It is known that, under suitable hypotheses, minimisers of variational
problems in elasticity may develop discontinuities which can be interpreted
as cavities forming in an initially perfect material. (See [1], [12], [17], [8]
for the radial cavitation problem and subsequent development of [10], [13],
[14] for general boundary value problems with no assumption of symmetry.)
Alternatively, such singular minimisers can be interpreted as the limiting
deformation of a body containing a small pre-existing cavity in the reference
configuration of diameter € > 0, centred at the cavitation point, in the limit
as € — 0 (see [12], [7], [18]).

In elastomers, such as used in the Gent and Park experiments, one ex-
pects that the cavities observed result from the expansion of pre-existing
(initially non-visible) holes in the material. Thus, in the theoretical vari-
ational approach of [10] cavities can form anywhere whereas, in an actual
material sample, the cavities are formed by the expansion of tiny pre-
existing voids which were created during the manufacturing process.

In this paper both the above viewpoints are adopted simultaneously: the
theoretical material is modelled as initially perfect using a homogeneous
stored energy function but the flaws in the actual material are incorporated
by using deformations whose point discontinuities are constrained to be at
pre-specified points (the flaws in the material). If pre-existing voids (flaws)
are widespread then one anticipates both approaches should yield similar
results. However, we show that if a flaw is not located at an energetically
optimal point then this gives rise to a configurational force. Hence, if
flaw points are sparse and all such points are located sufficiently far from
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energetically optimal points, then we conjecture that cavitation will first
occur at one of these flaws and that the resulting configurational force may
be sufficient to produce a fracture/crack in the material initiating from the
cavity.

We would like to acknowledge the fundamental work of Ball [1] on radial
cavitation which has motivated our current approach. Our aim in this
paper is to give the underlying ideas whilst, for the most part, suppressing
technical details.

2. MATHEMATICAL PRELIMINARIES

Let Q c IR? denote the region occupied by a nonlinear elastic body in
its reference (undeformed) state. By a deformation of the body we mean
amap u :  — IR? belonging to the Sobolev space W1(Q), which is
one-to-one (almost everywhere), and which satisfies the local invertibility
condition

det Vu > 0. (2.1)

As we shall see, this class of deformations includes discontinuous maps. In
nonlinear hyper-elasticity we associate with each such deformation of the
body an energy given by

E(u) = /Q W (Vu(x)) dx, (2.2)

where W : Mixg — IRT is the stored energy function of the material and
Mi’rX?’ denotes the 3 x 3 matrices with positive determinant. (See e.g. [4],
[2] for further background.) In this paper we consider the displacement
boundary value problem in which we require that

ulon = Ax, (2.3)

where A € M3*? s fixed.
The equilibrium equations of nonlinear elasticity are formally given by
the Euler-Lagrange equations for (2.2):

ow o [oW

Div| — = — .

W( OF (V“)>i Do [8Fg

An alternative form of the equilibrium equations is the so called energy-
momentum form given by

(Vu(x))] =0,x€eQ,i=1,2,3. (24)

Div M(Vu) = 0, (2.5)

where
M(Vu) := W(Vu)I — (Vu)T%—‘g‘/(Vu)
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is the energy-momentum tensor. (See Eshelby [5], and Ball [3] for a rig-
orous derivation of (2.5) as a necessary condition for a minimiser.) For
smooth, invertible equilibria the two forms are equivalent but, for singu-
lar /discontinuous equilibria, weak solutions of (2.4) and (2.5) may differ.
In the variational approach we seek weak solutions of (2.4), (2.5) by min-
imising the energy among deformations satisfying (2.1) and (2.3).

Notice that an immediate solution of (2.4), (2.3) is the homogeneous
map

u”(x) = Ax.

A central question we will address is whether there exist discontinuous
deformations satisfying (2.3) with less energy than u”. The next remark
shows that, far from being special, the homogeneous deformations u” and
the class of boundary conditions (2.3) play an important role in studying
local minimisers of the energy (2.2).

Remark. If up € Wh1(Q) is a strong local minimiser of (2.2) (i.e. for
some € > 0, E(u) > E(up) for any u with ||[u — up||z= < €) subject to the
conditions (2.1),(2.3) and if ug is C* at x¢ € €2 then it follows that, for any
domain D, the stored energy function satisfies

B(@) = /D W (Ao + Vv(y))dy > /D W (Ao) dy = E(ul)

for all v € Wol’l(Q), where fp(y) = Aoy + v(y), ul(y) = Agy and
Ay := Vug(xg). In other words the homogeneous deformation ug has
least energy amongst all deformations of 2 = D satisfying the boundary
condition (2.3) with A = A or, equivalently, the stored energy function W
is Wl quasiconvex at Ag. (See James and Spector [9] for further details.)

Example. A simple class of stored energy functions we will consider is
given by

W(F) = s|F[P + h(detF), Fe M3 p>1, (2.6)
where £ > 0, | - | denotes the Euclidean norm (|A|? = trace(ATA)), and
h : (0,00) — [0,00) is C1, convex and satisfies h(d) — +oc as d — 0F

and @ — 400 as d — +oo. Such energy functions are examples of

polyconvex stored energies introduced by Ball (see e.g. [2]) and include
examples of energies proposed by Ogden [11] to fit observed experimental
data. For ease of exposition we state the results in this paper for stored
energy functions of the form (2.6) (though our methods apply to much more
general polyconvex stored energy functions, including those with explicit
dependence on the adjugate of F, AdjF).
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It is a mathematical fact that, for stored energy functions of the form
(2.6), if p > 3 and E(u) < +oo then u € W'P(Q) and is continuous by
the Sobolev embedding theorem (a more sophisticated argument yields the
same result under condition (2.1) in the case p = 3). Hence to model the
formation of discontinuities we work in the regime p < 3.

The Distributional Jacobian. The key to modelling the formation of
discontinuities lies in the use of the distributional Jacobian; first note that,
for C? maps, det Vu is expressible as a divergence:

1

0
det = —
et Vu (3

e (AdjVu)?u’) = div(3(AdjVu)u). (2.7)

where AdjVu denotes the adjugate matrix of Vu. Next let ¢ € C5°(Q)
(the infinity differentiable functions on Q with compact support), multiply
(2.7) by ¢ and integrate by parts to obtain

1
/cpdet Vudx = —/ V- [E(AdjVu)u} dx. (2.8)
Q Q

This motivates the definition of the distributional Jacobian, Det Vu,
which is the functional defined by

1
(Det Vu)(yp) = —g/ Ve - [(AdjVu)u]dx, Ve e C5°(Q). (2.9)
Q
It follows from (2.8) that for C? maps u

(Det Vu)(p) = / pdet Vudx, Vo e C5°(Q),
Q

and we denote this by
Det Vu = (det Vu)L3, (2.10)

where £3 denotes 3-dimensional Lebesgue measure. For discontinuous de-
formations u € W11(Q) the distributional Jacobian is not in general given
by (2.10) as illustrated by the next example.

Example. Let Q = B the unit ball in IR? and let u : @ — IR? be given
by u(x) = x + cli—l where ¢ > 0. Then det Vu(x) > 0 for x # 0 and u
produces a hole of radius ¢ at the centre of B. The distributional Jacobian

of this map is given by

Det Vu = (det Vu)L£3 + %7‘(03(50 , (2.11)
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where d¢ denotes the Dirac measure supported at the origin. In analogy
with (2.10), (2.11) is to be interpreted in the sense (of distributions) that

4
(Det Vu)(p) = /ngdet Vudx + §7T0380(0)7 Vo € C5°(92).

Modelling flaws in a material. The above discussion motivates our
modelling of (initially non-visible) flaws in a material by restricting atten-
tion to maps satisfying

Det Vu = (det Vu) L3 + Z a;0x; , (2.12)
i=1

where «; > 0. Hence if ap > 0 for some k, then the map u produces a
hole of volume ay, at x; € Q. (Note that the holes produced need not be
spherical.)

Condition INV. It turns out that maps u € Wh1(Q) satisfying (2.1) and
(2.3) need not be one-to-one almost everywhere. Take, for example, the
discontinuous deformation of B given above and this time let —1 < ¢ <0
(a hole of “negative radius”). It is easily verified that the corresponding
deformation u still satisfies det Vu > 0 almost everywhere, however, u is
no longer one-to-one in a neighbourhood of the origin. Moreover, in this
case

/ det Vudx = %71’((1 +¢)3 = ¢%) > vol(u(B)),
B

so the classical change of variables formula clearly fails.

The (invertibility) condition INV introduced by Miiller and Spector [10]
in particular excludes the last example and is well suited for proving the
existence of minimisers of (2.2) in classes of deformations that allow cav-
itation to occur. Essentially, INV is the requirement that holes produced
within one part of the body are not filled by material from other parts (see
[10] for further details).

Remark. In particular, it is shown in [10] that if u satisfies INV on
and u|pq = h, where h : Q — IR? is a homeomorphism then vol(h(Q))=
(Det Vu)(2).

Theorem 1 (Existence of minimisers [13]). Let x1,X2,...,X;, € ,
P> 2, al,q9,...,0m,m > 0, and define the set of admissible deformations
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.A - A(X17X27 s 7X7TL) by
A= {ue Wh(Q) : ulpqn = Ax, u®satisfies INV on Q,

Det Vu = (det Vu)£? + Z a;dx,, det Vu >0 a.e.},

=1

where Qg is a bounded domain with Qo O Q and u® is the homogeneous
extension to Qg of u defined by

ely) . Jux), ifx€Q,
u’(x) := {Ax, if x ¢ Q.
Let E be defined by (2.2) and (2.6). Then E has a minimum on A.

The next result shows that any minimiser given by the above theorem
must produce a discontinuity if the boundary condition (2.3) is sufficiently
severe.

Theorem 2. Let A € M1X3 be fized and define A = tA wheret > 0. Then
for sufficiently large t any minimiser of E on A (whose existence is given
by the last theorem) must satisfy c; > 0 for some 1i.

Proof. The proof proceeds in two stages.

Step 1. We first prove that if the deformation u is such that a; =0, ¢ =
1,2,...,m, then
E(u) > B(u"),

where u” is the homogeneous deformation. This follows easily from the
definition of E and the convexity of h in (2.6) since

B(u) = /Q (5| Val? + h(det V)] dx
> / [£|Vul? + h(det A) + h/(det A)(det Vu — det A)] dx.
Q

It follows from our assumptions that Det Vu = (det Vu)£? and hence, by
an earlier remark (see discussion on condition INV), it follows that

/ det Vudx = vol(u"(Q)) = / det A dx.
Q Q

IThe use of u® is a technical requirement which prevents the formation of cavities at the boundary
of Q.
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Thus
E(u) > / K| Vul? + h(det A) dx > / K|AP + h(det A) dx — E(uh),
Q Q
where the last inequality is a result of Jensen’s inequality.

Step 2. It now suffices to demonstrate that for sufficiently large ¢, there
exists a deformation u € A satisfying

E(@) < BE(u").

It will then follow that any minimiser must satisfy a; > 0 for some i (i.e.
the minimiser must be discontinuous). We first assume that @ = B and
define

|

fi(x) = A(dxP + (1 —d))3 (2.13)

x| ”
where d € (0,1) is a constant. An easy calculation yields

det Vit = (det A)d

and clearly )
Ulpp = Ax.

For t > 0 we next compare the energies of the maps
u = tu, u” =ta”,

where @"(x) = Ax. Define AE := E(u) — E(u"). Then
AE = / [tpnva\f? — |AP] + h(t3 det Vi) — h(t> det A)}dx
Q
_ tp/ (Vi — &[] dx + [0 [h(%d det A) — h(e* det A)]
Q L d

t3 det A
/ —h/(s)ds

t3ddet A

< tp/ [VaP — [AP]dx — [QU3(1 — d)(det AR (t3d det A).
oL _

- tp/ |vaP — |A]P]dx + |9
Q L A

h(s)

Next note that, since — 00 by assumption, it follows that h'(s) — oo
as s — oo and thus, since p < 3, it follows that AFE < 0 for all sufficiently
large t. This completes the proof in the case 2 = B. If Q # B then we sim-
ply rescale and translate the deformation (2.13) onto a small ball centred
at one of the flaw points and then extend it to 2\ B by the homogeneous
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deformation Ax. Then exactly analogous arguments yield the same result.

Remark. It is a consequence of arguments in [16] that if A € M¥*? is
such that h/(det A) < 0 then

E(u") < E(u) for all u € A.

So discontinuous deformations satisfying (2.3) do not have less energy than
the homogeneous deformation u” if this condition holds.

3. OPTIMAL LOCATION FOR A
DISCONTINUITY

We next consider the case where there is only one flaw point in the ma-
terial (so that deformations satisfy (2.12) with m = 1, i.e. there is only
one flaw at x; € Q). It is a consequence of a simple scaling argument that
if there exists a deformation u € A(x;) with a discontinuity at x; € 2 and
such that E(u) < E(u”) then given any point x5 € Q there exists a map
1 € A(x2) with discontinuity at xo and with E(1) < E(u”) (see [14]). We
now address the problem of determining the energetically optimal location
for the flaw point.

Inner variations; moving a flaw; the energy momentum tensor.
Let u = u(-,x1,A) denote a minimiser of F on A(x;). We consider an
inner variation of u i.e. a variation of u of the form:

u.(x) =u(x+ev(x)), c€lR,

where v € C}(Q) satisfies v = —m (a constant vector in a neighbourhood
Bjs(x1) of x1). Note that the variations move the potential discontinuity
point x7 in the direction of m. It follows from arguments of, for example,
Ball [3] that if h satisfies |sh/(s)| < const[h(s) + 1] Vs then

0E = iE(ug) = / Vv :M(Vu)dx,
de e=0  JO\Bs(x1)
where oW
M(F) = [W(F)I — FTa—F(F)}

is the energy-momentum tensor.
Next assume that u(-,x1, A) is smooth in Q\Bs(z1) (so that (2.5) holds
in this region) to obtain

OF = div[M(Vu)Tv]dx = / v-M(Vu)nds
O\Bs(x1) OB;(w1)
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= / —m - M(Vu)nds = m - M(Vu)nds. (3.1)
dBs(x1) o0
To continue with our analysis we need to make assumptions on the regu-
larity of minimisers given by Theorem 1. These are motivated by corre-
sponding results that are known to hold in the case of radial cavitation.

Hypotheses. We assume that for each x; € Q there is a unique minimiser
of E on A(x;) denoted u(-,x1,A). We further assume that A(¢), t € R
is a smooth one-parameter family of matrices such that for t > 0 the
minimiser u(-,x1,A) € A(x1) is discontinuous and for ¢ < 0 the minimiser
is u(x,x1,A) = Ax. We define A..;; = A(0). Finally we assume that for
any § >0, u(,x1,A) —ul . =A.,uxin C2(Q\Bs(x1)) as t — 0.
We write
u(x,x1,A) = Ax + w(x,x1,A), (3.2)

where w = 0 for x € 99, and expand (3.1) as a series for ¢t > 0 at ¢t = 0.
First, we rewrite the right hand side of (3.1) using (3.2) as

TOW

5F (A +Vxw)|nds, (3.3)

m- [(W(A + Vxw) — W(A)I — (Vxw)
a0

where we have used the fact that

oW
T —
/aszA 5F ——(A+Vxw)nds =0

since u(+,x1,A) is a minimiser of F on A(x1) (see [14] for details) and also
that

W(A)nds = 0.
o0
Expanding (3.3) as a series in ¢ for ¢ > 0 now yields
t2 . 0*W :
OF = —gm: - n <VXW : W(Acm)[vxwods +o(t?)

12 811} 0*W ow
=—— m” — (A ds + 3.4
3 | c%saanaFJ( t)aﬁ o(t?), (34)
where w = %W(x, X1, A ‘t:o is the right derivative of w at t = 0. The

next lemma shows that v'v solves a linear system.

Lemma 1. w is a (singular) solution of the linear system

W ouw’

d
8Fi8Fg (Acrit) 57 ] =01in Q\{x1}, i=1,2,3, (3.5)
g

oxY
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and satisfies the boundary condition w = 0 on 0S2.

The proof of this follows from the assumptions on w: in particular w
satisfies

o [ow
oz | OF}
and w = 0 on 9€2. Then, taking a right hand derivative with respect to t
at t = 0 yields the required result.

(A + VW)} =0in O\{x1}, i=1,2,3

Remark. To evaluate the integral in (3.4) it is helpful to first note that
w = 0 on 02 and to then rewrite it in the form

ot i O’ i 0%
YoV ij DA R
aﬂm n axaAaﬁaxﬁ 2w Ao‘ﬂ8xﬁax7m n®ds, (3.6)
where Agﬁ = %(ACM). The second term is included since, by lemma
a%¥p

1, the corresponding integrand is then divergence free in Q\{x;} i.e. we
have the quadratic conservation law

9 o' ;; Oud 0 o 9%
- Y AY _ uiAY L ) . ‘
oxY (m Ora aB 3$6) Oxc < w aﬁaxﬁaxwm ) 0 (3.7)

in Q\{z1}. In evaluating the integral (3.6) it is sometimes helpful to use
(3.7) to transform it to an integral on 0B (x1) (see [15]).

Concluding Remarks. Our approach is to next derive an expansion on
0 for the singular solution w of the system (3.5) and hence calculate the
sign of 6F given by (3.1). If 6E # 0 then we can conclude in particular
that the location of the flaw point is not optimal. This procedure has
been carried out in [15] in the case when Q@ = B, A = AI and it is shown
that JE # 0 unless x; is located at the centre of the ball B. Hence a
cavity forming at a non-central location in the ball induces a non-zero
configurational force (which is in fact directed towards the centre of the
ball). We conjecture that this may be sufficient to cause the formation of a
crack initiated from the cavity and directed towards the centre of the ball.
For further details and a discussion of related issues we refer the interested
reader to [13], [14], [15].
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